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0.1 Abstract.

This thesis deals with the problem of representation of series in closed form, mainly by the use
of residue theory. Forced differential-difference equations of arbitrary order are considered from

which infinite sums of the form

00 n+R—-1 bnke—b(t—an) (t _ an)nk+R]c_1
Silbkben =) (nk + Rk — 1)! ,

n=0 n

with arbitrary parameters (R,k,b,a,t), are generated.  For the most basic case of
(R,k) = (1,1) the infinite sum S; (1,1, b,a,t), in different form, has been considered by various
mathematicians including Euler, Jensen and Pélya and Szegs. Their methods of representing
S1(1,1,b,a,t) in closed form are different than those developed by the author; moreover the au-
thor demonstrates that S (1,1,b, a,t) has many applications in a wide area of study including
teletraffic theory, neutron behaviour, renewal processes and grazing systems. The author proves
that for the general case, S; (R, k,b,a,t) may be represented in closed form which depends on
k dominant zeros of an associated transcendental characteristic function.

In a similar vein, arbitrary order forced difference-delay equations are considered, from

which infinite sums of the form

> r+R—-1 n — akr
Sz (R,k,b,a,'n) = Z bn—akr—R]c+1,
r=0 r kr+Rr—1

with arbitrary parameters (R,k,b,a,n) are generated. It is shown that the finite form,
Sor (R,k,b,a,n), of S2(R,k,b,a,n) is associated with Fibonacci and other related polyno-
mials. Many functional forms of Sap (1,1,b,1,n) are also proved. For some special cases of the
finite form, Sor (R, k,b,a,n) may be represented as an identity and residue theory, together
with automated techniques and recurrences are employed in their proof. By the use of residue
theory and induction the author proves that the infinite sum Sy (R, k, b, a,n) may be represented
in closed form, which depends on k zeros of an associated polynomial characteristic function.
Moreover, S; (R, k,b,a,n) may be represented in hypergeometric form which in some particular

instances reduce to known identities incorporating, for example, Kummer’s form.
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0.7 Summary.

This thesis deals with the problem of representation of series in closed form, mainly by the use
of residue theory. Chapter one is a brief overview of some methods; residue theory, recurrences
and automated procedures, that are usefully employed in this thesis. Some results given by
various authors are generalized and extended. Chapter two develops the techniques, mainly
residue theory, that are useful in this thesis. An identity is proved, which has previously been
given by Euler and others using different methods than the authors. It it also shown that the
particular identity has applications in a wide area of study. Chapter three is concerned with
a proof of Biirmann’s theorem and the application of the theorem to the identity obtained in
chapter two. Some particular finite sums are generated in chapter four and it is proved that
they may be represented in polynomial forms, moreover they are gainfully utilized in chapter
five. Forced differential-delay equations of arbitrary order are considered, in chapter five, from

which infinite sums of the form

n+R—-1 bnke—b(t—an) (t _ an)nk+Rk—1
(nk + RE —1)! ’

with arbitrary parameters (R, k,b,a,t), are generated. For the specific case of (R, k) = (1,1),
S1(1,1,b,a,t) reduces to the identity of chapter two. In the general case, the author proves
that S (R, k,b,a,t) may be represented in closed form which depends on k dominant zeros of
an associated transcendental characteristic function.

Chapter six deals with a first order difference-delay equation, and by the use of residue
theory generate infinite series which may be represented in closed form and which depend on a
dominant zero of an associated characteristic function. The finite version of this series is related
to Fibonacci and other special polynomials. Many functional forms of the finite series are also
proved. Chapter seven deals with a generalization of a finite version of the sum obtained in
chapter six, and many identities are proved by the use of recurrences and residue theory. Forced

difference-delay equations of arbitrary order are considered, in chapter eight, from which infinite

11



sums of the form

> [ r+R-1 n — ak
Sy (R, k,b,a,n) = Z arr pr—akr—Rk+1
r=0 r kr+Rr —1

with arbitrary parameters (R, k,b,a,n), are generated. For the special case of (R, k) = (1,1),
S2(1,1,b,a,n) reduces to the identity obtained in chapter six. By the use of residue theory
and induction the author proves that, in general, Sy (R, k,b, a,n) may be represented in closed
form, which depends on k dominant zeros of an associated polynomial characteristic function.
It is also shown that the infinite sums Sz (R, k,b,a,n) may be represented in hypergeometric

form and in some particular instances of parameter values, Kummer and other identities may

be recovered.

12



Chapter 1

A review of methods for closed form

summation

This chapter consists of two sections. The first section 1.1, is a brief overview of some methods,
basically ones dealing with residue theory, which are useful for the summation of series and
their representation in closed form. Some results given by various authors are generalized and
extended.

In the second section 1.2, a particular tree search sum, with some variations is considered.
A number of techniques are utilized, recurrences and automated procedures, that are useful in
determining its closed form representation. Some related results, which the author believes to

be new, are also presented.

13



1.1 Some Methods

1.1.1 Introduction.

Identities play an important role in mathematics and have been a source of inspiration and
sweat for many mathematicians over a long period of time. Jacques Bernoulli (1654-1705), a
contemporary of Newton (1642-1722), and Leibniz (1646-1716) discovered the sum of several
infinite series in closed form, but did not succeed in finding, in closed form, the sum of the

reciprocals of the squares

“If somebody should succeed”, wrote Bernoulli, “in finding what till now withstood our efforts
and communicate it to us, we shall be obliged to him”. The problem came to the attention of
Euler (1707-1783). He found various expressions for the desired sum, definite integrals and other
representations, none of which satisfied him. He used the integral representation to compute
the sum, S, numerically to seven places, yet this is only an approximate value, his goal was to

find an exact value. Euler succeeded, eventually in writing

s =1 (1.1)

Euler [43], moreover wrote “There are many properties of numbers with which we are well
acquainted, but which we are not yet able to prove; only observations have led us to their
knowledge. Hence we see that in the theory of numbers, which is still very imperfect, we can
place our highest hopes in observations; they will lead us continually to new properties which we
shall endeavour to prove afterwards. The kind of knowledge which is supported by observations
and is not yet proved must be carefully distinguished from truth; it is gained by induction as we
usually say. Yet we have seen cases in which mere induction led to error. Therefore, we shall
take great care not to accept as true such properties of numbers which we have discovered by
observation and which are supported by induction alone. Indeed, we shall use such a discovery
as an opportunity to investigate more exactly the properties discovered and to prove or disprove

them; in both cases we may learn something useful”. One may imagine the excitement and

14



sense of achievement when Pythagoras (¢.580 B.C.-¢.500 B.C.) first wrote that for a right angle

triangle

a2 = Bic
Koecher [69] gave
5 - )
I DI D
j=1 27 Y k=1 j=1 27
AN Py
J J

Ramanujan, see Berggren [8], evaluated

1 2v/2 S (44)!(1103 + 263907)

w9801 par; (5143964 ’

Bailey [4] and coworkers wrote, (originally given by Plouffe [75] )

”_il 4 2 1 1
16/ |8 +1 8j+4 8j+5 8j+6

Amdeberhan and Zeilberger [2] published

i j (2053 + 2505 + 77)

= 4((27 + 1)1)5

and Clausen [29] gave the result

2
a,b 2a,2b,a + b
2F1 T = 3F3 x|,
a+b+1/2 a+b+1/2,2a+ 2b
where ,Fj is the hypergeometric function. Some of the main techniques, dealing mainly with

residue theory, in the investigation of the representation of series in closed form are now dis-

cussed.

15



1.1.2 Contour Integration.

Residue theory and contour integration can be gainfully employed to express certain sums in

closed form. From

oo
> (=)™ f(n) = = Res; (wescmz f (2))
n=—oco i
where Res; are the residues at the poles of f(z), we may obtain some classical results, namely
i—l——i[wa th 1] (1.2
T a = g2 (racothma 2)
n=1
and
oo
1 1 ™ 2 2
T; (CETar [g coth ma + (wcosechmwa)” — w1k (1.3)

The residue evaluation of the integral

1 ™ ds
2mi [ sinmz (22 +1)

leads to the alternating sign identity

Z (;}I-)l - % (sin7;17r B 1)

n=1

3

and also we may obtain

f: 1 T = 3
= sinh? nw 6m

Flajolet and Salvy [45] apply contour integral methods to obtain some Euler sums, in particular

they recover the alternating term identity, without the use of residue theory

i (-n* 5o
“~(2n+1)° 1536

wcothmz

= they recover some results, one of which was

For another function of the form f(z) =

16



originally given by Ramanujan

icothmr 1977
Z n" 56700

The strength of the Flajolet Salvy paper is that it expouses a method and shows many con-
nections of identities with the logarithmic derivative of the Gamma function % (2), the zeta
function, harmonic numbers and double infinite sums. The results (1.2) and (1.3) are also

obtained and extended by Cerone {23] using different methods. The method is described as

follows.
1.1.3 Cerone’s method and extension.

Cerone [23] considers an integral equation of the form

B(t) = é(xz+1)

— B(t- d 1.4
[ Be-wewad (14)
0
where B(t)is a single sex deterministic model representing births at time t, ¢ (t) is a net
maternity function which is of compact support and [ (z) is the survivor function which gives

the probability of surviving to age x of a newborn. The Inverse Laplace transform of (1.4) is

vy+ioo
1 e”V (p, x)
Bz(t)—% / mdp (1.5)
Y—100
where
pT [ o—PUg
v( )_e !e u_v(p,fc)
PUTT R T @)

and @ (p) is the Laplace transform of ¢ (z). Assuming that ® (p) = 1 has simple roots, pj,
which are the only poles in (1.5) then

. Pjt
B. (1 =ZV(”J;¢¢ >0
j J

17



where

My == [%@} . = 78_“”1'(15(11,) du. (1.6)
70

By allowing ¢ () to be exponentially constrained Cerone shows that

1 ¢ (0+)
S = _—= ,
=Y =5

1 My+1
S1= Z = s (L.7)

and, in general

satisfies the recurrence relation

(1 - MO) Sn =

n—1 n+k n M.
> :( ) kS (=1) ! _n=234,.., (1.8)
k=2

(n —k)! (n = 1)!(1 - My)

where
M, = /u%ﬁ(u)du < 00
0

are the n*® moments of ¢ (t) . Now, in particular if ¢ (z) = cé (x — b) with c, b constants and é (z)
is the Dirac delta function, then ® (p) = ce™® and M,, = cb™. The roots of the characteristic

equation ® (p) = 1 are given explicitly as

o
pi = IIICTTFZ_],J, =0,41,42, ...

and, from (1.6) p; = b. Using (1.7) with a = g‘—ﬂc gives, after some simplification, the result

(1.2). Other identities, similar to (1.2), may be evaluated from (1.8) for n=2,3,4,..., or indeed

by differentiating (1.2) with respect to the parameter a. The following two points are certainly

worthy of mention. Firstly, replacing a with ia in (1.2) gives the result

18



oo

1 1
Z T2 02 [1 — macotmal. (1.9)
n=1

By considering a partial fraction decomposition, such as

o0

o0 o0

11 1 1
Zn4_a4_2a2 Zn2_a2_2n2+a2
n=1 n=1 n=1

we may obtain, by the use of (1.2) and (1.9), other identities of the form

o0

1 1
nzz: e [2 — 7a (cot ma + coth ma)] . (1.10)

Taking the limit as a — 0, in (1.10), confirms the result

[e’s} _ 7T4
n;" =%

Secondly, (1.2) may also be integrated with respect to the parameter a. From (1.2)

i(%) =d% [ln{SiIg;aWH- (1.11)

n=1

Integrating both sides of (1.11) with respect to the parameter a and interchanging sum and

integral results in

d a? sinh aw
Zln 1+ =] =In , (1.12)
n am
n=1
where the constant of integration in (1.12) is identically zero. The identity (1.12) is also obtained

by Wheelon [91] using a different technique. Notice that the left hand side of (1.12) may be

rewritten such that

ﬁ 1_l_a_2 _sinha7r
n2 arw

n=1

The summation of zeros of other transcendental functions have also been considered by several

o0 o0
other authors. For instance, Lord Raleigh [79], obtained J; mj_4 = 35 and 9;1 m}'g = %,

19



‘s

where the m ;

are the zeros of the frequency function

g(m) = cosm;coshm; + 1 (1.13)

A Taylor series expansion of (1.13) is

(m) =2 m_4 o2m8 B 16m12 N 16m16 B 162m?20 N 163m#4
g 6 7 31l 15! 510! o4

and since g (m) is an even function in m then —m; and +im; are also zeros of (1.13). If we

write

S(a)zZm;a=% g’(zg)(—zzgadz’a>1 (1.14)

and choosing a = 4 and a = 8 in (1.14) we recover the two results of Lord Raleigh. From residue

o0
calculations and (1.14) we may also give, for example ij_lg = M:;ST‘:}Z)Q and

=1
X, —16 12343
dYom;? = —=2eo . Apnother operational technique for summing series is that which is
= 2002000(12)
described by Wheelon and is worthy of a mention here, since we can generalize some of his

results and also make a connection with the polygamma functions, ¥ (z).

1.1.4 Wheelon’s results.

Wheelon’s method is based on the parametric representation of the general term of a series, so
as to produce either the geometric or exponential series inside one or more integral signs. The
fundamental operation is contained in the summation of both sides of a Laplace transform pair
with respect to a transform variable which is interpreted as the dummy index of summation.
This operation exhibits the desired sum as an integral of the geometric or exponential series

each of which may be summed in closed form. Consider the Laplace transform of a function

f(=),

(oo}

F(p) = /e‘”’f(w) dz

0

20



and if we identify the transform variable p with a dummy index of summation n, we can write

= /Z (e7®)" f () dz. (1.15)
0

As an illustration choosing f(x) = z in (1.15), leads to Euler’s result (1.1). An obvious

extension is that (1.15) may be generalized to

oo}

Z(F(n) = (k_ll)! /:vk_le_amz (e™)" f (z) da.

TL-I—a)’c J

The integral representation of (1.15) may be so chosen to allow for denominators with rational
and irrational algebraic functions and linear factors, and the numerator may be so chosen to
allow for algebraic, exponential, trigonometric, inverse trigonometric, logarithmic, Bessel and
Legendre functions. The convolution theorem may be beneficially exploited, so that we may

write, for j > 2

/udv dw
[a1 (1 —w) 4+ 0 (u —v) + a3 (v —w) ... + aw)’

1
1
L (- / du
a1 0pQ3...Q s
(5 - 1) tzmes

and using the relation

o0
1 o
_1)!/37_1e_’\3ds
0

allows a generalization of Wheelon’s result as

00 1 7j—1
Saj)=y — = ./(1_’”) da (1.16)

J — 1N 1 — o
n=0 TT (an + k) G-1 z=0
k=1
1 1,123
: raralalia 1 1.17
155 lta 24a 34a  jta (1.17)
a ? a ? a ? 9 a



fora € R and j = 2,3,4,... . From(1.16) we can see that

1 .
1 2 3 1
(1-=) Lararar
—_ . . a
a dx— j+1F; _ 1
1-=x 1+a 24a 34+a j+a
=0 a’> a’ a " a

Also, for @ and j integers > 1 we have, because of symmetry and known properties of the

hypergeometric function

1, %,%, %, cre) % 1, l 2 § 2
_ a’a’a’ " a
j+1Fj . 1| = a+1Fa . |1
l1+a 2+a 3+a jta 1+5 245 345 a+j
a ' a ’ a ' a 2’ a a '’ a

For specific values of a and j various listings of (1.16) occur in the works of Jolley [64], Hansen
[54] and Gradshteyn and Ryzhik [47]. We may also obtain some other interesting cases as
follows. From (1.16)

1 Lo 1,1,2,3,..,7
; - = = i+1L5
G-1DG-D 37777 984, j+1

S(l,j) =

and we have the identity, from Gauss’s 2/} summation

For a = 2, and from(1.16)

j—2 | 22 -1

j—2
S(2,5) = G _1 D 29721n2 + ;(—1)’"

r T
1 1,3.1,3,..,4
= —;nF; 2z ,2 1| , and hence
| 3 9 247
21y 2
1 i j—2 . 3
5,1,1 27 J—2 1-27"
2 _J _1\T
L In2+ Y (-1) .
702 r=1 r
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Other specific values of (1.16) may be obtained as follows

1
§(6,12) = oran [61440 In2 +109351n3 + 12257v/3 — 61251
1 1,111,257
= =57 716 1
12! 13 715 8 17 g

62376123 6

and hence

1} — 614401n2 + 109351n 3 + 122573 — 61251.

Non integer values of @ may also be considered and hence (1.16) may be related to the

polygamma functions. The following two examples are given; S (3,8) = 573517—12% and from (1.17)
we have

1,2,4,6,8,10,12,14,16 67864

oFy 1| = ——,

3,5,7,9,11,13,15,17 45045

also
3 1 2,2, 2,18
S (5,5) = 2800 3455 — 560m/3 — 7001n 3 + 1263 F 131 1_33 1| — 3635 1 %3 1
? 3 b]

and again from (1.17) we have the identity

70 1,2,5,2,5,% 2,%,3 3.2, %

~ 1 1| — 126 1

36F5[§z31_11_3 T30sF2 | 2| 7 1
3»3>% 313 33 3°3

— 3455 — 56073 — 7001n 3.

Numerical estimates of the integral (1.16) may be determined for those values of a and j which

do not permit an analytical solution of the integral;

1 1,10, 20, 30, 40, 50, 60, 70, 80, 90
S (.1,9) ~ 00001315 = = 10Fp
9! 11,21,31,41,51,61,71,81,91
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Using this procedure Wheelon also sums the double infinite series

In2, and

™8
™8
5
= =
[\*]
3
+
00 =1
t\DI'—‘

> 5T (2= 1)

m=1mn=1 (n+ m
both of which agree with the results obtained by Bromwich [19]. A similar summation proce-
dure, to that given by Wheelon, has been developed by MacFarlane [71], which depends upon
the properties of the Fourier-Mellin transformation. From Wheelon’s work, we may now see a

connection with (1.16) and the polygamma functions, ¥ (z). From (1.16), let j =2 and a = ﬁ

,k € N in which case we may write, by partial fraction decomposition

0 4k2 2k—1 1
= = 2%k
Sk Zo(n+2k)(n+4k) ;Orwk

n=

from which, we obtain the very slow converging series
Si = 2k {1 (4K) — ¥ (2k)} .

If
= 1
S=;n2(4n2+1)

we may use partial fraction decomposition with polygamma functions, so that

S = 8p(1) -8y (g>+w’(1)+’/" (Z‘)

= 2+((2)—7rcothg.

A great deal of exciting work has also recently been carried out by Borwein and his coworkers
[13] on symbolically discovered identities with special and other functions. Flajolet and Salvy
[45], by the use of residue theory also obtain identities involving special functions. Other
transform techniques also provide a rich source of possibilities for investigating sums which

may be represented in closed form; Z transform techniques are widely used and a general
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method may be seen in the books of Jury [66] and Vich [89].

1.1.5 Hypergeometric functions.

Binomial sums and hypergeometric functions are intrinsically related. It is of fundamental
importance that binomial sums can be generally written as a terminating hypergeometric series,
see Roy [80]. The book, A=B, by Petkovsek, Wilf and Zeilberger [74] expertly expounds the
theory of hypergeometric closed form representation of binomial sums. The following is therefore
a brief description of the hypergeometric function and some of it’s prominent properties. The
books of Bailey [6], Slater [82] and Gaspar and Rahman [46] cover all of the material presented
here.

If the ratio of two consecutive terms Tk41/7% , in a series, is a constant, then we have
a geometric series. A hypergeometric series arises when the ratio is a rational function of a
positive integer k,

Trt1 (a1 +k)...(ap+ k) 2

Tk N b1+ k)...(bg+k)(1+ k) (1.18)

where ay, ..., ap; b1, ...,bq and z are complex and Ty = 1. Pochhammer’s function is defined as

(a)y =1
Flatk (1.19)
(@) =a(a+1)..(a+k—1) ="
and hence a hypergeometric series may be written as
a1,0a2,-.-,0p ad (al)k...(ap)k Zk
F, z| = . (1.20)
T by bay by ,czzo (b1)y, --- (bg),, k!

The hypergeometric series (1.20) is symmetric both in its upper parameters aq,...,a, and its
lower parameters by ..., by. In general it is required that b,...,b, ¢ 0,—1,—2, ..., since otherwise
the denominators in the series will eventually become zero. If for some j,a; = —n then all
terms with k > n will vanish, so that the series will terminate. In the non-terminating case,
the ratio test yields the radius of convergence, which is infinite for p < ¢+ 1,1 for p=q+1

and 0 for p > q + 1. Moreover, if p = g+ 1 then there will be absolute convergence for |z| =1

q p
ifRe| 3 b, — > a; | > 0. Hypergeometric functions play an important role in many fields of
j=1 j=1
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pure and applied mathematics as well as in science. The excellent survey paper of Andrews

[3] puts basic hypergeometric functions in an applicable setting. More recently hypergeometric

functions led to the solution of the long standing problem of the Bieberbach conjecture by

deBranges [39]; which shows that if f(z) = z + §2 anz™ is a normalized univalent analytic
n=

function in the unit disc, then for each n > 2 one has |a,| < n. Some elementary cases of

hypergeometric series are

oFo z| =€, and

—a

1o z| =(1-2)".

Bessel functions may be expressed in the form
z\@ -
(5) oF1 2 =T(a+1)Jal2)

and the 9F) series is the classical Gauss series with Gegenbauer, Chebyshev, Legendre and
Jacobi polynomials as terminating cases. It is well known in the theory of hypergeometric
functions that the confluent ; F; function can be obtained from the Gaussian o F; function by a
limit process called confluence. The hypergeometric function
ag, a1, ...,
By | TR, (1.21)
bla b2a seey bq
is called k— balanced if z =1 and k+ag+a; + ... + ag = by + ba + ... + by; or just balanced if
k = 1; well-poised if 1 +ag = aj + b1 = ... = ag+bgq, and very well-poised if it is well-poised and
a; = 1+ %. There are a number of cases where (1.21) with argument 2 = &1 can be evaluated

in closed form as a quotient of products of Gamma functions. Five of these cases are:

1. the Gauss summation formula
2. Kummer summation formula

3. the balanced Pfaff-Saalschiitz summation formula
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4. the well-poised Dixon summation formula, and

5. the 2-balanced and very well-poised Dougall summation formula.

The Gauss summation formula is a limit of the Pfaff-Saalschiitz summation formula, Kum-
mer’s formula is a limit of Dixon’s formula and may also be obtained from Dougall’s formula.

The Pfaff-Saalschiitz summation formula can be explicitly written as

= k(=7 _(e—a),(c=b),
Z 1+a+b—c—kn)kk!—(c)n(c—a—b) ’

k=0 n

in particular if c = a + b+ 1 we have

S @0 _(1+a),(0+0),
(1+a+b) k! (l+a+d),n
Hypergeometric sums are often met in the form of combinatorial sums with binomial co-

efficients. Evidently, one hypergeometric sum may have many representations as a sum with

binomial coefficients. Saalschiitz’s summation, for example, may be written as

a+k-1 c—a—-b+n—-k—-1 c—a+n-—-1
(c—-b)
Z": k c—a—-b-1 n
k=0 c+k—-1 5 c+n-—1
c—b b

In the next section, rather than detail the theory and practice of summation of binomial series in
closed form, we will consider a particular sum, with some variations, and investigate its solution
through various procedures, including the automated approaches described by Petkoviek, Wilf
and Zeilberger [74].
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1.2 A tree search sum and some relations.

1.2.1 Binomial summation.

The sum, with some variations and relations, which we shall explore in detail, arises in the work

of Jonassen and Knuth [65] in an algorithm known as tree search and insertion. In particular

the sum is

o= zn: : (;)k ( 21 (1.22)

k=0

We shall explore (1.22) and survey several methods of finding a closed form solution. We
shall compare the analytical techniques of Riordan, Jonassen and Knuth, Gessel, Rousseau, the
hypergeometric connection, the generatingfunctionology method of Wilf and the automated

approaches of Sister Celine, Zeilberger and the WZ pairs method.

1.2.2 Riordan.

Under the heading of Inverse Relations, Riordan [81] considers the identities
2n k
2 - 2k 2n
fon = 2 K (—1> =27 and (1.23)
=\ k 2 k n

f2n+1 = 2 P

k=0 k

; = 0. (1.24)

2n
Riordan analyses (1.23) and (1.24) by recurrences. Writing g, = 27" ( , then
n

2n 2n k o
f2n = 2 (_1) gk = 2 gn and
k=0 \ k
2n-1
n+1
font1=) (-1)" g =
k=0 k
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Now g = (2 — 1) g,—1 and also

n—1 n—1
f2n = fn—l + Z " (—1)k+1 gk+1,
k=0

3
—

n
n(fn+fn—1) = (_l)kgk = hp.
k=0 \ k+1
Hence
n(fa+ fac1) = hno1 + fac1 = nfa1 + (0 — 1) fa_o, and therefore
nfn = (TL — 1) fn_z,fo = 1,f1 =0. (1.25)
From (1.25), we have fa,,1 = 0 and

_ 2n—12n-32n-5 1 o Y2 [ n—-1/2
fn = o on T3 = Y ( )_( ) (1.26)

n n

2n (2n)! 1
= 972n =9 "g = _ 1— .
( n ) In = Qann)2 11] ( 2n — 2j)

]:

Riordan expands on these ideas and obtains the additional identities

2"2—:1 2n < -1 ) k[ 2k n [ 2n ;
— = 5 an
o \k+1 )\ 2 k)2 n
22” 2n+1 (_1)’“ 2k In+1{ 2n
o\ k+1 )\ 2 k 2 \n )
Riordan attributes the identities (1.23) and (1.24) to Reed Dawson. Another interesting identity

related to (1.23) and which may be evaluated by inverse pair relations is

(—4)* ( ”)
n k 1
1;0 ok T 1-=92n’
k
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1.2.3 Method of Jonassen and Knuth.

Jonassen and Knuth [65] consider (1.22) and by algebraic manipulations obtain the recurrence

(1.25) as follows. From (1.22)

fn = fn—l"‘z
k=

{l_2k+2}
e

k+1 2 k)
n<fn+fn_1>=§(kil) (;)k(i’“) (1.28)

Replacing n with n — 1 in (1.28) we get

L n —1\* { 2k
(TL— 1) (fn—l +fn—2) = ; ( k41 ) (7) ( " ) _fn—l- (129)

Subtracting (1.29) from (1.28) we obtain the recurrence relation (1.25) and hence identity (1.26)

hence

follows.

1.2.4 Method of Gessel.

This method is given on page 3 of the Greene and Knuth [50] book and is described as follows.

Replace k with n — k, that is change the order of summation, in (1.22) such that
" [ n —1\" k[ 2n -2k
k=0 k n— k
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Let [z"] f (x) denote the coefficient of 2™ in f (z) , hence

2" (1 - 20)" = ( " ) (—2)*
k

and therefore

But since

3 [x’“] FE@) 9" =Fg®)

k=0

n

when f (z) is analytic, then

foo= (T RMA )T (1— 2y )n

(1+y)?
(=27 (1+%)",

and the solution follows

n
2—n , for n even
fn = n/2 (130)
0, for n odd.

1.2.5 Method of Rousseau.

This method is also described in the book of Greene and Knuth [50] and essentially it identifies

the coefficient in a polynomial expansion. From

(o) (%)
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1.2.6 Hypergeometric form.

Here we consider a slightly more general version of (1.22) in terms of hypergeometric notation.

Let

@)=Y ( " ) (~a ( ) ) ~y'm (131
k=0

k=0 \ K

for a real and b integer. The ratio of consecutive terms is

b— .
]1;[1 (k + "—;1)

T; W (k —
;_1:1 = (b al)b(—l (knj— 1)2 b—1 3 (132)
- i
I (k+4)
]=
Tp = 1, and hence from (1.32)
b—1 b5—-2 b3 1 b
_ b > b b a"'aBa_n ab
e BN o 1)"‘1} ’ (1:39)
76=17b=1""" b—1
moreover, for the relatively simple case of b =1
fn(a,l)z 1F0 [ ajl =(1—a)n .
Now, we concentrate on the case of b = 2 ; from (1.33)
L-n
fa@,2)=oF | % 4a (1.34)
1
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and a recurrence relation for (1.34) obtained from the Zb algorithm in Mathematica, is

(+2) farz + (20 +3) (2 = 1) far1 + (n+1) (1 - da) f, = 0,

(1.35)
fo(a,2) =1, f1(a,2) =1 - 2a.

We can see from (1.35) that for two special cases of a = 1/2 and a = 1/4 the recurrence relation

(1.35) becomes manageable. From (1.34) let a = 1/2 such that

1 %)_n
fn (§a2) = o] 2 (1.36)
1

and replacing k with n — k we have

1 —-n,—n
fn 5)2 :TOZFI
1on

m= (?)n ( 2: ) . (1.37)

There is an identity, due to Gauss, see Graham, Knuth and Patashnik [49], which states

o1, 009 2001, 209 1
o F 1| =oF iR (1.38)
a)+ag+1 o t+az+ ;5

hence from (1.38) and (1.37)

£, = (%)n ( an ) o [ ?n—_; 1] . (1.39)
n 1 p

Similarly by Pfaff’s reflection law

ay,a3 —az |1 a1, 002
| 5| =272 —1
a3 a3
we have from (1.37)
—-n,—n |1 n —-n, %
o 5 =2""2F . -1
% -n 35— N
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Using the classical Gauss formula

5 | 0 || = Dles)T(as — a1 —ay)
ag

we obtain from (1.39)

~I\" [ 2n \ (L -n)I (4
n r (5 - 7)
such that when n is odd f, = 0 and when n is even
fon = dn |\ 1 /@n)\? 4 (2n) g2 [ 21
TN g, [\ 20l ) T(@m) 0l

Also, from (1.35) for a = 1/2 we have that (n+ 2) foy2 — (n + 1) fn = 0 which is identical to
(1.25) and hence the Reed Dawson identity follows. For a = 1/4, from (1.34)

fa (%2) LR

and from (1.35) (n + 2) fay2 — % (2n + 3) fn+1 =0, hence

n—1 . 1
- 27 +1 _I‘(—+n)_ _on [ 20
=t H(j+1)" v _22( )

3=0 n

also from (1.31) fon (1/2,2) = fn(1/4,2). For b = 3, a recurrence relation, using the Zb
algorithm in Mathematica, f, (a,3) = fn, of (1.31) is

2(n +3) (2n + 5) fats + (n? (27a — 12) + n (135a — 56) + 168a — 66) foi2+
2(n+2)(3n(2 - 9a) + 11 — 54a) fo41 + (27a —4) (n+1) (n +2) fn =0, (1.41)
fo=1,fi=1-3a,f; =1—3a+15a
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The recurrence (1.41) does not lend itself to easy closed form evaluations for any special values

of a. Returning, briefly, to the identity (1.27), we begin with the general form

n
(-a)
n k
gn@J)=§:———;;——— (1.42)
k=0
k
and in hypergeometric notation
1 b__2 b; .. L —-n a(b_l)b—l
b) = Fh 7b—17b6-12 """ b—1>
gn (a,b) = pFyp_y b-1 b-2 b3 1 bb
b2 b 2 b b
Forb=1, gn(a,1) = fo(a,1)=(1—a)®. For b=2,
1,—TL a
9n (a,2) = 2F} 1

2

which has a recurrence relation

22n+1)gnpi+(n+1)(a—4)gn+2=0,g90 = 1.

In the specific case of a = 4, we obtain the identity (1.27), evaluated by Riordan, and it may
be easily verified, utilizing the procedure described by Petkovsek et al. [74], by the rational

certificate function

_ k(1-2k)
Rk = i man—1

For b = 3, a recurrence relation of (1.42), using the Zb algorithm in Mathematica, is

3(3n+4) (3n+5) gnt2 — 2(n+2) (n (27 — 2a) + 27 — 3a) gn41+
(4a—27)(n+1)(n+2)g,—6=0,90=1,1 =1 - 3a

and again it does not lend itself to easy closed form evaluations for any special values of a.

35



1.2.7 Snake o0il method.

This method is described on page 126 of the book by Wilf [93]. Let

:n n o [ 2k
fa ) IcZ=0<k)y (k) (1.43)

and define F (z,y) = ) fn(y) 2™ Now replace for f,(y) and interchange the order of sum-

mation, such that
2k i n i
F(z,y) =) vy z
k>0 \ k >0 \ k

=1ixk§>:0(2:) (19”_yx>k. (1.44)

2k
Utilizing the identity ) ( ) 2k = \/11—T it follows from(1.44) that

k>0

1 1
(1-z)/1-f  VI-2)1-z(l+4))
fy = -1/2,F (z,-1/2) = 11—9: and the Reed Dawson identity follows. If y = —1/4,
2m 2m
F(z,—-1/4) = 2= = z and hence,
(e, ~1/4) = 7= ,Eo(m)(2)

n\ (1N [ 2% ) _ (2 ) _Tn+1/2)
S() @ (5) ()

We can generalize (1.43) a little by considering

o= " | 1.45
fa (b,¢) kgo(k) (k) (1.45)
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and define
F(z,¢,6) =) fa(b,c) 2™ (1.46)

Putting (1.45) into (1.46) and interchanging the order of summation, we have

F(z,b,¢) = ¢ b " 2"
. 1 c zb \*
N 1—zk220(k)<1—z)

(14+2z(b-1))°
(1 - z)°t!

For c integer (1.45) will always have a closed form solution, For example, with ¢ = 3, we have
z": n " 3
k=0 \ k k

Ifc=-1/2and b=2, we get F(z,-1/2,2) = (1 - z2)_1/2 and from the relationship

( ~1/2 ) o ( 2% ) _ ( k—1/2 ) -
k k k

4 T(k+1/2) 2
= U7 T+ 1) k!HzJH

(63n® + 3b%n? (3 — b) + bn (18 — 9b + 26%) +6) .

@IH

the Reed Dawson identity follows. If b =1,

F(z,-1/2,1) = 11_ - ( 2k) (Z)k ,

which corresponds to the Vandermonde identity
i n c n+c
=\ k) \k c |
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1.2.8 Some relations.

The related sum

gn n P
Sn(pq) =) (-1) ! (1.47)
r=0 T

for p and g integers is an interesting one, and is briefly considered here. For ¢ = 1 and p =1,

(1.47) is identical to (1.31) for @ = 1 and b = 1. From (1.47) we have

—qn, —qn, —qn, ..., —qn
Sn (p,q) = pFp-1 (-1)P*], (1.48)
1,1,1,...,1
and some special cases, from (1.48), are
—qn Oifqne Z+
Sn(l,9) = 1Fp 1| =
-~ lifgn=20
and
—2n,—2n,—2n,...,—2n
Sn (p,2) = pFp1 (=), (1.49)
1,1,1,...,1
) n| 2n n | 3M 2n
It is known that S, (2,2) = (-1) , 90 (3,2) = (-1) and therefore
n n n
3n
Sn(3,2) = Sn (2,2); however for p > 4, deBruijn [38] showed that (1.49) cannot be
n

expressed as a ratio of products of factorials, and Graham et al. [48] also showed this by

an application of the multidimensional saddle point method. We can deduce, from (1.48) the

identity
—qn, —qn 9qn+1
Sn(2,q) = 211 -1 = (1.50)
1 B (2+gn l—g‘n.)
2 12

where B (z,y) is the Beta function. From (1.47) and (1.48) we may also deduce that

2ot 2n+1 ’ -2n+1,.,-2n+1

SZn+1 (p) 1) = Z (_1)7‘ == pr—l (_1)p+1 = 0,
=0 r 1,..,1
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2n 2n 2n n—1 2
Son (1) = 3 (<1) = (-1)" +25 (- | "
r=0 T n r=0 r

and utilizing (1.50), gives the new result

2 2
n . n 2277'—1\/7_1' (_l)n n
-1 =
Z( ) r nI (1—2271) + 2

n

The sum (1.47) may, for specific cases of p and q, be written as a recurrence relation. Another

related sum is given by Strehl [84], whom in an informative paper shows that, for all natural
2 2 i 3
[ n n+k [ n n+k k
> 5> > )
k=0 \ k k k=0 \ k k =0\ J
1] .

¢ Bailey’s bilinear generating function for the Jacobi polynomials in the special case when

numbers n

n+l,n+1,—n,—n
1,1,1

Strehl offers six different proofs of (1.51) based on:

the Jacobi polynomials reduce to Legendre polynomials,

e A combinatorial approach to the Bailey identity,

Legendre inverse pairs,

the Pfaff-Saalschiitz identity,

Zeilberger’s algorithm, and

e known recurrences for the Franel and Apéry numbers.

From (1.51), after various manipulations Strehl obtains
2 2

[ n D12 &) A\ [k
> . ( X )_Z . <T>Z)\ | (1.52)

k=0 k=0 Jj=0 J
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= 2Fy ’ 242+ 1] (1.53)

Given that 2X; 2 = —3 + /5 are the zeros of the quadratic A% + 3\ + 1, then from (1.52)

g,o( )2(—1)’“=§(:)<A1;1:1> Z/\ (j)Q. (1.54)

Identifying (1.53) with (1.50) for ¢ = 1 we may also give the identity

5(5) e

and from (1.54) we can write, the new result

sn<2,1)=kz;(:) 1+ 1) Z/\u( .)2

]:

where a second order recurrence of (1.54) is (n +2) Sp42(2,1) +4(n+1)S5,(2,1) = 0, with
S0(2,1) =1and 51 (2,1) = 0; fornodd S, (2,1) = 0, hence (n + 1) Sony2 (2,1)4+2 (2n + 1) Sz, (2,1)

n—1

0 and by iteration S, (2,1) = (-2)" 5 gfﬁl
J:

1.2.9 Method of Sister Celine.

Let .
fa =) _ F(n.k) (1.55)
k=0

F(nk) = ( : ) (%)k ( 2: ) . (1.56)

Since the ratio of two subsequent terms of (1.22) is a rational function in both n and k then

where

(1.56) is a proper hypergeometric function . Following Sister Celine [74] we require non-trivial

40



solutions of the recurrence

2 2
> aij(n)F(n—j,k—i)=0. (1.57)

i=0 j=0

Utilizing the computer package added to “Mathematica”, we can generate the recurrence

2a(n—1’F(n-2k—-2)—(n—1)(an—28n—a)F (n— 2,k — 1)
—pfn(n-1)F(n-2,k)—a(n-1)(2n—-1)F(n—1,k~2)
~@n—-1)(fn—an—a)F(n—1,k—1)+fn(2n—1)F (n - 1,k)
—an(n—1)F (n,k — 1) — fn?F (n,k) = 0.

Setting o = 0, 8 = 1 and summing over k, we obtain a recursion equation for f,, namely
nfn = (n— 1) fn—2 ,fO = 1,f1 =0
and the Reed Dawson identity follows.

1.2.10 Method of creative telescoping.

The method of creative telescoping is described in the book of Petkovsek, Wilf and Zeilberger
[74]. 1t utilizes the Zb algorithm in “Mathematica” so that the input

k
Zb[Binomial[n, k] (—%) Binomial[2k, k|, k, n, 2]
responds with a recurrence relation
(1 +n) Sumn] — (n+ 2) Sumn+2] =0

and with initial conditions leads to the Reed Dawson identity.
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1.2.11 W?Z pairs method.

This method certifies a given identity as well as having some spin-offs. Given the identity (1.22)

we may write

> F(nk)=1 (1.58)

k>0

2n 2%
(k (—%)k(k>4n . -
F(nk) = ~ (-3)" (2k)int?4 |

where

o = T 2n— )P (1.59)
()
Calling up the WZ package in “Mathematica” we obtain the certificate function
k2
R(nk) = @n—k+1)(k—2—2n) (1.60)
Now, we define
G (n,k) = R(n,k) F (n, k) ~ (=3)" (2h)nt (1.61)

T RG-1’@n-Fk+2)
such that F'(n+ 1,k) — F(n,k) = G(n,k+1) — G(n,k) is true. Sum that equation over all

integers k, such that the right hand side telescopes to zero and therefore

Y F(n+1,k)=> F(nk). (1.62)
k>0 k>0
The two discrete functions F (n,k) and G (n,k) are termed the WZ pairs. From (1.62) and
with initial conditions we obtain the Reed Dawson identity. Petkovsek et al. [74] claim

that the WZ pairs method provides extra information because of the existence of a dual
-1 an+bk
—an—bk—c-—1)!

for a +b # 0 in (1.59) and (1.61) to obtain F and G. Next change the variables (n,k) by
F*(n,k) = G(=k—1,-n);G* (n,k) = F(—k,—n — 1), (this transformation maps WZ pairs

WZ pair. To obtain the dual WZ pair make the substitution (an + bk + ¢)! by (

to WZ pairs), such that we obtain

—1)"*1 97 (n — 1)In12 (2k — 1 — n)!
4k+1 (2n — 1)1k!12

F* (n k) = ( (1.63)

42



and
(_1)n+1 on+1,13 (2]{: _9_ TL)'
Fn+ 1) (k=112 (1.64)

G* (n,k) =

As previously, we obtain f; = > F*(n,k) and because of the (2k — 1 — n) term in (1.63) we
k>0
shall define

S O (n.k), (1.65)

k2 [

where [z] represents the integer part of x. Now, we need to sum over k, the recurrence
F*(n+1,k) — F*(n,k) =G* (n,k+1) — G* (n,k); (1.66)

since the right hand side of (1.66) does not disappear, we sum for k¥ > 1 + [’7‘], this however

gives us an extra term, and distinguishing for n odd and n even, we obtain
F*(n+2,k)— F*(n,k)=G*(n+1,k+1) - G*(n+1,k) + G* (n,k +1) — G* (n,k) .
For n even, let n = 2m, and summing for k > 2 + m, we obtain
f*(242m) — f*(2m)+ F*(2m,m+1) = -G* (2m+1,m +2) - G* (2m,m + 2),

and from (1.63) and (1.64) substituting for F* and G* we obtain

(3m +2) (2m +1)! (2m)12

* — * 1.

fr@42m) = £ m) + e S m + 1)) (1.67)

Iterating the recurrence (1.67) we have

(3J ) (25 +1)!(25)"
1.68
fr2+2m) = Z 43+3 NG + 1) (1.68)
and from (1.63) and (1.65) we have
(2k =3)!

fr(2) = Z e (1.69)
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We can put (1.69) in “Mathematica, Algebra, SymbolicSum” and obtain
N 1
) = ;- In V2. (1.70)

(We may also obtain (1.70) by starting with identity 2.5.16 in the book by Wilf [93]). Now
from (1.70), (1.68), and (1.65) we obtain

4™ (2m — 1)1 (2m)1? i (2k—1-2m)! 2_1_’”2‘:‘(3J'+2)(2j+1)!(2j)!2

(dm—1)! S VAR 3

— = : . (1.71)
po ! = 45 +3) (G +1)!

From (1.67) and (1.70) we also obtain f*(0) = —Inv/2 and from (1.71) putting k* = k —m

and renaming k* we have the new result

= 22’c (m+k)12  (2m—1)!(2m)12 '(45 +3)!(5+1)!

0 @Qk-1)! _ (4m—1) { 4’”21 3]+2 zg+1)(2g)|2}_
7=0

In the next chapter we develop and apply our procedure of ’"domination of zeros’ for the sum-

mation of series in closed form.
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Chapter 2

Summing series arising from
integro-differential-difference

equations

In this chapter a first order differential-difference equation is considered and by the use of
Laplace transform theory an infinite series is generated, which may be represented in closed
form. The series, it turns out, arises in a number of areas including teletraffic problems, neutron
behaviour, renewal processes, risk theory, grazing systems and demographic problems.
Related works to this area of study are considered, including Euler’s and Jensen’s investi-
gations, Ramanujan’s question, Cohen’s modification and extension and finally a solution to

Conolly’s problem is given.!

'This chapter, in condensed form, is to be published in the Bull. Austral. Math. Soc.
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2.1 Introduction.

Differential-difference equations occur in a wide variety of applications including: ship stabiliza-
tion and automatic steering [72|, the theory of electrical networks containing lossless transmis-

sion lines [17], the theory of biological systems [16], and in the study of distribution of primes
[90]. The equation

f,(t)+af,(t“a)+ﬂf(t)+’7f(t—a)+6f(t+a) =0

is termed a first order linear delay, or retarded, differential-difference equation for a = 0,6 = 0
and a > 0. For a = 0,6 = 0 and a < 0 it is termed an advanced equation. In the case § = 0
and a > 0 it is referred to as a neutral equation and when o = 0,8 = 0 and a > 0, an equation
of mixed type. A great deal of the studies for the stability of differential-difference equations
necessitate an investigation of its associated characteristic function. Some of the early work in
this area has been carried out by Pontryagin [77], Wright [96] and more recently by Cooke and
van den Driessche [36] and Hao and Brauer [55]. In this chapter we will show that, by using
Laplace transform techniques together with a reliance on asymptotics, series representations for
the solution of differential-difference equations may be expressed in closed form. The series, in
its region of convergence, it is conjectured, applies for all values of the delay parameter without
necessarily relying on its association with the differential-difference equation. Unlike some of
the series that are listed as high precision fraud by Borwein and Borwein [15] the series in
this chapter will be shown to be exact by the use of Biirmann’s theorem. The analysis also
relies on the exact location of the zeros of the associated transcendental characteristic function.
The technique developed in this chapter is then applied to particular examples that arise in
teletraffic problems, neutron behaviour, renewal problems, ruin problems and to a model of
a grazing system. We also investigate, briefly, equations with forcing terms, and equations
with multiple delays, mixed and neutral equations. The fundamental series obtained in this
chapter has also been investigated, using different methods than the author, by Euler, Jensen
and Ramanujan. We shall describe their techniques and give in detail, a description of Cohen’s

modification and extension, and a solution to Conolly’s problem.
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2.2 Method.

Consider the first order linear homogeneous differential-difference equation with real parameters

a,b and ¢ and real variable ¢:

Fr@)+bf (@) +cf(t—a)=0, t>a } -

ff@)+bf(t)=0, f(0O)=1, 0<t<a.

Taking the Laplace transform of (2.1) and using the initial condition, results in

1 N —1\?cn —an(p+b) ,anb
LU =FO)= o = 2 T

(2.2)

The inverse Laplace transform of (2.2) is

2\ (=1)*cettam) (¢ — an)™

LHED) =) =)

n=0

— H(t—an) (2.3)

where the Heaviside unit function

H () l,forx >0
) =
0,for z < 0.

The solution to (2.1), by Laplace transform theory may be written as

v+ioco
1

f@) = 9 eP'F (p) dp
Y—100

for an appropriate choice of -y such that all the zeros of the characteristic function
g(p)=p+b+ce® (2.4)

are contained to the left of the line in the Bromwich contour. Now, using the residue theorem

f@) = Z residues of (e”'F (p))
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which suggests the solution of f (¢) may be written in the form
f (t) = ZQreprt
T

where the sum is over all the characteristic zeros p, of g (p) and @, is the residue of F (p) at
p = pr. The poles of the expression (2.2) depend on the zeros of the characteristic function
(2.4), namely, the roots of g (p) = 0. The dominant zero py of g (p) has the greatest real part
and therefore asymptotically f(t) ~ QoeP°’ , and so from (2.3),

" —bt an)( _an)‘n

f@t)= Z (=1)" ~ H(t — an) ~ QqeP°’. (2.5)

After some experimentation it is conjectured from (2.5) that:

® _1\yn,.n,—blt—an _ n
Z( 1)Pcre=bt=an) (¢ — an) — Oy (2.6)

!
o n.

Vt € R in the region where the series on the left of (2.6) converges. Biirmann’s theorem will be
used, a little later, to prove the identity (2.6). By the use of the ratio test it can be shown that

the series on the left of (2.6) converges in the region

1+ab

‘ace <1. (2.7)

In a similar fashion, the Laplace transform from (2.2) may be expressed as

1 b+ ce %P n (_1)nbn—rcre—arp
P -1 (1+22) -5y o,

n=0r= r

and the inverse Laplace transform may be written as

Z Z n (—1)"1’"_::!" (t - ‘”")nH(t —ar) ~ QoeP’.

n=0r= r
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As previous it is conjectured that

5 no) ()T (t—ar)” Qe (2.8)

!
n=0r=0 r s
whenever the double series converges.

Lemma 1 The poles of the expression (2.2) are all simple for the inequality (2.7).

Proof: Assume on the contrary that there is a repeated root of

p+b+ce P =0 (2.9)

then by differentiation it is required that 1 — ace™ = 0, in which case p = In (ac) /a. Sub-
stituting in (2.9) results in In(ac) + ab+ 1 = 0 and therefore ace!*®® = 1 which violates the
inequality (2.7). Hence all the zeros in (2.9) are simple.

Now, the residue g of the dominant simple zero pg = £ is

1

————, wh b —af =
1+ab+a§’w ere { +b+ce 0,

and so the expressions (2.6) and (2.8) become

i (—1)"cre~blt=am) (t — qn)™ _ i i no\ (=)™ (t —ar)” ebt (2.10)

T ! -
ovars n! o o Sl WP n! 1+ab+aé

whenever the single and double series converge in a mutual region. Using the transformation

YD fr)y=)"3 fln+rr) (2.11)
n=0r=0 n=0r=0

n+r egt

K[ ntr ) (=) (¢ —ar)
»y (=1 (

(n+r)! ~ 1+ab+af
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Lemma 2

1. The single and double sum in (2.10) are solutions to (2.1) in their region of convergence.
2. The closed form expression in (2.10) is a solution to (2.1) for t > a.

3. The single and double sums in (2.10) are equal in their mutual region of convergence,

which is no larger than that given by (2.7).

Proof: 1. and 2. can be shown to be solutions of (2.1) by substitution and statement 3 of

lemma 2 requires that we show

n n

(_1)nbn—r

n!

¢ (t—ar)" cre~blt-an) (¢

—an)

Ies) —_1)»
BC)

n=0

>y

n=0r=0 T

n! ’

so that expanding the left hand side and summing each column from the left hand side results

in

Qt—-0°[1 bE-0" 2(E-02 B(t-0)>
o |o n t T Tt
_&a-aﬂFi+ba—@1+wa—@2+wa—af+m]

1 0! 1 2! 3!

2(t-22)?2[1 bt-2a)' B2(t-22)° B (t-22)° ]
LT ot 1w ° 2! + 3!

St-3a°[1 b(t—-3a)' B(t-3a2)% B (t-32° |
B o 1 tTar tT 3
+... )

At —0)0e b0 (¢t —q)e =) (2(t —2g)2ebt=20) (3 (t _ 3q)3 eb(t—30) N
- 0! - 1 9! - 3!

ne e—b(t —an) (t

—Z

an)”

Returning briefly to (2.10), put b + ¢ = 0, which implies that £ = 0, also let t = —ar, so that

> (@),

n=0

n

(=1)" (T +7)"

1

n
=0 T
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The inner sum, which we shall generalise in chapter 4, is (—1)", and hence we obtain the

common series

> (-ab)" = 1-:ab' (2.12)

Biirmann’s theorem [92] will now be used to prove the explicit form of relationship (2.6).

2.3 Biirmann’s theorem and application.

Theorem 3 Let ¢ be a simple function in a domain D, zero at a point B of D, and let

If f (2) is analytic in D then Vz € D

1
+Z{¢ 2 ;it: 1 L (2) {0(t)}’]t=ﬂ+Rn+1

r!

where Rp41 = —/ / [ ] I t)_¢¢((y))dt.

The v integral is taken along a contour T in D from 3 to z, and the t integral along a closed

contour C' in D encircling I' once positively.

We shall prove Biirmann’s theorem in chapter three. However next, we shall apply Biir-
mann’s theorem to equation (2.10).
The characteristic function (2.4) may be shown to have a simple dominant zero at p = 0 for

b+c=0and 1+ ab> 0. Thus from (2.6)

X n,—b(t—an) (4 _ n
b"e '(t an) __1 . (2.13)
= n! 1+ab
Let t = —aT, ab = —p, and hence from above
00 —p\ n oT
o n! 1—p
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Identity (2.14) is now shown to be true by applying Biirmann’s theorem. Let

) =1500) = 55 =0 (e) =27, 1 (Blpmg = 1,

and we will show, in chapter three, that R,41 — 0 as n — co. From f (t) = fitt,

ef 1 >

It — T — Tt -\ 47

ro= () = (L erear ).
(e

and so f'(t) {6 ()} = e+ W (¢), where ¥ (t) = 3 (z+1+j) /. The coefficients in this
j=0

expression are the same as those in a Taylor series expansion ¥ (0) = (z + 1 + j) j!. Now let
dr—l ,
B.(t) = 2= [/ (016

_ at [et(r+z)\1, (t)]

dtr—1
(r+ )" ( Tgl ) 3O () + (r + 2)" 2 ( r-d ) T () +
1

= o) | (r 4 2)7° ( ' ; ' ) V(1) + ...+ (r+2) ( ' —; ) w77 (1)

+(r+x)0(r:i ) T (1),

( (r+x)r_1(Tgl)(x-l—l)-l—(r-l—x)r"z(TII)(x+2)+ )

B, (0)=| (r+z) 3 T—l)(x+3)+...+(r+x)1 - )(x+r—1)(r—2)!

Hence

2 r—2

\ +(::1)(x+r)(r—1)!.
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If we now put y = z + r we obtain

Br(0) = ¢ y—r+)+y - (y-r+2+y 2 (r—1)(r—2)(y -7 +3)
+..+r-Dlyly—-1)+ (-1
= ¥ -y I+ -0y == -2y i+ (r—1)(r-2)y >
= (P =Dy + (r = Dy
= y=(@+r).

Hence it follows that

eIZ

=1+§:—{Zer;!z}r(x+r)r.

r=1

1 -2

A modification of this sum also appears as a problem in the work of Pélya and Szegs [75].
By the ratio test the infinite sum (2.14) converges in the region Ipel_p‘ < 1,(or |abel+ab‘ <1
1
for (2.13)), and so considering p as a complex variable p = z+1y, then (e?(172) (2% +9?))? < 1.

The region is shown in figure 2.1.

Figure 2.1: Convergence region, |pe!™"| < 1.

On the boundary p = 1, from (2.14), the series

() e_(7-+n) (T _+_n)n

' may be shown to diverge.
n!

n=0
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o0
Consider the divergent series ) %, then by the limit comparison test lim (wn) >0

n=1 n—oo
on utilizing Stirling’s approximation n! ~ (%)" V2mn as n — 0o. The divergence of the above

series can also be ascertained from the closed form representation of the right hand side in
(2.14).

The characteristic function (2.4) may be shown to have a dominant double zero at p = 0
forb+c=0and 1+ ab > 0. From the general theory of linear functional differential equations

[52] it follows that there exists constants o and § such that

lim (f(t) — at) = 4.

t—o00

From residue theory, the constants a and (3 can be shown to be % and % respectively, in which

case

From (2.10) and (2.2) it can be seen that

o0 n o0 n —
) (_l)ncne—b(t—an) (t _ an) ot n (_l)nbn TN
iy (S A9 |

|
n=0 n=0r=0 T n:

This result can be ascertained directly from the differential-difference equation (2.1).

2.4 Differentiation and Integration.

Rewriting (2.10) we have that

X aynnabn (4 _ n t(b+£)
e T T B 219
n=0 )
Differentiating both sides of (2.15) with respect to ¢, j times we have
©  q\n.m,—b(t—an) (4 _ n—j 7t
(—1)c"e (t—an)"?7  (b+€&)e (2.16)

(n — j)!  14+ab+a€’
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On the left hand side (2.16) put n — j = n* and rename n* = n, also put t +aj = z, then the

left hand side becomes

oy 0o (_]_)ncne—b(a:—an) (x _ an)n
(=)’ =
n=0
and from (2.15), is equal to
i e
= (-0 Tt (2.17)
but from the characteristic function (2.4), since ¢ is a zero
—c=(b+¢)e® (2.18)
and therefore (2.17) is equal to
(b+¢) ™
1+ ab+a&
which is equivalent to the right hand side of (2.16) after renaming z as t.
We may also integrate (2.15) j times such that
© (_]_)ncneabn (t _ an)n+j B / et(b+f) 919
s (n+7)! BV 1+ ab+ aé (2.19)
j—times
For j = 1 we have, from (2.19)
P )™ _ e + Ke™ (2.20)
(n+1)! T (b+ &) (L +ab+ af) ’ '

n=0

where K is a constant of integration. Now putting t = z —a , n* = n + 1 and renaming the

counter n*, we have

o~ (_1)ncne—b(a:—an) (CE _ an)n ef(“’_a)

nl T+ A +ab+al)

+ Ke—b(a:—a) :

n=1

to evaluate the constant K, adjust the counter on the left hand side and use the result (2.10);
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on the right substitute (2.18) for —c, such that K = —¢2**® Thus from (2.20)

b+¢
G (_l)ncne—b(t—an) (t — an)n+1 _ 1 et —b(t+a)—a¢ 2.91
= (n+1)! b+& |[1+ab+af € ' (2.21)
Ifb+c=0and 1+ ab#0 then £ =0, in which case from (2.21)
[o 0]
pre—b(t—an) t— n+1
> - ( i ™ 1 l L e*b<t+a>} : (2.22)
= (n+1)! b|l+ab

2.5 Forcing terms.

The result (2.19) may be arrived at by considering a difference-delay equation with a forcing

term. Let
tm—l —bt

fr@®)+of(t)—bf(t—a)= W’f(

0) =0, (2.23)

for m a positive integer. Following the procedure of the previous sections, we have

1
F(p) = 2.24
®) (p+0)™ (p+b— beap) (2.24)
where F'(p) has a simple dominant pole at £ = 0, and a pole of order m at p = —b. From these
considerations we arrive at the result
oo m—1
bre —b(t— an) an)n+m 1 gm—v—1,—bt
— + Py (—=b) ———m— 2.25
; (n+m) "~ b (14 ab) Z (- )(m—z/—l) (2.25)
where
Py (—b) = lim il L v=0,1,2,...m—1
v. m,v —p—)—-b dpu p + b _ be_ap ) T Yy hy My ey .
For m = 1, (2.25) gives the result (2.22), and for m = 3 we have the result
o bre~b(t=am) (¢t — qn)™t? 1 e bt |42 N t (1+abe®) a2 N 2(1+ abe“b)2
= (n + 3)! T B (1+ab)  bew |2 beab 2 b2e2ab

Now let us consider the case where m may be a rational number. As an example if m = a/f3

then (2.24) has a simple dominant pole at £ = 0 and a branch point at p = —b. Also, from
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(2.24), f(t) = £71(F (p)) where

Y+i00

7{ _ 1 ePldp
2mi (P + )" (p + b — be=ap)

o y—100

and the contour C in (2.26) may be

Figure 2.2: The contour C, in (2.26).

Now

f=fo [+ ][] =

C AB BD DE EF FG GA

Res(p=0) = ba/—ﬁ(11+Tb) and along BD and EF,

[l

Along DE and FG we have

R—b

. Lo e—(:r+b)tdx
/ - / - e_.%f%l_t.oo / xo/B (.’13 + bea(z+b)) ’

DE FG €
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From (2.27), (2.28) and (2.29)

1

17 ~(z+b)t g
— / .- © z (2.30)
2m1i ba/ﬂ l+ab) = a/ﬂ x + bea(a:+b))
AB 220

and if, as previous, our conjecture is to follow then

o~ bre e (& — an)™ 1 T elatdig
Z e ( an) =7 5 - / T . (2.31)
n=0 F(n+%+1) b 1+ab 7 J xa/ﬂ x+bea(a:+))

however, since the integral in (2.30) is improper and divergent then (2.31) is not an identity. A

similar improper divergent integral (2.30) may be obtained for any real number m.

2.6 Multiple delays, mixed and neutral equations.

Consider an equation with two delays

ffA)+bf(t—a)—=bf(t—p)=0, f(0)=1,0,8>0. (2.32)

Taking the Laplace transform of (2.32) we obtain

1
p + be—oP — be—Fp

F(p) =

which has a simple dominant pole at £ = 0. We may write F (p) in series form such that

F(p) = Z (p_nl-)f')ln Z (_1)T ( n ) e"P(an+ﬂr—ar)

and so using the techniques of the previous sections we have

o0 . n - n (t—(an+ﬂr—ar))"_ 1
;(—b) > (-1) ( ) n! =15 p) (2.33)

r=0
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If a =0 and 8= a (2.32) reduces to (2.1) and (2.33) is equivalent to (2.10). If B = —a (2.32)

becomes a mixed equation, and (2.33) reduces to the identity

, n! :1—2ba'

>y -1y ( " ) (t—amn-2)" _ 1

For the homogeneous neutral equation (forcing terms may also be added).

ffA)+bf (t—a)+cf(t—a)=0, f(0)=1

we obtain
_ 1
" p+ pbe= + ce—p’

F(p)

and from the methods of the previous sections

- n c\" (t—an)" (c+ bt) et

—b n - =
ZZ( ) ( ) (b) 7! c—a(c—bt)’ (2:34)
where ¢ is the dominant zero of the characteristic function

g(p) =p+(c+bp)e .

Using the transformation (2.11), (2.34) reduces to the identity

DYy ( - ) (t—a(n+r) __(c+be)et

n=0r=0 T r! - af (C - bf) ’

and for the degenerate case of a = 0 we have

o n n ct r(_b)n_e—ct/(1+b)
S () @S-

r=0

A number of examples will next be investigated in which the methods of the previous sections

are applicable and in which the identity (2.13) and its variations can be extracted.
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2.7 Bruwier series.

Bellman and Cooke [7] refer to
i (t + nw)"™
as the Bruwier series, see [20] and [21], which is a solution to the advanced equation

ff@) —vf(t+w)=0, f(0)=1. (2.35)

Comparing (2.35) with (2.1) it can be seen that b= 0, ¢ = —v, a = —w and from the series at

(2.11)
est

t+nw
g 1—w§’

where ¢ is the dominant real root of £ — ve”® = 0 and |vwe| < 1, is the region of convergence

of the series.

2.8 Teletraffic example.

Erlang [40], see also Brockmeyer and Halstrom [18], considers the delay in answering of tele-
phone calls. The problem is to determine the function f (¢), representing the probability of the

waiting time not exceeding time ¢. Hence for an M/M/1 regimen, Erlang shows

0o
/ ft+y—a)e Vdy.
y=0
The probability that, at the moment a call arrives, the time having elapsed since the preceding
call confined between y and dy, is e"Ydy. The probability that the waiting time of the preceding
call has been less than t +y — a is f(t+y — a), where a is the connection time of a call.
Differentiating the integral equation with respect to ¢ and partially integrating the result gives
the differential-difference equation (2.1) with 6 = —1 and ¢ = 1, from which (2.10) follows. It

may be shown that the characteristic function (2.9), with b = —1 and ¢ = 1, has the following
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real root distribution:
e Oneroot at p=0fora <0,
e one negative root, plusp=0for0 <a < 1,
e a double(repeated) root at p =0 for a = 1 and,
e one positive root, plus p =0 for a > 1.

The following results apply for all real values of ¢ , in the region of convergence|ael’“| < 1.

3
S e [ i ora>
' =
oy n = fora<l1
which on putting t = —a7, we may write
*© (ae=a)" n L ot a>1
Z (ae ) (T + ’I’L) — 1—a+aé ora
] ar
0 n: i fora<1

where ¢ is the positive dominant root of £ — 1+ e~% = 0. Erlang considered only the case of
0 < a < 1. In the case when a = 1 there is a double pole which results in, from a previous

statement in section 2.3

lim (f(£) — 2¢) = 2

t—o0 o 3

(2.36)

This fact has also been noted, in a different context, by Feller [44]. Bloom [12] proposes the prob-

(=)™t " (t—m)"
n! -

lem of evaluating tl_l‘r& (f (t) — 2t) given that, for ¢ a positive integer f (t) = 0<§<t
The W.M.C. problems group [94] and Holzsager [60] both solve this problem, and in partic-
ular Holzsager considers f (¢),Vt > 0. Now, f (t) satisfies the differential-difference equation
f@)=f@#)—f({t—1),t>1 and using the theory of linear functional differential equations,
Holzsager shows the result (2.36). Holzsager’s work relates only to the asymptotic of the fi-

nite sum whereas in this chapter it is shown that the infinite sum is equal to the asymptotic

expression for all ¢. We may also prove (2.36) in the following way.

Theorem 4

Tl emtk-m) ( — )k y
, e n _ 2
nll‘rgo (E o —-2n| = 3 (2.37)

k=0
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R e—(k=n)(k_pn)k .
Proof: Let a, = ) g 7 "_n= 1,2,3,... and consider the generating function

k=0
o0
F(z) = 1+Zanz"
n=1
e n)"* .
= 1+ ZZ k! Z
n=1k=0
00 0 n_(k-n) (1. _ ,\k
B n € (k—n)" .
= 1+Z(ez) +Z 2 2" let r=n—k,
n=1 n=1k=1
o0 00 o0 (—’I‘Z)k
= 1+) (e)"+ Z (e2)" Z T Tename the counter 7,
n=1 r=0 k=1 )
o0 o0
= Z (e2)™ + Z (e2)" (e7" —1)
n=0 n=0
o0
- Sy
n=0
_ 1
1 —zel—?

We therefore have a pole at z = 1, hence F (z) is analytic on C : |z| < 1. Other poles of F'(2)

are outside the unit circle. A Laurent expansion of F' (z) about z = 1,after putting t =1— 2z is

1
FO) = T-a—pa

= 22y
T2 3

and at t = 0,(z = 1) there is a pole of order 2. The principal part

2 4
Glz) = (-2 “3(1-2)

= Z2n+1 _§°°

= i(2n+§> 2"

n=0
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Hence

o0 o0 2
F—G z = ]_+ nn_ 2 £ n
(F-G)(2) Z ;(n+3)z
1 & 2\ .
= §+n§(an—2n—§)z,

is analytic for |z| < 1, and so converges for z = 1. Thus (2.37) follows and the proof is complete.
An elementary approach leading to (2.37) is suggested by Haigh [51]. Using (probability)
renewal theory arguments Haigh demonstrates, that, given that X is a random positive variable,

then E (X) = > Prob.(X > n) and if N (t) is the number of random numbers we need to sum
n=1

I

until we exceed some target t, then E (N (t)) = > Mk’f;tt Cox [37] and Feller [44] then
k=0

show the result (2.37).

2.9 Neutron behaviour example.

In the slowing down of neutrons Teichmann [86] introduces Laplace transform techniques to

analyze the renewal equation. This example involves the Placzek function

1-—- e_(1+P)U0

PO = A -1+ e

(2.38)

before inversion, where « is a constant depending on the mass of the moderating nuclei and

up = — In is the maximum lethargy change in a single collision. Keane [67] obtains

o) = i (—1)" eot/(1—a) { (t — nug)™ N n(t— nuo)n—l } o—muo/(1-@) fr (t — nug)

=0 (1 — a) n! (1 — a)n (1 _ a)n—l

where t is lethargy and H (t — nug) is the Heaviside function. From (2.38), it may be shown
that F'(p) has a simple dominant pole at p = 0 and for 1 —a+alna # 0 its residue contribution

is A=1+ 72 Ina. Using the techniques developed in section 2.2 it will now be shown that

oo n n n—1 — 1—-
Z (-1) t—nuo\"_ (t=nu o—o/(1-a) _ (1—a)e /! a)‘ (2.39)
n! l—a l1—-a A

n=0
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From (2.10), for b =0 and ¢ = 1 we have

o0
3 (D" (y—an)" e
h = — —=an __
(v) n! 1+ an’ where 7 +e7%" = 0. (2.40)

n=0

Rewriting the left hand side of (2.39) gives

i (_l)n te—uo/(1-a) n,uoe—uo/(l—a) "
n! l-a B

= l—-«

i (=1)" [ te==/0=)  (n 4 1) uge~uo/(1-2) ”e_ o
— n! l—-a 11—«

u

=h(t) = h(t —up)e T-s. (2.41)
Now it is required to show that (2.41) is identically equal to the right hand side of (2.39). Let

te—uwo/(1—a) —uo/(1-e)
Yy = c ,azuoe and B =
l-« l -« l—-«

U
0 then a = Be B

)

so that from (2.40)

ht) = 14+an

From 77+e"’Be_B =0 put an = —F then E = aef and hence Ee~F = Be™B, which is satisfied

by the relationship E = aB. From (2.41)

e—at/(l—a) e—a(t—uo)/(l—a)e—uo/(l—a)
1+ﬁlna_ 1+ % Ina
_ —at/(1-a)
= (1-a) ea , as required.
1+ na
l—a—u
Identities (2.39) and (2.41) hold in the region of convergence |{%&-e” 1=a | < 1. From (2.38) a

double pole occurs at p = 0 when 1 — a + alna = 0, therefore

2at > 2a(2a+1)

tl_i.rgo(f(t)_l—a - 3(1—-a)
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2.10 A renewal example.

In determining the availability of a renewed component Pagés and Gondran [73] consider the
case of a constant failure rate. Given that A (t) is the availability of a Markovian component, A

is the constant failure rate, and g (t) is a density function, then the integro-differential equation

satisfied by A (¢) is

%A(t):—/\A(t)+(1—Ao)g(t)+)\/g(u)A(t—u)du, A(0) = Ao.
0

Taking the Laplace transform results in

£(A() = Ao+(1—AO)9(ZD).
p+A—2Ag(p)
Considering the case of constant repair time, that is Mean Time To Repair, M.T.T.R., is a,

then g (t) = 6 (t — a) , where 8 (t) is the Impulse function, resulting in

£(A®) = Ao;fi:fz)_f; ~ (2.42)

0 n
n=0

and by inversion

Alt) = i b Age=t=9) (t —an)" H (t — an) +
= | (1 - Ag)eMtmant D) (t —a(n+1))"H (t — a(n+1))

where H (z) is the Heaviside function. From (2.42) the residue at the dominant zero p = 0,
of the characteristic equation p + A — Ae™® = 0 for @ > 0 and 1 + aX # 0,is H%A, hence, by

utilizing the results of the previous sections, the result becomes

O yn
Z o [Aoe_’\(t_‘m) (t —an)® + (1 — Ag) e Xt=a D) (¢ — g (n +1))*| =

n=0

1
1+aX

65



in its region of convergence |a)\el+“’\| < 1 and Vt € R. The value of the availability limit sum
is independent of the initial value A and the closed form solution is independent of the value

of t. It may also be seen that

o~ A" A(tan n e A
Z Zoe A(t—an) (t — an)™ = Z A o= At—a(n+1)) (t—a(n+1)" = 1

|
n=0 n: n=0 n 1 + aA

by putting t — a = T in the second sum. Utilizing (2.10) and putting t = —a7 results in

© (1) (ahet*)” e—OAT O (1) n
Z (=1) Sz! ) (T+n)" = T on = e~ Z % (@)™ (1 +7r)"
0 r

n=0 n=0r=

whenever the double sum converges. From (2.42), a double pole occurs at p = 0 when 1+aX = 0,

. 2t\ 2(34p —2)
Jm (4w +3) =250

resulting in

2.11 Ruin problems in compound Poisson processes.

The integro-differential equation

R (t)= % {R(t) - /R(t —z)dF (m)} (2.43)
0

is derived by Tijms [87] and Feller [44] and has applications in collective risk theory, storage
problems and scheduling of patients. Here, « is the Poisson parameter and c; a positive rate.

Taking the Laplace transform of (2.43), it follows that

_ R(0) 1
TS EA-F @) P

R*(p) = £(R(t))

Given that F is a distribution concentrated at a point a, F* is its Laplace transform, p is the

expectation of F' and R (0) = 1 — ku, where k = - results in

1—kp

* = 2.44
R0 = e (249)
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Comparing (2.44) with (2.2), b= k,c = —k results in

oo
— (_k)n k(t—an n
R(t)=(1 —ku);—n!—e (t=an) (t — an)™ H (t - an).
The characteristic equation p—k+ke™® = 0 has a simple dominant zero at p = 0, for 1 —ak # 0

and therefore

o
(_k)n k(t—an) n 1
1;0 e (t — an) —1_ak,Vt€§R

and in the region of convergence |ak:e1—ak| <1.

From (2.44) a double pole occurs at p = 0 when 1 — ak = 0, therefore

i () 20250) 20k

t—o0 a 3

2.12 A grazing system.

Woodward and Wake [95] consider the differential-delay model
wt)+(r1—g)w(t)+geMw(t—71)=0 (2.45)

describing a linear continuous grazing system. w’ (t) represents the change of pasture mass over
time ¢, r; is a constant grazing pressure, g and 7 are positive constants representing growing

conditions. From the work of section 2.2, the following results are inferred

o (_ge—'rrl )n ( o)(t—) etf 546
~ 7 e m=g)i-T) (¢ _ " = .
1;0 n! € ( T) 1+T(§—g+7'1) ( )
where £ is the dominant zero of
h(p)=p—g+r+ge 7 (2.47)
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and in fact for ¢ > 7, the right hand side of (2.46) is a solution of (2.45). Woodward and Wake

describe a neutral stability condition for

g—ri=ge " (2.48)
and applying (2.48) to (2.47) gives us the dominant zero, £ = 0, in which case (2.46) reduces to

Z (Tl - g)n 6_(T1_g)(t—T) (t _ T)n 1

n=0 n! _1—|—T(7‘1—g)’

representing a constant steady state solution for r; > g. The characteristic function (2.47) has

a double pole for p = —r; and g7 = 1, in which case, from residue theory
2t
lim (w (t) — —) = 2.
t—o00 T

Other examples occur in stochastic processes, see Hall [53] and in the demographic problem of

a counter model with fixed dead time, see Biswas [11].

2.13 Zeros of the transcendental equation.

Equation (2.4) is the transcendental function associated with the differential-difference equation
(2.1). The zeros of this function are well documented and since many research papers have been
interested in the stability of the solution of the differential-difference equation, conditions are
given for the existence of complex conjugate roots with negative real part. Firstly, £ satisfies
(2.4) if and only if In (¢ + b) = In (—ce™%) ;¢ complex, hence a§+In (€ +b) = (2n + 1) mi+Inc,
in which case aRe(§) = —Re(In(b+¢)) +Inc. If a > 0 =as |{| — oo then Re(§) — —oo and
if a < 0 =as || — oo then Re(§) — oo. Since (2.4) is an analytic function of £ , there are
therefore only a finite number of zeros to the right of any line Re (§) =« for a > 0. Similarly,
if a < 0, there are a finite number of zeros to the left of any line Re (§) = 7. We may also note
that as a — 01, Re (¢) — —oco unless [ +b] = 1, and as a — 07,Re ({) — oo unless |[{ +b[ = 1.

A proof of the following theorem may be seen in Bellman and Cooke [7].
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Theorem 5 A necessary and sufficient condition for the characteristic function (2.4) to have

zeros with negative real part 1s:

1. ab>1,

2. —ab < ac < ,/772+(ab)2 , where n is the zero of n+abtann = 0;0 <n<morn=1%if
ab=0.

Lemma 6 The characteristic function (2.4) has at most 2 real zeros.

Proof: From (2.4), let z=ap, a=ab, B=ac, a >0, g (ap) = G(z) and so

G(z)=z+a+ fe*. (2.49)
Putting Y (z) = ﬁ”—gﬂ = —1 then at the turning point z* = — (1 + ), we have Y (2*) = —5e11+a ,

hence since,

figure 2.3.

Be!T*| < 1 then if Y (2*) < —1 there are at most 2 real zeros as can be seen from

/T/
%
_ PR A

Figure 2.3: The real zeros of G (z) defined in (2.49).

(2)

Lemma 7 The transcendental function (2.49) has a finite number of complex zeros with positive

real part.

Proof: Let z = z + 4y, then from (2.49)

z+a+ e Fcosy =0 (2.50)

y— PBe Fsiny =0
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The zeros of G (z) depend continuously on 3, and for 8 > 0 all zeros will be in the half plane
Re(z) < B.If G (2) = G’ (z) = 0 there will be a double zero at z+ 14« = 0 and therefore zeros
cannot bifurcate or merge, as 3 varies, in the half plane z > —1. Utilizing similar arguments
to that of Cooke and Grossman [35] it can be seen that if 2 = z () is an isolated simple zero

with Re (2) > 0, then it moves to the right of the half plane for increasing 3, since

dz _ dG/dB _ z+a

d8 = dGJ/dz ~ B(z+1+a) and

Re <dz> _(@ta)(@t+atl)+y? >0

dp (z+a+1)% +y2

Suppose a pure imaginary zero exists, then z = 4y and a manipulation of (2.50) gives

y? =2 —a? and a+ Bcosy/B% — a? = 0.

For 3 increasing from a to co there exists an increasing sequence 0 < 3, (a) < 3, (@) < ...,

: _ NI PR
so that lerEO B (@) = co with sin4/3° — a2 > 0.

Here 8 € (B (), Bry1 (@) and equation (2.49) has precisely k complex zeros with positive
real part. Also, whenever 3 = (3 (o) there exists a pair of complex conjugate imaginary zeros

+iy such that
(4k+1)% <y < (Zk+1)mk=0,1,2,3,....

It appears, from (2.50), that a zero must remain in the region where siny > 0 and cosy < 0

and in the specific case where o = 0 then S =yx = (4k+1)5;k=0,1,2,3,... .

2.14 Numerical examples.

The zeros of the characteristic function (2.4) can be located using Mathematica. Let p = z +1y

then

Re(z,y) =0=z+ b+ ce ** cosay (2.51)

Im (z,y) =0=y — ce”**sinay
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and if for any z, y is a solution then so is —y. Therefore non-real zeros occur in complex

conjugate pairs. Putting t = —a7 in (2.10), we may write

0 abyn n —ar 00 n n
}: (ace®)™ (1 + n) e~aT(b+¢) G—abT }: (ab') n (c

n! T 1tabtaE ! -)T (r+r)"  (2.52)

where £ is the dominant zero of (2.51). As an example for (a,b,c) = (8, —1,6),¢ = .997954 and
for 7 = 2, from (2.52), the sum to six significant figures is 1.050472.

In the next section we look at the related works of Euler, Jensen and Ramanujan. We
shall describe their techniques and give in detail, a description of Cohen’s modification and

extension, and a solution to Conolly’s problem.

2.15 Euler’s work.

Euler’s work is related to our equation (2.10); his work was published in Latin in 1779 and we
give an English translation of the main points that are pertinent to our work. Euler [41], see
also [42], considers a series given by Lambert and investigates several of its notable properties.

Euler rewrites the Lambert series in the form

oo r41 71
S:1+nv+nz(:’+1)' n+@G+a+(r—7)0) (2.53)
r=1 't §=0

and given that for constants o and 3 we may put
2% — 2P = (a - B) vaotP (2.54)

then S = z™. Euler makes several observations about (2.53) for particular cases.

1. Take the constant and the factor n to the left hand side of (2.53), then investigate the

limit as n — 0, such that

X Tl r—1
1nx=v+;(r—:1—)!£[o(<j+1)a+(r—j)ﬂ) (2.55)
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where from a rearrangement of (2.54)

P — g

v= a8 (2.56)

. For 3 =0, from(2.53) and utilizing In (1 — aw) = —aIn z, Euler obtains

8

In (1 — av)

j=1
. For 8 = «, Euler writes

"l r—1

H n+a(r+1)) (2.57)

:1:—1 >
M

and again taking the limit as n — 0, Euler obtains, from (2.57)

> r+ 1))
s

moreover, substituting Inz = vx®* we obtain

o0

(av (r+1))"
TZ T (2.58)

Now substitute av = u and z® = y, and from (2.58)

B N (u(r + 1))
Yy = Z EEEy where uy = Iny. (2.59)

T=

Multiply both sides of (2.59) by u, differentiate with respect to u, multiply by u, and then

again replacing uy = Iny, Euler obtains

i “’") (2.60)

r=1

1—lny
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in its region of convergence |u| < e~!. Euler gives some numerical values of (2.60) and in

particular for Iny = 1/2, from (2.60) he obtains

-1
e 2,

o0
E where U=
r=0 r!

DO =

From this work, Euler states his theorem:

zs 2 (n+8)" [Inz\"
1-Inx _n¥—0 n! ( x ) ’ (261)

and (2.61) is identical to our equation (2.13) upon putting sa = —t and = = e~%.

2.16 Jensen’s work.

Jensen’s [63] work is related to our equation (2.10); his work was published in French in 1902
and we give an English translation of the main points that are pertinent to our work. Jensen,
who appears to have been unaware of Euler’s work, obtains the equivalent of identity (2.13)
by an application of the Lagrange inversion formula. Lagrange’s inversion formula, circa 1770,

arose as a tool in the solution of implicit equations or the reversion of series.

Theorem 8 :
oo w™ dn—l
¢(2) = ¢(a) + T T

n=1

¢ @)@

where z =a+wf (2).

An alternative form of theorem 8, given by Jensen, who says he learned it from Hermite,
circa 1881, but apparently known to Jacobi, at least as early as 1826 is;

Theorem 9 :

where z=a+wf (z).
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If we take the partial derivative with respect to w in theorem 9 and put g = ¢’ f we obtain

theorem 8. Jensen puts ¢ (z) = €**, f (2) = ”* and obtains, from theorems 8 and 9,

N oo + . ]_1 ]
=3 ala Jff) “ and (2.62)
=0 '
e X (a+jB)
e ;O i (2.63)

where u = ze™P?; moreover if we put 8z = p and a = B7 in (2.63) we obtain (2.13). Now,

Jensen puts a = a and a = b in (2.62) and multiplies the two series together to obtain

elatb)z _ i (a+b)(a+b+ jﬁ)j_l u’

j=

7=0 7 3=0 4
e -~ n \ a(a+vB)?¥! n—v)B)* VL

Equating the coefficients of / in (2.64), Jensen obtains

v=0

(@) (a+brngy =Y ( ) (@+vB) " b(b+(n—v) B
and similarly, from (2.63)
(a+b+np)" = Xn: ( " ) ala+vB) tb(b+(n—v)B)"" (2.65)

v=0

which is one form of the celebrated generalization of the Binomial theorem given by Abel in

1839. Putting z = b+nfB,a = a and § = —f in (2.65) we obtain

(x+a)” i ( ) (a—vB) t(x+vp)"" (2.66)

v=0
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and in a note dedicated to the memory of Abel, Lie noted that (2.66) is in fact a special case

of a formula noted by Cauchy:

n—1
n
+a+n)—@+a)" =) ala+n—v)" " z4+u).
v=0 14

2.17 Ramanujan’s question.

In the collected papers of Ramanujan, edited by Hardy, Seshu Aiyar and Wilson [56] on page

332, Ramanujan states in question 738, if

x® L7 r—=1 _—z(r+1
)= T e ) (2.67)

!
= 7!

show that ¢ (z) =1 for 0 < z < 1 and that ¢ (z) # 1 for z > 1 and also find

lim (¢(1+6) —¢(1)) _

e—0 €

We can see that (2.67) is identical to (2.62) when oo = 1 and 3 = 1. B.C. Berndt [9] gives an
excellent short historical account of (2.62) and (2.63).
2.18 Cohen’s modification and extension.

Putting & = —1 and 8 = —a in (2.62) and (2.63) Cohen [30], in his notation, extends the results

of the two sums

o °] n n—1
y e ( +|‘"’) — ™% and (2.68)
n!
youlde) o (2:69)
n! 1+ az '
n=0
where w = —ze?®. Cohen considers
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(D) (L= =3 (=D " | (@4 ak) oo

where D = %. From

1

/ 21 (D)™ {(1 — %)} d = / ap- IZ ( (1 + ak)™ 2% dz

z=0 =0

~, kaf ™) (Q+ak)*  (1-Ba)*n!
2 l)ﬁ(k) E+8 . B+,

Cohen obtains

k=0

which corrects a minor misprint error in his equation (1.9). Cohen then considers
22 & n\ (1+ak)" & (1—Ba)"”
i —1)k ASalL 7 n)\ 27 P4
nzzon!;_o( )8 k k+p8 ,;Oz {(ﬁ+1)n}

and applying the transformation

~

8] oo 00

DY F(nk) =) F(n+sk,k)
n=0 k=0 n=0 k=0
he obtains the new result
2\ (—ze®)* (1 + ak)* = L [a-pa)”
ZO k' (k+B) % {(ﬂ+1)n}
1
= e *1F z(1—fa)],
oy 0-9)

which upon putting Sa = 1 we obtain the result (2.68) and letting 3 — oo we obtain the identity
(2.69). Cohen goes on, in this article and in [31], to obtain other results, especially related to
Laguerre, Hermite and other special functions of mathematical physics. It appears that other

results may also be obtained by gainfully employing the ideas of Cohen. The following is one
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such result. Let

(zD) =zD{z* (1 - 2z)"} = Z ( ) o + ak) 2%+ hence,
k

k=0

(zD)" "™ {z* (1 — z* Z ( ) a+ ak)"™™ and similarly

k=0

@y {2 (1)) = 2y ( , ) (8+ )"

p=0

We can now write, from above

Z Z fn!i;l! (D)™ {z*(1 - z*)"} (zkD)™™ {xﬁ (1 — xb>m}

m=0n=0
o o n m
DI PICk ( ) (a+ak)*™ 3 (<1)° ( ) (B+bo)™".  (2.70)
m=0n=0 k=0 k p=0 P
On the right hand of (2.70) we can use the transformation suggested by Cohen [31], namely
o n (eI e]
> 2 f(nk)y=3 3 f(n+kk)
n=0 k=0 k=0n=0 (2 71)
o m o0 o .
> 2 fmp)=>3 > f(n+p,p)
m=0 p=0 p=0m=0
which after some manipulation gives
00 00 k+ k k—p ata
ZZ P a+ak {5t ) +a(2Re) (2.72)
k'p' B+bp

k=0 p=0

Also, from the left hand side of (2.70) we obtain

ZZ n'ﬁ" ( i ) (o +ak)* + ) (~baz)™ (2.73)

n=0 k=0 m=1
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and applying the transformation (2.71) to (2.73), it reduces to

1 — %bzy

ap
- : (2.74)
(1+2) (1+5)
From (2.72) and (2.74) we obtain the result, whenever the double series converges,
00 0 (_1yk+p, k k=P /ata _ abzy
>3 SO () Um0 L el
k=0 p=0 P B +bp (1+%) (1+ %)
2.19 Conolly’s Problem.
Brian Conolly [34] proposes, “for A € [0,1] and m > 0, let
An)"™ _xn
Sm (A) = ZTe An (2.75)

Show that
SoA) =X (1=X),8 (N =1, S3(\)=1/A=1/2, and S3(\) = 1/X2 -3/ (4\) +1/6”.

The infinite sum (2.75), for m = 0, is a very specialized case of the generalized sum (2.13).

Fort =0, b= —1, and a = A we have, from (2.13)

SN =Y (A:!)ne—*n = 1—3 (2.76)

n=1

with convergence region [Ae!=*| < 1, which is different than that given by Conolly and indeed,
we have previously shown that (2.76) diverges on the boundary A = 1, and converges on the
boundary A = —.278464... .

From (2.75), writing the exponential in series form, we have

nlr!

S (A) = ii (=) Q)™ (2.77)
0

Expanding the double infinite sum in (2.77) term by term, and then summing diagonally from
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the top left hand corner, thus collecting coefficients of A" we have

/\nm

00 -1
=2 n! Z ) (n—r)"™ ™. (2.78)
r=0

n=1 T
For the special case of m = 0, from (2.78)
n

oo/\n—
a2 (=

n=1 T=

._.
RS
=3 3

) (n—nr)", (2.79)
and since it is well known that the inner sum is equal to n!, we have from (2.79)

oo " A
=;,\ =T

which is identical to (2.76). From (2.78), for m > 1

n!
n=1 r=0

o} n—m n—1 n
A ( ) (n )", (280)
n=m+1 Yor=0 r

in the second term, the inner sum

m \p—m n—1 n
Sm(A) = ZA Z(—l)’”( )(n—r)”‘"‘+

n—1 n
Z(-—l)r (n—r)"""=0forn>m+1

™ \n—™m n—1 n
=X -1y ( ) (n—r)*"™, form > 1. (2.81)

n=1 r=0

The convergence region of (2.75) for m > 1 is as previous however, by an application of the
limit comparison test and applying Stirling’s approximation for n! , (2.75) converges on the

boundary A =1, and A\ = —.278464...
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Putting m = 1,2 and 3 into (2.81) we obtain Conolly’s results. Obviously other Sy, ())

results are available from (2.81), three other such values are;

1_7 . 1 1
A2 8A2  36A 4V

i_15+85 _25+_
A 16X0% 0 216027 288\ 5!
i—31+ 575 4l5 +137 1
A5 320% T 1206M3  3456A% 1 7200M 6!

S5 (A) =

and

Se () =

An alternative procedure, via a recurrence relation, for determining closed form representations
of (2.75) is the following. Differentiate (2.75) with respect A, algebraically manipulate the

terms, and finally we obtain the recurrence relation

1—A

(SO + 35 () = TS (). 282

dA
We can obtain an integrating factor of (2.82) such that

d m _\ym
5 Omsm ) =

1-A
/\2

) Sm_1()\) and

NS (N) = / N2 (1= \) St (V) dA, (2.83)

given that for A = 0 the constant of integration is zero and for m = 0, we have the value
So(A) = A/ (1 —)). Putting m = 1,2 and 3 into (2.83) we obtain Conolly’s results. For m =0,
and using (2.82) we have

d 1-A
5(50(/\))= 22

S—l (A) )

and since £ (So (V) = (1_—1/\)7 we get the additional result

(2.84)

oo n n+1 2
sam =3 & 72! =1 - Y

n=1

which we shall generalize further in chapter 5. I consider this procedure less transparent than

the first procedure leading to (2.81). The sum (2.13) will be generalized further in chapter 5.
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Chapter 3

Biirmann’s theorem

A detailed proof of Biirmann’s theorem is given in this chapter. For the principle series (2.14),
obtained in chapter two, it will be shown that the remainder term of the series vanishes for

large n, and discuss in detail its radius of convergence.
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3.1 Introduction.

Biirmann’s theorem [22] essentially allows, under various conditions, for the expansion of one
function in terms of positive powers of another function. A sketch proof of Biirmann’s theorem
is given in Whittaker and Watson [92] and at a first look it appears that the proof contains a
line which seems misprinted. The third last line on page 129 of [92] is

z

[rerae— L [ [£ 08 @dea
a/f (§) dg = 27ri/7/ ¢ (t) — (&)

a

and it may seem that ¢’ (£) in the numerator ought to be ¢’ (¢) arising out of applying Cauchy’s
integral to the f’(£€) function in the left hand side. This point will be clarified in the author’s
proof. Whittaker and Watson, list Biirmann’s theorem and Lagrange’s theorem as two separate
results, however according to Henrici [58], except for matters of notation they are identical. A
formal proof of the Lagrange-Biirmann theorem, that is different than the author’s, is given by
Henrici [59] and a part of his proof is based on elementary notions in the theory of matrices.
We also show that the remainder term of Blirmann’s theorem when applied to the sum (2.14),

obtained in chapter two, goes to zero.

3.2 Biirmann’s theorem and proof.

The following treatment is based on that given by Whittaker and Watson, however there are
some deficiencies and obscurities which we shall attempt to clarify. In our proof we shall suppose
that ¢ (a) = 0, which involves no loss of generality, but does shorten the formulae. If ¢ (a) # 0
we simply replace ¢ () by ¢ (z) — ¢ (a) throughout the theorem as set out below.

Theorem 10 Let ¢ (2) be a simple function in a domain D, zero at a point a of D, and let

82



If f (2) is analytic in D thenVz € D

Z i l 2 jtrr_ T [f () {8 (t)}r]tza + Rnt1 (3.1)
where @1" f« ) (5)
= g7 J 6 . [ } 56" (3:2)

The £ integral is taken along a contour T in D from a to z, and the t integral along a closed

contour C in D encircling I' once positively.

The following properties of simple functions are required for the proof of Biirmann’s the-

orem and may be found in the book by Titchmarsh [88]:

1. A function ¢ (z) of a complex variable z is called simple in a domain D if it is analytic in

D and takes no value twice in D.
2. If ¢ (2) is simple in a domain D then ¢’ (2) # 0 in D.

3. The inverse function ¢! (w) exists and is simple in D,,, where D,, is the map of D in

the w-plane by w = ¢ (2).

4. A domain D means an open connected set of points in the plane; that is , every point of
D has a neighbourhood, R, in D and every two points of D can be joined by a continuous

curve in D.

Proof of Biirmann’s theorem.

The proof will be given in five parts.

(). Let Cy be the map of C by w = ¢(2), and D, the map of D . Since ¢ is simple, Cy
is a closed contour and D, is a domain containing it. Also since C encircles every £ of I", C,
encircles ¢ (£) for all such €. Now g (w) = f' (¢~! (w)) is analytic in Dy, since ¢! is analytic in
Dy, by property 3, and f’ is analytic in D the map of Dy, by z = ¢~ (w). So Cauchy’s integral

gives, for every £ of T’



upon changing the variable by s = ¢ (t) , so that t goes along C. But g (¢ (t)) = f' (671 (¢ (1)) =
f' (t) and similarly for g (¢ (£)); so that, for every ¢ on T

iy L[ @) @)
)= m! ¢(t)_¢(€)dt. (3.3)

(i) . Each £ of D has a neighbourhood R (¢) in D. Now, by Taylor’s theorem, for ¢ € R (&)

we have

Y 3
s0=0©+t-08©+ g+ LDy,

and

_ £\2 M3
d=¢©+t-0¢ @+ Ly EL g

Since ¢ (2) is simple in D and hence in the subdomain R (€), ¢ (t) — ¢ (€) # 0Vt € R(€) — {€}
so that

' ’ " t—f 117
¢t -¢' () _ "+ g € (3.4)

1) =88 ¢ &)+ 58" (¢)
Now ¢/ (£) # 0 in D by property 2. Hence, by Knopp [68] page 180, the quotient in (3.4) of

power series is expressible as a power series for |t — £| sufficiently small, so that it is an analytic
function of ¢ in some R of £. Further the quotient on the left hand side of (3.4) is a quotient of
a function of ¢ analytic in D, with denominator non-zero in D — {£} since ¢ is simple in D. So
the quotient is analytic in D — {£}, as well as analytic in a neighbourhood of £. Hence (3.4) is
analytic in the whole of D.

(i47) . It therefore follows that
¢' () — ¢' ()
¢ (t) — ¢ (&)

is analytic in D, being a product of functions analytic in D. So by Cauchy’s theorem

¢I (t) - ¢I (é) / —
!¢w—wof@“ %

F(@)

and this with (3.3) , gives for each { on T’

IGET= / #ﬁ——)dt (3.5)
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(v) . Since a is on I" and not on C, ¢ (t) # ¢ (a) for t on C, since ¢ is simple. But ¢ (a) = 0;
so ¢ (t) # 0 for t on C. For such ¢

s - (50 ] -0 %, (58)

r=0
by summing the geometric series on the right;
ST 1(3 S O = (@)
¢) -9 &) ¢@)"[¢()-8(©)] o) iz \o(1)

- L,/dy (g)dg/ HORS (M>rdt+R (3.6)
C

where

and this agrees with the expression for R,y1 stated in the theorem at (3.2).
(v) . The function
z—a z—a 1

'O =30 T e —e@ W T

is defined and analytic throughout D being a quotient of analytic functions with non-zero
denominator since ¢ (z) — ¢ (a) # 0 for z in D — {a}, and being continuous at a. Taking the

summation in (3.6) outside the integration, the typical term is

f )€ ¢ (€
27rz £/ o (t) T+1

_ 2m/¢f'(” tr/MM (6) de
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f/ r+1 ( )r+1 _¢(a)r+1
27rz/

T+1 r+1

r+1
= S [rowoy] ‘“j:
¢( )1‘+1 dr

S CrDlar Fewer]

by Cauchy’s integral for the r** derivative. This gives the expression (3.1) stated in the theorem

by means of (3.6), after replacing r — 1 instead of r and so completing the proof.

3.2.1 Applying Biirmann’s theorem.
From Chapter two, we have evaluated

ez —z r

(x+7)", (3.7)

and the hypothesis of Biirmann’s theorem requires that ¢ be simple in a domain D containing

the origin, and that f be analytic in D. Now

Iz 1

o d(z) =ze"% 0(z) = =¢€®, and 0 (a) = 7@

=1fora=0.

f@ =1

For f(z) to be analytic in D the disc |2| < 1 will be adequate. The definition of a simple

function is given by property 1, and the following lemma proves that ¢ is simple.
Lemma 11 The function ¢ (z) = ze™? is simple in the disc D = {z: |z| < 3} .

Proof: Assume on the contrary that ¢ (z) is not simple in D, so that there are unequal z

and 2z’ such that

ze P =z2e"%
for |2| < 3 and |#/| < 5 . Now
1
Zz—Z
— =€ )
z
’ T
! o0 —Z
2—z z—zl (Z )
7 == e - 1 == ' )
z r!
r=1
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NT—1
1 °° (Z—Z ,
‘Z7=Z ‘ since z —z #0,
r=1
s r—1
o0 ‘z—z
and so — <
|2:| r=1 !
,T=1
oo /z—z
= 1+Z l
r=2
O 1 o0
Using the fact that ) & < ) 2r1_1 we have
r=2 r=2
,1r=1
— < 1+
|Z| s gr-1
1 I
3 zZ—2
= 14— ot
1-3lz—72]

since the geometric series is convergent, and by the ratio test we require % ‘z - z" < 1 so that

we may write

1 < 1
215 1=11z=7]
and we want
" > 1 1'z 2
Z — — —
2
>. 1 1
2
S 1
5

This inequality contradicts the assumption ’ z" < %, hence ¢ (2) is both simple and analytic in
D. All conditions of Biirmann’s theorem are now met. Now we need to show that the remainder

goes to zero for large n.
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3.2.2 The remainder.

To obtain an infinite series for f(2) from Biirmann’s theorem we need to choose T and C so
that Rpy1 — 0 as n — o0o. Choose a fixed 2y such that |20| < ¢;. Then T can be the line
from 0 to zp; and C' can be the circle with radius ¢; > ¢, centred at the origin, described once

positively. From the remainder R, 1, defined in (3.2), consider, since ¢ (2) = ze™*

’

t

ol g
L

where, real (t — &) < |t — &| < [t| + €] < cg+ ¢1 = cs,

Tl < Ze

‘¢(€)‘ €l cs

and for appropriate positive constants ¢; and ¢z, ‘%%%l < 1. Also
|6 (£)| = [t] e~ > cpe™2 > 0
so that

@)= = o) —18(8)

16(0)
= o0l (1‘ |¢<t)|>

— C1
> e (1 — —e*
C2

= m>0, say.
The functions ¢ (z) = ze™* and f (z) = £=, are analytic in D = {z: |2| < §} and so are ¢’ (2)
and f'(z). Consequently ¢'(z) is continuous on the compact set I, and so bounded on T.
Similarly f’(t) is continuous on the compact set C, and so bounded on C. So there is an M

independent of ¢ and ¢ such that |¢' (§) f' (t)] < M for £ on T and t on C. The inner integral
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in (3.2) has modulus

h 5] foate] saes (5)

which is independent of £. So that

Rus1] < = (c1) 2 (cp) (c_lecs>n

2 (6))

— Qasn — oo

since both M and m are independent of n.

In chapter two we apply (3.1) and arrive at (3.7). If we put z = —t/z, for z # 0 we obtain

1 = i Met_nz

1—-2 n!

n=0

and for the trivial case £ = 0, hence t = 0 we have

1 i (nze=*)"
11—z n!

n=0

= 142422+ 4+240+25+25+ ..

3.3 Convergence region.

For convergence of (3.7) we apply the ratio test , such that

y r+l+zr+1+z ’”(ze_z)
oo r+1 T+
4T —T
= |2¢7*| lim <1+ . ) (1+ . )
r—00 r+x r+zx
= |zel—z|.

So the series (3.7) converges Vz such that

|ze1_z| <1 (3.8)
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and diverges outside this region. If z = z+iy , in chapter two we stated that the series converges
in the region ((2% + y?) 62(1_$))% <1 and so the curve ze! =% = 1, ((2% + y?) 62(1_$))% =1 will
separate the regions of convergence and divergence. Similarly in polar coordinates, z = re®,
the series converges inside a certain oval whose polar equation is rel 7<% = 1. See the sketch

in chapter 2, figure 2.1.

3.3.1 Extension of the series.

The series (3.7) cannot hold outside the region described by (3.8). To investigate if the series
holds everywhere inside this region, which is where both sides of (3.7) have meaning, we need

corollary (ii), the principle of analytic continuation, as given on page 89 of Titchmarsh [88].

Corollary 12 If two functions are analytic in a domain D, and are equal at the points of a set

S which has a limit point in D, then they are equal throughout D.

From my knowledge of analysis apparantly this corollary has no counterpart for real func-
tions. To apply it to the series (3.7), let D be the inside of the oval curve, and let the two
sides of (3.7) be the two functions. They are equal in |2| < ¢1, a set of points S which has 0
as a limit point; and 0 is in D. So if both sides of (3.7) are analytic in D they must be equal
throughout D by the above corollary. The left hand side of (3.7) is analytic in D, because it is
analytic everywhere except at z = 1 which is not a point of D. So now we need to show that

the right hand side of (3.7) is also analytic in D. Consider

Flw)=>_ %w" (3.9)
n=0

where w = ze~%, and F (w) is therefore the sum of a power series which, by the use of the ratio
test, converges in the disc |w| < e~!. The following lemma is required and may be found on

page 66 of Titchmarsh [88].
Lemma 13 A power series represents an analytic function inside its circle of convergence.

By this lemma we have that F (w) is an analytic function of w in |w| < e~1. Now an

analytic function of an analytic function of z is an analytic function of z, if the ranges are
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correctly matched. In our case ze™* is an analytic function of z in the whole z-plane, and its

values w = ze™* satisfy |w| < e™! if z lies in the oval region D. Thus F (ze™*) is an analytic

function of z in D. Hence (3.7) holds for all z in the disc D. It may be difficult to determine
whether (3.7) holds for all z values on the curve. In chapter two we demonstrated that (3.7)
is divergent at the point z = 1. At the other intersection w = —e™!, z ~ —.2784..., the series
(3.9) has real terms alternating in sign which decrease in modulus by the ratio test and tend

to zero as n — oo and so the series is convergent at z ~ —.2784....
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Chapter 4

Binomial type sums.

A procedure which will allow a specific finite Binomial type sum to be expressed in closed
polynomial form will be developed in this chapter. The Binomial type sum will be useful in the

next chapter, where the results of chapter two will be generalized.!

'This chapter, in extended form, has been published in the Australian Mathematical Society Gazette,Vol.24,
pp.66-73, 1997.
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4.1 Introduction.

In the next chapter we shall extend, in various directions the results of chapter two. In the

course of these investigations we shall come across the finite sum

Pa(n)= CT Sy [P ] e
() = ;(—1) I R (4.1)
Therefore the major aim of this chapter is to develop a procedure that will allow us to express
(4.1), and its generalisation, in closed polynomial form. Initially an infinite double sum will be
obtained by the consideration of a Volterra integral equation and the double sum then expanded
to obtain coefficients in terms of a recurrence relation, which upon further expansion will lead
to sums of the form (4.1). We shall then prove that the finite sum (4.1) can be written as a

polynomial in 7 of degree m, and a procedure for the evaluation of the polynomial will be given.

4.2 Problem statement.

Volterra integral equations of the form

) =F@)+ [v(t-2)9 @) (4.2)
0

occur in a wide variety of applications. If F'(t) = 6 (t), where § (t) is the Dirac delta function,
and we take the Laplace transform of (4.2) then

1
U(p)= —F——, 4.3
®)= =55 (43
where ¥ (p) and ® (p) are the Laplace transforms of 4 (t) and ¢ (¢) respectively. Now, consider
the rectangular wave ¢ (t) = H (a —t) =1 — H (t — a) , where H (t) is the Heaviside function,

and taking the Laplace transform of ¢ (t) we have

1—e %
®(p) = — (4.4)
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and the n'™ moment of ¢ (t) is given by

. a o+l
M, =lim |(-1)" — _
lim 1 (=17 3 (2 ()

Substituting (4.4) into (4.3) results in

1

U(p)=———
(p) P g

and an expansion of (4.6) gives

where

and P, (n) is as given in (4.1).

4.3 A recurrence relation.

Lemma 14 : A recurrence relation for 3, (a) is

m—1 k41
(1-a)Bn (@) = X (-1 gizemyhe (@), m = 1,2,3...

with By (a) = 125, a # 1

Proof: From (4.3) and (4.4) we may write

1 dm 1 -
Fm (a) =lim [H!dpm {1 —2(p) H =120,
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and its easy to see from (4.9) and (4.4) that 8, (a) =

m! B, (a)

lim ﬂ 1
p—0 | dp™ +

@ (p)

= I [ (|

p—0 | d

[ m
= lim Z
p—0 =0 ( k )

dm—Fk

Hence, using (4.5) and (4.9), we may write (4.10) as

o)

apr 2 (p)}dp {1—}?(19)}]

am—k+lk!
) m—kr 1k

and from (4.11) the 3,, (a) are given by the recurrence relation

(1=0) (@) = > (~1)™* ML, (@), m = 1,2,3.

k=0

hence the lemma is proved.

1—a CL-‘,él,

From (4.8), 8,,, (a) may be expanded in a Maclaurin series

Z ,B(q)

a

1_,%,(0) = ﬁ, a # 1. From (4.9),

(4.10)

(4.11)

(4.12)

(4.13)

and the coefficients B9 (0) can be calculated from the recurrence relation in (4.12) as follows.

From the left hand side of (4.12)

d4

dad

{(1=a) B (@)} = Z( )

dal-"
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g\m | 0 1 2 3 4 5 6 | 7

0 1 0 0 0 0 0 0 |0

1 1 0 0 0 0 0 010

2 |2 -1 0 0 0 0 0 [0

3 |3 -6 1 0 0 0 0 (0

4 |4 -36 14 -1 0 0 0 |0

5 |5 -240 150 -30 1 0 0 10

6 | 6! -1800 1560 -540 62 -1 0 [0

7 | 7| -15120 | 16800 | -8400 | 1806 | -126 | 1 | O

8 | 8'|-141120 | 191520 | -126000 | 40824 | -4914 | 254 | -1

Table 4.1: The beta coefficients of (4.16).
and this term is non-zero only for »r = ¢ and r = ¢ — 1, so that
Ly —i-a g9 -] ¢ (a-1) 4.14
{1-0a)Bp(a)} =(1-0a)B:7 (0) B (0). (4.14)
dad g—1
Further from the right hand side of (4.12)
m—1 m—k+1 m—1
d? m—k a m—k q (g—m+k-1)
— ()" 5B ()| = ) (1) B (a)
m—1 q m—k+1—q+r

_1\ym—k q a (r) 4.15
3D ;(r>(m_k+1_q+r)!ﬁk (a), (4.15)

and setting a = 0 in (4.14) and (4.15) gives, after equating the right hand sides and rearranging,

the recurrence relation for the coefficients of the Maclaurin series (4.13),

pord g-m+k—1

B9 (0) = }ni(_l)m—k ( 7 ) fcq’m"’k_l) (0),¢=0,1,2,.... (4.16)

These coefficients are demonstrated in table 4.1.
Some observations that may be made from (4.16) and table 4.1 are 580) (0) =1, ﬁg}) 0) =
q, $2) (0)=0form > 1, 55}3 (0) = 552) (0) and ﬁﬁ,’{‘“) (0) = (—1)™. Further, ﬁ%) (0) =0 for

0 < ¢ < m, and so the leading power of (4.13) is a™*™.
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Theorem 15 : The finite sum, Py, (n), (4.1) is a polynomial in n of degree m.

Proof: From (4.8)

T ammaTt™ (o)

2 (o)t & n
O (2) = Z (n +m)! + Z ((nnzm)! Z(—l)r ( ) P, (4.17)

n=1 n=m-1 r=0 r

From (4.12)
a™*t1B,(a) a™By(a) a™ 18, (a
(=17 (1 —a) B () = (m folgl) B fri'( ) + (m 53215!)
a™ 283, (a a®B,,_o(a) a%B,,_,(a
_(m_—32()!—)+'" [83'2( ) [82!1( ),m=1,2,3,....
(=)™ (m+ 1)1 (1 —a) 1 (m+1)a? (m+1)mad(a+2)
am+l Fm () = T—a’ 2a (1 — a)? 12a2 (1 — a)®

(m+1)ym(m—1)a*(1+2a) (m+1)m(m—1)(m—2)a® (6 + 32a+ 8a? — a3)
+ . + .
24a3 (1 —a) 315!a4 (1 — a)

(m+1)la™X (a)
T 2am (1 —a)™

where the function X (a) is a polynomial in a, to be determined from the particular §,,_; (a),

that is

(-1)™ (m+1)! (1 —a)™*!

(m+1)a (m+1)ma(a+2)
amtl +

2(1—a)>™ 12(1—a)>™

Bm(@)=(1—a)" " +

(m+1)m(m—1)a(1l+ 2a) N (m+1)m(m—1)(m—2)a(6+32a+ 8a? — a®)

24(1—a)*™ 3151 (1 — a)>™™
1)la™X
L (m+1la (a)
2
and so
St g, (a) =
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m—1 — m—2
m =1 m+l m =2 ( )k+1 +
2
k=0 k k=0 k
m—3
m—3
( e
[ n+m k=
Z a" 4 m 1 1 = —4
n=0 n _iﬂﬁ%%ﬁl_l (=1) [a*+1 + 205+2] +
k=0 k
m—>5
m(m+1) m 1)(m—2) m—>5 6ak+1 +32ak+2 +8ak+3 Ic+4]
k=0
+ (m+1YlaX(a) 'aX a
(m+1)!B,, (a) =
00 n+m - am-1 [_1 + m;—l _ (m-;-21)m + (m+1)m(:;7!1,5?1)(m—2) + ]
o\ n +am—2 [(m —1) - (otlm=2) | (rilymm-l) | ] +..+al[.]

Thus 3, (a) may be expressed in the form

ﬂm (a) _ Z n+m ) {an+2mF1 (m) + an+2m—1F2 (m) 4o+ an+m+1Fm (m)}
n=0 n

where the Fj(m),j = 1,2,3,...,m, are functions dependent on the fixed parameter m only.
The summation indices are now adjusted to obtain coefficients of common powers of a in the

following manner,

ad n+1 > n+2
8., (a) — Z artmlp (m) + Z avtmtlp, (m) +
n=m—1 \ n—m+1 n=m-2 \ n—m-+2
> [ n+m-1 © [ n+m
Y a™t My (m)+ ) a™m L (m),
and so,
m o n+1
B,, (a) = a™™Fy (m)+ Y "R (m) +
0 n=m n—-m+1
m+1 m e n+ 2
a®™ + a?™ 1| B (m) + Z atmHE, (m) + ..+
1 0 n=m n—m-+ 2
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+ m =1 L B
m-—1 0

Grouping of terms gives

n+1 n+2
- Fy (m)+ E(m)+ ..+
n—m+1 n—m-+2

Bm(a) = D avmH! 1
(n—l—ml— )Fm_l(m)+<n+m>Fm(m)

+a®™G1 (m) +a¥™ 1y (m) + ... + d™2G 1 (M) + a1 Gy (M)

( " )Fl(m)—l—( nd )Fz(m)ju...juW
b n—m n—m+1

and so

=m+1 n+m-—2 n+m-—1
nem Fm_1(m) + Fpm (m)
n—2 n-—1
N ]
+Y a" ™ Grny1 (M) (4.19)
n=1

where the functions G; (m), like F;j (m), are dependent only on the fixed parameter m. From
the right hand side of (4.17) and (4.19) it may be seen that

m an+m m
— B (0) =Y 0™ G kg1 (M 4.20

and equating the powers of a™*/, where j =m+1,m+2,m+3, ...

n+m n m—1 n+k
P, (n) = (n + — Z P — Z Frr1(m). (4.21)
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Since

( n+k ) _ (n+k)(n+k-1)..(n+k—m+1)

o — L k=0,1,2,....,(m—1)
n—m .

is a polynomial in n of degree m and the Fj.; (m) functions depend on the fixed parameter

m, then the right hand side of (4.21) is a polynomial in n of degree m. Hence the theorem is
proved.

4.4 Relations between Gy (m) and Fjyi1 (m).

From (4.18) and (4.19) it can be seen that, on equating coefficients of a™t wherej =1,2,..,m

G (m) = ( " ) Fin (m)
0
m m-+1
Gm_1(m) = ( ) Fnoi(m) + ( ) Fpn (m)
0 1

............................................

gives,

............................................
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The functions Fj (m), j =1,2,3,...,m in (4.21) can be recursively obtained from

MF =G

(4.22)

where M is an (m x m) upper triangular matrix, F and G are (m x 1) column vectors. Simi-

larly, from (4.20)

putting g =m+k

Gom—g+1(m) =

Gm—k+1 (m)

and for the counter j =2m —q+1

Gj(m)

_ B0
(m+k)’

@ (0)

_ B
2m-—-j7+1)V

k=0,1,2,3,..,m,

,g=m+1m+2,...2m,

j=mm-—1,..,2,1,

where the 5,‘;? (0) values can be obtained from (4.16). Therefore (4.22), may be written as

MF = B, B is a (m x 1) vector and in explicit form,

"

(7

(7)

|

()
()

Y NV N
3
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Fl (m)

F2 (m)

[ 2™ (0)
2m)!
ﬂﬁm'”$2
2m—1)!

B0
m—+3)!
ﬁs;’ln+2) 0
(m+2)!

ﬂ$””$)
L m+1)! i



P (n)
1
-n/2
n(3n + 1) /4!
—n(n+1)/(2x4!)
n (15n3 + 30n% + 5n — 2) /(8 x 6!)
—n*(n+1) (3n® +7n — 2) /(16 x 6!)
n (63n° + 315n* + 315n° — 91n? — 42n + 16) / (23 x 91)
—n® (n+ 1) (In* + 54n° + 51n? — 58n + 16) / (2% x 9!)
n (13517 + 1260n° + 3150n° + 840n* — 2345n° + 540n? — 404n — 144) / (3 x 27 x 10!)
—n? (n + 1) (1505 + 165n° + 465n% — 17n° — 648n% + 548n — 144) / (3 x 2% x 10!)

ol vl wfeol ol = 3

[

Table 4.2: The polynomials of (4.21).

This matrix setup therefore allows a recursive evaluation of the functions Fj (m),j = 1,2, 3,

in terms of the coefficients ﬂ(q)( 0) in the Maclaurin series (4.13). In particular Fy (m) takes

the form

m+1 (m+1)m+0+(m+1)m(m—1)(m—2)

| = — —
(m+ 1)!F (m) 1+ 9 12 6l

+.. (4.23)

and for a particular value of m, that same number of terms are used on the right hand side of
(4.23). Some values of Fy (m) are [ (1) = -1 (2= L, F(3)=0,F1(4) = -4, Fi(5) =
0, ... . Various closed form polynomial representations of (4.1) are given in table 4.2.

Cerone, Sofo and Watson [24], have shown a connection of the finite sum (4.1) with Stirling
numbers of the second kind and and association of the finite sum (4.1) with an application of
a problem using the idea of a multinomial distribution. Moreover, the author has generalized

(4.1): namely, given that

_q\ntm 7" n
((n2 m)! (-1)" (+7)™ (4.24)
T r=0 r

Vi (n,x) =

for z a real number, then Vj, (n,z) can be expressed as a polynomial in z and n of degree m

for both x and n.
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Theorem 16 : V,, (n,z) is a polynomial in x and n of degree m for both x and n.

Proof: The following result is needed and is quoted by Feller [44] on page 65.

n . 0, 1=0,1,2,...,n -1
Ri(n) = (-1)* K= (4.25)
k=0 k (=D)"nl, i =n.
From (4.24),
-1 n n n n n _1\r+n
)= CL S Cay [ ) anr oo G () ()

=0 r r=0 k=0 n T k

(4.26)

Changing the order of summation on the right hand side of (4.26), gives upon using the above

result (4.25)

Vo (n,z) = (=1 Z(—l)r ( K ) (x+7r)" =1 (4.27)

The result (4.27) can be integrated m times with respect to z to evaluate V,, (n,z) as defined in
(4.24). For example, integrating (4.27) and using the initial condition V; (n,0) = P, (n) = —n/2,

from table 4.2 for m = 1, results in

n
V1 (n, :l:) =

(_1)n+1 n . - 1
(n+1)! go(_l) . (z+7) =3 (n+2x).

Using this procedure we see that (4.24) is a polynomial in z and n of degree m for both z and

n. Alternatively, the recurrence relation
Vi (n,2) = P (1) — / Vit (n, 8) dt, Vo (n,2) = 1,
0

may be used to evaluate V,,, (n,z). The table 4.3 lists some of the V;,, (n, ) in closed form.
In the next chapter we shall extend the results of chapter 2, and also utilize the polynomials

obtained in this chapter.
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Vin (n, )

1

~(n+2z) /2

(3n? + n (1 + 12z) + 12z%) /4!

— (n® + n* (1 + 6z) +n (122° + 2z) + 82°) /(2 x 4))

alw|of~o| 3

(15n* + 30n° (1 + 4z) 4 5n* (1 + 24z (3z + 1)) + 2n (60z* (4= + 1) — 1) + 2402*) / (8 x 6!)

Table 4.3: The polynomials of (4.24).
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Chapter 5

(Generalization of Euler’s identity.

In this chapter an investigation of a generalization of the identity (2.13) of chapter two is
undertaken. The investigation will also make use of the finite binomial type sums obtained
in chapter four. A connection with renewal processes will be made. It will be proved that
generated infinite sums may be represented in closed form that depend on k-dominant zeros of

an associated transcendental characteristic function.!

'This chapter, in modified form, has been published in the Journal of Mathematical Analysis and Applications.
Vol.214, pp.191-206, 1997.

105



5.1 Introduction.

We shall consider a forced differential-difference equation, of arbitrary order, and by the pro-
cedure developed in chapter 2, generate sums which, by the use of residue theory, may be
represented in closed. As in chapter 2 the generalized identity, as it will be shown, depends on
a dominant zero of an associated transcendental characteristic function. We shall also develop
recurrence relations for use in determining specific closed form expressions of the infinite sum.
We shall employ an induction argument to prove the closed form representation of the infinite
sum and then give a functional relationship of the sum. An extension to our main results will
be indicated and in the process utilize the finite binomial type sums obtained in chapter 4; a

connection with renewal processes can also be made.

5.2 1-dominant zero.

5.2.1 The system.

Consider, for a well behaved function f (t), the forced dynamical system with constant real

coefficients b and ¢, real delay parameter a, and all initial conditions at rest,

R R n W
5 b f) (t - (R-n)a) =w(t); t > Ra
=0 — r=0
O\ R " , (5.0)
R [ R
S bR () (¢) =w (t); 0 < t < Ra.
r=0 r

7

In the system (5.1) w (t) is a forcing term, t a real variable, and R is a positive integer, being

the order of the differential-delay equation. Taking the Laplace transform of (5.1) and utilizing

the property

£(fOE-R) = |pFE) -2 IO,

j=1
we obtain
R .
3 (p+8) (ce™®) ¥ | F(p) =W (p). (5.2)
j=0 T
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From (5.2)

_ W (p)
F(p) Ry (5.3)

where F' (p)and W (p) are the Laplace transforms of f (t) and w (t) respectively. Equation (5.3)

may be expanded in series so that

F(p) = W (p)
) (p+ )R (1+ C;;Z‘”)R

s ( n+R—1 ) W (p) (—ce=#)" 5.4

n=0 n (p + b) R

To bring out the essential features of our results we may choose the forcing term w (t) = & (¢),
the Dirac delta function, such that W (p) = 1. Substituting for W (p) into (5.4) and taking the

inverse Laplace transform, we have

H(t —an) (5.5)

n=0 n

> { n+R-1 — e\ e=blt=an) (¢ _ qn )R]
f0=2, )( ) (n+R(—1)!)

where, H (z) is the unit Heaviside step function. The inverse of (5.3), a solution of the system
(5.1) by Laplace transform theory may also be written as
Yy+i00
1
fO=5r [ eFO)a,

2mi
y—1ic0

for an appropriate choice of y such that all the zeros of the characteristic function

g1(p)=p+b+ce® (5.6)

are contained to the left of the line in the Bromwich contour, and F (p) is defined by (5.3).

Now by the residue theorem

f@) = Zresidues of (”F (p))
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which suggests the solution of f (t) may be written in the form

F) =) Qe

r

where the sum is over all the characteristic zeros pr of g1 (p) and @, is the contribution of the

residues in F'(p) at p = p,. The zeros of the characteristic function (5.6) with restriction

‘acel+ab

<1 (5.7)

are all distinct. The poles of the expression (5.3) depend on the zeros of the characteristic
function (5.6), namely, the zeros of g; (p). The dominant distinct root pg, of g (po) = 0 is
defined as one with the greatest real part and therefore we have that asymptotically

R—k—1_pot
S (t) ~ — QR,k (PO) (;_—kfpl—)l (5.8)
From (5.5) and (5.8)
[é] n+ R—1 (_C)n —b(t—an) (t _ an)n+R—l
ft) = ;J ) é CEYESY (5.9)
R-1 tR—k-l pot
~ " Qrx (po) (_R—k—fl)!
k=0

where [x] represents the integer part of = and the residue contribution Qg (po) , is given by

#Qns (o) =Jim [ (=) F () |1k =01 200(R=D), (520

since (5.3) has a pole of order R at the distinct dominant zero, p = po for 1 — ac # 0. From
now on we may take, without any loss of generality, b+ ¢ = 0 and 1 + ab # 0. These conditions
simply allow the distinct dominant zero, pg, of the characteristic function (5.6), with restriction

(5.7), to occur at pg = 0, and therefore from (5.6) and (5.10) respectively

g(p) =p+b—be P (5.11)
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and

k R
k'Qrk (0) =11)EI}) {j_pk ((gL(;o)) ﬂ k=0,1,2,..,(R-1). (5.12)

Theorem 17 . Let

n+R-1 pre—b(t—an) t — n+R-1
T, (b,R,a,t) = ¢ (£ — an) (5.13)
n (n+R-1)!
and
Sk (b,a,t) = ZTn (b,R,a,t) (5.14)
n=0

which is convergent for all values of b,R,a and t in the region of convergence (5.7). Then by

the suggestive behaviour of (5.9)

R-1 tR—k—l

Sr(b,a,t) = > Qrk(0) R=k=DI (5.15)

The series (5.14) is known as an Abel type series, because of the (t — an)™#~!

term and, the
convergence region (5.7) may be obtained by applying the ratio test to the term T, (b, R, a,t)
in (5.13). A proof of the main theorem 17 will follow shortly. Firstly we shall develop two
useful recurrence relations for the evaluation of the terms Qg (0) in (5.12) and an identity
for the Qg (0) terms. Secondly, using the terms Qg (0) we shall give some closed form
representations of the infinite sum (5.15). Thirdly, a recurrence relation for the series (5.14)

will be developed, and finally an induction argument on the integer R will be applied to prove

the main theorem 17.

5.2.2 (@Qgk(0) recurrences and closed forms.
Lemma 18 . A recurrence relation for the evaluation of the terms Qg +1(0) in (5.12) is
k

(k+1)Qri+1(0) = RZ

p=0

(~1)% ba*2 (u+ 1)
(u+2)!

QR+1,k—p (0) (5.16)
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with

Proof: From (5.12)

i | (222 2
oo 5]

Also from (5.12)

R
(k + 1)!Qp k11 (0) =lim [%ck {j—p (ﬁi{)) H k=0,1,2,..,(R-1)  (5.17)

p—0

= R lim
p—0

d* [ pR=1(g9(p) - pg' (p))
dp (g (p))

where g (p) is defined in (5.11) and its first derivative

g (p) =1+ abe .

Letting k (p) = g (p) — pg’ (p) we find that h(0) = 0 and A’ (0) = 0 and therefore expanding
h(p) as a Taylor series about p = 0 we may write, from (5.17)

k R+1
(++ 1)/Qrass (0) = R limy | £ {(g’(';,)) Hp H (5.18)
where - _

Hence from (5.18)

(k+1)!Qrr+1(0) =R ;i_f{(l)

dk L R+1
W{(ﬂp)) B(p)}]
| [k p O\ R (k—p) "
= R;% [‘; ( ) ) {(W) } BW (p) (5.19)
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by the Leibniz rule of differentiation, where

BY () = Z2B ().

Now since

. dt _1\# pp+2
(k+2)

and substituting in (5.19) we find that

k

(k+1)Qrr+1(0) =R (_1)#(1);’:;)(# h I)QR+1,k—p (0)

pn=0

which completes the proof of lemma 18. The following lemma regarding moments of the gen-

erator function ¢ (x) will be proved and required in the evaluation of another comprehensive

recurrence relation for the contribution Qg (0) to the residues.
Lemma 19 . The n'*moment of the R convolution of ¢ (x) = —bH (a — z) is (—ab)® (—a)" n!CE.

Proof: Consider the rectangular wave ¢ (z) = —bH (a —z) = b(—1+ H (z — a)), which
has a Laplace transform of ® (p) = E£—1+p_e‘“”2. The R™ convolution of ® (p) can be expressed

as R
—14e™%
0 (25
(p) »
—1+4+ iﬁ__:"dpl R
=bft T; :R=1,2,3...
= (=ap)"\"
_ R _ —ap
=b ( a;(r-i—l)!)
= (—ab)”® Z CE (~ap)". (5.20)
=0

111



The convolution constants, C2 in (5.20) can be evaluated recursively as follows

1 _ — . —
Cr =B =y B=1
Ch=%" ,Br—jCJR_l; R=23,4.. [’
7=0

and they are polynomials in R of degree r; in fact they are related to Stirling polynomials of
the second kind so that C = (—1)" P, (R) where P, (R) are the polynomials fully described in

chapter 4. The n'® moment of the R™ convolution can be obtained by differentiating (5.20) n

times with respect to p, so that

C;% (27 (p)] = (—ab)® Zcﬁ (=) r(r—1)..(r—n+1)p ",

and therefore

lim 2 (@7 (p)] = (—ab)™ (—a)* nICE,

hence the proof of the lemma is complete. This lemma may now be used to determine a

recurrence for Qg (0) which, it is argued to be more computationally efficient than directly

using (5.12).
Lemma 20 . A recurrence relation for the evaluation of the terms Qg (0) in (5.12) is:

1 B[R
(1-(-a0)") Z\ 5

k
Qri (0) = > (=a)* 7" (=ab) C]_,Qjr (0) ~ (~ab)" Qryk (0)
r=0

(5.21)
with initial values C3 = 1 and Qoo (0) = 1.

Proof: From (5.12)

R
k'Qrx (0) =lim d* !(1—}5(1’)) ];k=0,1,2,...,(R—1)

p—bOdpk
d* a(p) \*
=lim — |[[ 14+ ——
b dpF [( 1o
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k'Qrx (0)
1
I (1+ab)]E
2(14ab)FF1 {Rb‘p}

w| | = O

sy {2 — 4abR + a®V’R(R - 1)} .
s Rba® a®b® (16R® — 30R? + 5R + 2) — a®b” (120R? + 40R — 16) + }
240(1+ab)F+4 ab (200R + 56) — 48 '
. Rba$ { a’b? (3R* — 10R® + 5R% + 2R) — a’b° (40R® — 40R* — 16R) +
96(1+ab)*T° a?b? (140R? + 36 R — 8) — ab (128R + 64) + 16

Table 5.1: Some values of the recurrence (5.12).

R q,j()_l—
i P a—ewmy

& (RN (kY 1
w0 )E( )i

Utilizing lemma 19, for the (k — 7) th moment of @’ (p) implies that

R dk

=lim —_—

— k
p—0 = dp

R R k k - . ;
HMQre ()= | | D (~a)*™" (=aby (k — 1)!CL_,7!Q; (0)
j=0 J

j r=0 T

NEARYE k=t iy
Qrr@=>_1"|> (—a)*" (—ab)’ C_,Q;r (0),

using the fact that C{f' — 1 and taking the term at j = R, = k to the left hand side we
obtain the recurrence (5.21). Now using recurrence (5.16), or (5.21), we can list some values of
QR (0) as given in table 5.1.

The following lemma on a functional relationship of Qg (0) will be useful in the proof of

the main theorem 17.

Lemma 21 .

R(1+0b) @it O + b Qi (0) = (R=(k+1) Qrprt 0),
k = 0,1,2,3,...(R-1). (5.22)
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Proof: From (5.12)

d d ) dk R
b {K!'Qrx (0)} = 7 {11)1_% l:d—pk (QL(;))) } } :

Interchanging the order of differentiation in the second term, and after some simplification, we

obtain
d d* [ ~RpRLg(p)
— {k! 0)} =l db
db{ QR,k( )} })E% l:dpk { gR+1 (p)
and since
d _g9(@)-p
we have

and using (5.12)
b%QR,k (0) = R(Qr+1,k(0) — Qr (0)). (5.23)

Now, the @Q (0) terms may be associated by constants ¢; c2, and cg such that
QRr+1k+1(0) + 1 (R~ (k+1)) Qri+1 (0) +

c2QRrk (0) + c3QRr+1,% (0) = 0; (5.24)

the (R — (k+ 1)) factor in Qg x+1(0) is required since it does not contribute for R = k + 1.
From table 5.1 we choose three k values and substitute the respective @ (0) values in (5.24),

then solving for ¢; ¢z, and c3 we obtain

= —1— -2 and ¢ = a
AT TRA+a) 2T 1+ ab’ ST Trab
Hence from (5.24)
(R— (k+1)) G
QRr+1,k+1 (0) — m)_QR,k+l (0) T abQR,k (0)
a

0)=0. 5.25

+1+abQR+1,k( ) ( )
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The closed form of (5.15).

R
; - 1+ab —
a
_(14ab)® + (14ab)®”

3 2y _3ba’t _ ba’(1-2ab)

2(1+ab)® " 2(1+ab)? 2(1+ab)® *
4 t3 ba2t2 _ ba®(4—1lab)t , ba?(1-8ab+6a?b?)

6(1+ab)? ' (1+ab)® 6(1-+ab)® 6(1+ab)’
5 t4 5ba2t3  _ 5ba®(2—7ab)t2 | 5ba*(1-10ab+10a%b2)t  ba®(3—66ab+199a%6%—724%0%)
24(1+ab)® ' 12(1+ab)® (14ab)’ 4(14ab)® 3(14ab)”

Table 5.2: Some closed form expressions of (5.15).

Substituting (5.23) in (5.25), and after some minor manipulation, we obtain the result (5.22),
and the proof of lemma 21 is complete. Using the Qg (0) in table 5.1, some closed form

representation of the infinite series (5.15) are given in table 5.2.
For the specialized case of R = 2,b = —1 and a = A from (5.14) and (5.15) we obtain the
result, (2.84) in chapter 2, that Conolly missed. In the next section we give a proof of the main

theorem 17.

5.2.3 Lemma and proof of theorem 17.

The following lemma will be useful for the proof of theorem 17.

Lemma 22 . A recurrence relation for the infinite series (5.14) is

R(1+ ab) Sp4+1 + ab%SR —tSp =0. (5.26)

Proof: From (5.13) and (5.14)

o0 n+ R \ pre—blt—an) (t — an)n+R

Sre1 = Z (n+ R)!

n=0 n

_ }_1% (tSR —a iw) . (5.27)

n=0

Also, from (5.13) and (5.14)

d 1+ab
Zi—bSR = ZnTn —tSpg. (5.28)

n=0
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Now multiplying (5.27) and (5.28) by R (1 + ab) and ab respectively and substituting into the
left hand side of (5.26), gives

o0
(1+ab)tSR—a(1+ab)ZnTn+ ,
n=0

oo
1+abz (1 + ab) tSg

=0

which is identical to the right hand side of (5.26) and the proof is complete.

Proof of theorem 17.

The proof of theorem 17 will involve an induction argument on the parameter R. Lemma
22 proves the left hand side of (5.15). For the basis, R = 1, a proof of (5.15) has been given
in chapter 2. For R = 2, a proof of (5.15), by Biirmann’s theorem has been given by Sofo and
Cerone [83]. The induction argument for the right hand side of (5.15) will involve the recurrence

relation (5.26). From (5.26)

1 [ d
SR+1 m -tSR - abzi—bSR
i 1 R—k—1 T
1 t kgo mQR,k (0)
= R{(1+ab R=1 gk
(L+ab) ) _ Xt #Qrk (0)

R R — R—k
1 BrQro(0)+ X %QR,k (0)
- FOT k=i (5.29)
_abkz ﬁdeRk 1(0)

where the counter in the third term has been adjusted. Now collecting terms in (5.29) we have

that
R d tR—k
St = iy O (R~ Qax(0) = g Qnens O] Gy ¢
tR (5.30)
Aran)more0)- |
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From lemma 21, after adjusting the counter k

R(1+06) Qrin (0) = (R = K) Qe (0) ~ ab s Q-1 (0) (5.31)

so that by substituting (5.31) into the square bracket of (5.30) we have that

tR R tR—-k:

Srt1 = mQR,O (0) + ; mQ}Hm (0)

R R
— %QI,O 0)Qro(0)+ ) MQRHJC (0) (5.32)

k=1
where Q1,0 (0) is identified in (5.16) or table 5.1. By the convolution nature of the Q (0) terms

we may write equation (5.32) as

tR R 4Rk
Sr1 = EQR+10 +Z QR+1k(0)
’ k=1
tR k
= = @r+1,k (0)
P 0 R k

which completes the proof of theorem 17.
It is now worthwhile to briefly indicate a functional relationship for the infinite sum (5.14).

From the left hand side of (5.15), let

t=ar,p=R—1 and v = abe® then

o0 n n+p
-7)" (1 +n)
o, (1) = E ( n! ,p=0,1,2,3...

and

op(T) +y0,(T+1) =T0,1 (7). (5.33)

Pyke and Weinstock [78] gave a functional relationship of (5.33) for the case of R = 1 only.
Sofo and Cerone [83] have given a proof of the functional form (5.33) for the general case of

integer R.
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5.2.4 Extension of results.

The dynamical system (5.1) may take other functional values of the forcing terms w (t), other

than 6 (¢) , such that consequent results of (5.15) may be extended. We shall consider two other

cases.

Casel: Let
e-—bttm—l

(m—1)!

in the system (5.1), where m is a positive integer and following the procedure of section 5.2, we

w(t) =

obtain

WK

( n+R~-1 ) pre—bt—an) (t _ an)n+m+R—1

(n+m+R-1)!

n=0 n
R-1_R—p-1 m-1 m—v—1
th—H— QR t

In identity (5.34) we have that

WP, (—b) = hmb [ ; {(p+b)mF(p)}] v=0,1,2,3,...,(m—1),

! 0) =lim |- (pRF N p=0,1,2,3,..,(R-1)
,U’-QR,}L( )_pg% W{p (p} yH=Y,1,4,9,...,
and
1
F(p) = R

(p+0)™ (p+ b —be~P)

For R =1 and m = 2 we have

(n+2)! T beab

©_ pre=blt=an) (f — qn)™*+? et [ 1+ abeab] 1
0% (

B bead 2 (1+ ab)
n=0

and for R=2and m=3

O [ n41 ) pre-blt-an) (¢ — an)™™
Z (n+4)!
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_ |t 2t(1+abe®) 2 (abe®®)? + Gabe® +3
= e 5 + — +
2 (beab) (beb) (beab)*
t a? 3

+ + .
b3 (1+ab)®  262(14ab)® b4 (1 +ab)?

In the degenerate case, for a = 0, from (5.34) we obtain the impressive identity

io: n+R-—-1 bne—bttn+m+R—l

= n (n+m+ R—1)!

(-1 R"‘Zl B S Vi G M
- ebt bR+u ,/l -v—1) meﬂtﬂl(R #_1)|’

where (z), is known as Pochhammer’s symbol. The identities (5.34) and (5.15) may be differ-
entiated and integrated with respect to ¢t to produce more identities.

Case?2: Let
tm_l

(m—1)!

in the system (5.1), where m is a positive integer and following the procedure of section 5.2, we

w(t) =

obtain
S [ PR 3o [ ) Uttt T Rk, ()
~ n =\ r (n+m+R-1)! paare (m+R—-—k-1)!
(5.35)
dk dk P R
' = 1 — m+R :. — -~ .
HQrs (0) = limy [ (o )] <lim [dpk{(g ) 6
k = 01,2,...m+R—-1,m>1R2>1
where

1,

F =
») p™ (p+b—beop

)R

which has a pole of order m + R at the singularity p = 0, and g (p) is defined by (5.11). Let
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t = —az and from (5.35) we obtain

e n - _1\ntm+R~1 n n
Z()(—ab)n ( +R-1 (-1) +m+ Z ( ) (=1)" (3:+7‘)n+m+R_l

n (n+m+R-1 | |
m+R—1 m+R—k—1
_ (—x) Qrx (0)
= kz=0 Fm+R—k—1) (5.37)

where the inner sum on the left hand side is the general polynomial investigated in chapter 4,

namely

Vm+r-1(n,T) = (

(_1)n+m+R—1 n ( n

1\ n+m+R-1
n+m+R—1) & ,,)( ) (@+7)

and hence from (5.37)

o0 n _ m+R-1 )R-k
EZ«MV( ~ 1>Wﬁmum@= Y CTT0m0) oy

= n = ad*(m+R-k-1)

By an application of the ratio test the infinite sum in (5.38) converges in the region |ab| < 1,

: : Vintr—1(n+1,z)
since nll_'rgo |J’ﬁ——vm+n_l 2)
Pnitr—1(n), where Ppigr—1(n) are the polynomials in chapter 4, described by (4.21), and
therefore from (5.38)

= 1. In the special case, that of z = 0(a #0), Vim+r-1 (n,0) =

i(_ab)n ( n+R-1 ) Pryret(n) = %1}%——11(0)' (5.39)

From (5.35), for the degenerate case a = 0, we have the identity

S [ n+tR-1 " o) OTET QR (0)
jL:a(_b) ( )(n+m+R—1)!r=0(—1) ( ): Z (m+R—k-1)V

n r k=0

since on the left, the inner sum is unity for n = 0 and zero otherwise and on the right, using

(5.36) Qrk (0) = 1 for k = 0, and zero otherwise. Some examples are now illustrated. Putting
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a = —ab in (5.38), we have for the case of R =1 and m = 1 that

> 9
Do (nt2m)= T
n=0 l-a (l—a)

oo
and when z = 0, Zo na™ = ﬁg However Jolley [64], entry 40 on page 8, gives the listing
n=

00
2— Cq . . . .
Y. na™ = -c(%_—ac)?, which is obviously incorrect. Jolley gives no other entries of this form, apart
n=0

from chapter 2, (2.12). We have given a general method for closed form representations. For

R =2 and m = 2 we have that

¢ 8z3 24az? 4oz (5a +4)
" (n+1)(nd+n(l+6z)(n+2z)+823) = + +
n2=0 ( ) ( ( ) ( ) ) Taf T a_a] -
4a(a2+4a+1)
1-a°

which may also be checked on, say, ’'Mathematica’.

5.2.5 Renewal processes.

In the theory of renewal processes, let M (t) = E (N (t)), be the expected number of renewals
o

in the time interval [0, ] such that M (t) = >_ f(f f™ () dx and the Laplace transform is
n=1

- L[ f(p) }
M(p) = = | —— (5.40)
=376
Also, the expected instantaneous renewal rate m(t) = ad—tM (t), whenever %M (t) exists such
that B
_ f(p)
m = —_—T. (5.41)
P)=1"7 (p)

M (p) 7 (p) and f (p) are, respectively, the Laplace transforms of M (t) ,m () and f (¢) . Feller

[44] obtains the average number of registrations of an event M (t), for a type 1 counter as

t
M@#)=1—e"+ / M (t — z)be @9 H (z - a) da. (5.42)
0
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From (5.40) or (5.42) we may obtain

—_ 1
M (p) =117(117+b—be—“1’)

and upon inversion the result is identical to that given by (5.35) with R = 1 and m = 1.
Chaudhry [26] considers various other forms of the function f(p) from which expected instan-

taneous renewal rates are evaluated. For the shifted exponential function

f@)= (1 - e_b(t"a)) H(t-a)

and from (5.41) we have

_ be—aP
m(p) = P2 + bp — be—op
where
g(p) = p* + bp — be™". (5.43)

From the work of the previous section we may write

oy [ 1) EDTT a6 (6 +b) e
m(t) ;Z (n+r+1) _Za§§+(2+ab)§j+b’

r=0 T 7=0

where £;, j = 0,1 are the two distinct dominant zeros of the characteristic function g (p) in
(5.43). In the next part we shall prove closed form representations of infinite sums which depend

on k dominant zeros of an associated characteristic function.
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5.3 The k-dominant zeros case.

5.3.1 The k-system.

Consider, for a well behaved function f(t), the forced dynamical system with constant real

coefficients b and c, real delay parameter a, and all initial conditions at rest,

3\

k k
cf(t—a)+ Y )bk‘rf(r)(t)zw(t);t>a

r=0 r
> . (5.44)
k k
3 )bk—ff(f)(t)zw(t);0<t§a.
r=0 r

In the system (5.44) w (t) is a forcing term, t a real variable, and k is a positive integer. If we

let w(t) = 6 (¢), for illustration, and use the methods of the previous section we obtain

F(p) = ! (5.45)

C (p+b)f e

Expanding (5.45), inverting and considering the residue, we get

oo (_C)n e—b(t—an) (t _ an)nk+k—1 B -1 ‘.
nX:: (nk + k —1)! = ;OQ (£,) et (5.46)
where
Q) =lim [(p—&)F ()], v=0,1,2,3,..,k -1 (5.47)

and ¢, are defined as the k dominant distinct zeros of the characteristic function
9(p) = (p+b)* + ce~®. To simplify the algebra let us take ¢ + b* = 0, which allows one

dominant zero of the characteristic function
gk (p) = (p+b)* — bre™, (5.48)

with k+ab > 0, to occur at the origin. The condition k +ab # 0 will ensure the distinct nature

of the zeros of (5.48). From these considerations and (5.46) we have the following theorem.
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Theorem 23 . Let

pnk o—b(t—an) (t _ an)nk+k—1

Tn(k,b,a,t) =
( a,t) kT k1) and (5.49)
S (k,b,0,t) = ) T, (k,b,a,t) (5-50)
n=0
which is convergent for all values of k,b,a and t in the region
(ab)* | < (ke )", (5.51)
Then
k—1
S(k,b,a,t) =) Q(E,) e, (5-52)
v=0

where Q (€,) is defined in (5.47) and €, are the k dominant distinct zeros of the characteristic
function (5.48).

The following two lemmas, regarding the location of dominant zeros, will be useful in the

proof of Theorem 23.

Lemma 24 . The characteristic function (5.48) has k simple dominant zeros lying in the

region I : |p| < k—tﬁ;a,b > 0 and k is a positive integer.

Proof: We have previously defined a dominant zero as the one with the greatest real part.
It is known, see [7], that (5.48) has an infinite number of zeros lying in the left (or right) half
plane. Using the same method as described in chapter 2, lemma 6, it can be shown that (5.48)
has at most three (and at least one) real zeros with restriction (5.51) one of which is at the
origin, £, = 0. Applying Rouche’s theorem it is required to show that |4 (w)| > |B (w) — A (w)|
for w = p+ b, A (w) = wk, B (w) = w* — b¥e®~% in the region I : |w| < klf“—b. Now A (w)
has k zeros lying in the region I’ and since |wk| > |—b’°eab_‘“"| implies that (k + 2ab)* > (ab)F;
then B (w) has k dominant zeros lying in the region I and hence (5.48) has k dominant zeros

lying in T".
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Lemma 25 . The characteristic function

a; (p) = p+ b — bel?ris—ep)/k (5.53)

forj=0,1,2,3,...,k — 1 has one dominant zero for each j lying in the region T as defined in

lemma 24.

Proof: Now, A;(w) = w has one dominant zero lying in the region I’ and
By (w) = w — bel?mii+ab=aw)/k Therefore |w| > |—be(2m#+ab-aw)/k| implies that (k + 2ab) > ab,
hence B; (w) has one zero lying inside the region IV and it follows that for j = 0,1,2,3,....k—1,

(5.53) has one dominant zero lying in the region T

Proof of Theorem 23: Firstly, we evaluate @ (¢,) from (5.47) and from (5.52) we may

write
o0 -
prko=blt—an) (3 _ g Pktk=1 k-1 €t
S(k,bat) =Y - (2 ‘m? - m— . (5.54)
n=0 (n +K- 1) v=0 (b + gu) (k +ab + ley)

The characteristic function (5.48) may be expressed as the product of factors such that,

k-1 k-1
ge (p) = (p+0)* —tFe? =[] (p +b- be(Q”““"’)/’“) =]l ®.
=0 7=0

Lemmas 24 and 25 show that the dominant zeros, a;, of g; (o;) for each j =0,1,2,3,...,k -1
are the same as the k dominant zeros of gi (p). Using (5.47), the contribution £ (a;) to each

of the factors g; (o) is

Qej) = Jlim [(p— ) F; (p)
= lim P~ k
- janled q‘7 (p) - k + Clb + aaj

and using this result, we have from (2.10) that

oo (be21rz’j/k)" o—b(t—%2) (t- -akﬁ)" ket

n! :k+ab+aaj

(5.55)

n=0
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for each k = 1,2,3,... and j = 0,1,2,3,....k — 1. Note that the sum (5.55) may in fact be a

complex number. The summation of all the k dominant zeros , for each of the factors g5 (o)

implies from (5.55) that

Z ket B o0 (beQmj/k)ne—b(t—%) (t _ %)n
k+ ab + ac; ao; . Z
7=0 7=0n=0

Rescaling the infinite sum, by putting n = (n* + 1) k, (and then renaming n* as n) gives the

result,
prk o—b(t—an—a) (t—an— a)nk+k k-1 ket

o0
kb* Z

. (nk + k)! :;k-f—ab-}—aaj'
k
Now letting y = ¢t — a and, from ¢; («;), using the fact that e*® = (,—;%) then
J
o] k-1
prke—bly—an) (y _ an)nk-f-k eV e—blaty)
P Z - (5.56)

oy (nk + k)! iz (b+ ;) (k + ab + ac;) b

Differentiating (5.56) with respect to y, which is permissible within the radius of convergence

(5.51), gives after some algebraic manipulation

0 prke—bly—an) (y — an)ﬂk'*'k_1 k-1 ey

(nk +k —1)! e b+a] (k-}—ab-}—aa])

(5.57)

n=0

.

Renaming y as t shows that (5.57) is the same as (5.54) since by lemmas 24 and 25, a; = ¢, for
j=0,1,2,3,...,k—1; v =10,1,2,3,...,k—1, and therefore theorem 23 is proved. Some examples
are now given to illustrate the above theorem.

5.3.2 Examples.

(i). For k even there are 2 real dominant distinct zeros and (k — 2) complex conjugate zeros

of the characteristic function (5.48) that need to be considered for determining the right hand
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side of (5.54). Consider, in particular, the case k = 2, then

o0 bZne—b(t—an) (t _ an)2n+1 1

ebv
oward (2n + 1)! ; (b+¢€,)(2+ab+ak,)’

For (a,b,t) = (.1,2,2) then (£g,£;) = (0,—4.5053) and the sum takes the value, to four signifi-
cant digits, .2272.

(i1) . For k odd there are 3 real dominant distinct zeros and (k — 1) complex conjugate
zeros of the characteristic function (5.48) that need to be considered for determining the right
hand side of (5.54). Consider, in particular, k = 3, in this case there will be one real zero £, and

two complex conjugate zeros £; = (z +iy),&; = (z — iy) and £, satisfies (€, + b)> — bPe % =

0,v =0,1,2. Hence we have

00 bSne—b(t—an) (t _ an)3n+2 ot

= +
= (3n +2)! (b+£0)* (3+ ab+ agp)
2% [(zoz4 — T3Ts5) COs Yt + (w25 + T3x4) sinyt]
2
(21 +4?)" (22 +2f)

where z1 = (z +b) ,zp = 2% — y?, x5 = 2yz1, 24 = 3+ ax; and x5 = ay. For (a,b,t) = (.8,1,2)
then ({0,51,51) = (0,—1.2193 + 1.3668¢,—1.2193 — 1.3668¢) and the sum takes the value, to
four significant digits, .2769. Again the previous results (5.54) may be extended in various

directions, we briefly mention one extension.

5.3.3 Extension.

Consider, for a well behaved function f(t), the forced dynamical system with constant real

coefficients b and ¢, real delay parameter a, and all initial conditions at rest,

> ( B geres) JZ I5 ) pik=r ¢ (¢ = (R—j)a) =w (t); ¢t > Ra
3=0 R— r=0
] r , (5.58)

Rk [ Rk
S bRE-T () (£) = w (t); 0 < t < Ra.
r=0 r
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In the system (5.58) w (t) is a forcing term, t a real variable, and R and k are positive integers.

—btym—1

Let w (t) = %mi—l)!, for m =1,2,3,... and taking the Laplace transform of (5.58) we have

1
F(p) = (5.59)
= .
(p+b)™ ((p + bk - bke—ap)
By the methods of the previous section 5.3.1 we finally obtain
i n+R—1\ prke-blt=an) (f _ gpyrktRE+m=1 ML p-btymor—ip(_p)
owrd n (nk + Rk +m —1)! — (m—r—1)!
k=1R-1 _¢ t,R—pu-1
vER—p
+ Z € QR,u (éu) (560)

- Spwar) (R—p-1)

where
dr

dp”

7! Py (—b) =pli§1‘b [ (p+b)"F (p))] ir=0,1,2,...,(m—-1),

W@y (6) =lim |2 ((p—&,)"F () |31 = 0,1,2, 0 (R=1)

W v p—'fu dp/‘ v ) )ty )
F (p) is defined by (5.59) and §,,,v =0,1,2,3, ...,k —1 are the k dominant zeros of the charac-
teristic function (5.48). For (R,k,m) = (2,2,3) we have, from (5.60)

T Fkinid G0 A
(2n + 6)! 2 (b2eab)

n=0

5 [bze“bt (t + da) + 4 (1 + a2b2eab)]

+i ebut |:t ~ 9 _ 9 _ alble—%v ]
v=0 (b + éu)z (2 (b + éu) + abZe—afu)z b + éu 2 (b + éy) + aer—afu

where £, are the two dominant zeros of (£, +b)? — b%e~%» = 0. The degenerate case of

a = 0, implies that the transcendental function (5.48) reduces to a polynomial in p of degree k.

Specifically for (a, R, k,m) = (0,2,2,3) we have the identity

= A _
nz=0(n +1) &%}-T)' =3 (bt)% + 4 + bt sinh (bt) — 4 cosh (bt)] .
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Chapter 6

Fibonacci and related series.

A first order difference-delay system is considered and by the use of Z transform theory generate
an infinite sum which by the use of residue theory may be represented in closed form. Related
works to this area of study are considered and some central binomial coefficient identities are
also given. A development of Fibonacci and related polynomials is undertaken together with

products and functional forms.!

'A shortened version of this chapter has been published in The Fibonacci Quarterly, Vol.36, pp.211-215,
June-July 1998.
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6.1 Introduction.

In this chapter we consider a difference-delay system and by the use of Z transform theory
generate an infinite sum which we shall represent in closed form by the use of residue theory.
We shall compare our work to that of Jensen and lay the foundation so that our results may
be further generalized in the ensuing chapters. We shall investigate some central binomial

coefficient identities, and develop Fibonacci related polynomials, products and functional forms.

6.2 The difference-delay system.

Consider the related Fibonacci difference-delay system

fn+1 - bfn - cfn—a = 0, nza

(6.1)
fre1 —bfn=0,n<a

with initial condition fo = 1, b and c are real constants and a and n are positive integers
including zero. The Z transform of a sequence {f.} is a function F' (2) of complex variable z

defined by F (2) = Z [fa] = Y faz™" for those values of z for which the infinite series converges.
0

n=

Taking the Z transform of (6.1) and using the initial condition yields, upon rearrangement

Py za+1

= = 2
F(2) 2 —b—cz—® 20+l —pze -’ (6.2)

and expanding as a series we have

o0

F( ) Z crzl—ar (6 3)
2] = ——T. .
The inverse Z transform of (6.3) is
0 [n/(a+1)]
n-—ar c\" n—ar e\NT
_ Y pn=any (n — ar) = Z) brmen) (64
fn—Z0 : (b) b U(n—ar) g ] (b) b (6.4)
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where U (n — ar) is the discrete step function and [x] represents the integer part of z. The

inverse Z transform of (6.3) may also be expressed as

fn = % / 2R (2)dz = iz”Resj (F iz)) (6.5)

C J=0

where C is a smooth Jordan curve enclosing the singularities of (6.2) and the integral is traversed
once in an anticlockwise direction around C. It may also be shown that in (6.5) there is no

contribution from the integral around the contour. For the restriction

c(a+1)2t!
Tb)a <1 (6.6)
the characteristic function
g(2) =201 — b2 — ¢ (6.7)

has (a + 1) distinct zeros £;,7 = 0,1,2,3, ...,a. All the singularities in (6.2) are therefore simple
poles such that the residue, Res; of the poles in (6.2) may be evaluated as follows

Res; =lim |(z —¢;) a = & (6.8)
Py I/ 20+l —pae —¢ (a+1)& —ab

2

and hence from (6.4), (6.5) and (6.8) we have

r=0 T §=0

/(D) (0 _ o onr a gntl
_ E : e (n—ar) _ § :
fn= ( ) (b) b B (a+1])§j—ab' (6.9)

A Tauberian theorem [7] suggests that for n large, from (6.9)

n/(a+1 n
[ /(Z: ) n—ar (E)T pin—ar) 0-}_1
b (a + 1) 60 - ab

r=0 r

where ¢, is the dominant zero of (6.7), defined as the one with the greatest modulus.
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6.3 The infinite sum.

Theorem 26 : For all values of a,b, ¢, and n

> n—ar e\T gntl
& (n—ar) _ 0
Z( r ) (5) ¥ = (a+1)& —ab (6.10)

r=0
in the region of convergence (6.6).

Using (6.9) and (6.10) we may write

[n/(a+1)] n—ar onr o0 n—ar , n+1
et (n—ar) c (n—ar) __ §
> ( : )<")b i ( A

r=((n+1)/a]
and so
[o'e) _ r n+41
Z (n + CL”') (E) b n—ar) _ Z §
el , b (a+1)¢& —ab
Thus
00 1 - n+1
Z (_1)T+1 ar+r 1 n (E) n ar) _ Z é.
Tyl . b (a+1)¢; —ab

Proof of Theorem 26: Without loss of generality let ¢ = ab,a € R, in (6.7) such that

§a+1
o+ &Y

also, let n = —fa and substitute in the left hand side of (6.10) such that

% —a r a ar+r—1 o + €2 ¢B+T)
(<0 Yoo S (77 o (22

1‘=0 T T——O r

a(fB+r)
=Sy ( af+ar+r—1 ) 2 ( e ) aeftriat)—heghalet D) (6 11)

r=0 T k=0 k
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Now, expand (6.11) term by term and sum the convergent double sum diagonally from the top

right hand corner, thus gathering inverse powers of &,, such that

g_a,@JrT) a(f+r—k) a(B+r—k)+r—k-—1 .
g Z a(B+r—k)—k r—k

and after some lengthy but straightforward algebra we may simplify the double sum to

&5 [1 +ad (-a) (a+1) gg‘"}

r=1

(=]

a+1l)a+&
= gaaﬁ+1 1 — g_aﬁﬂ
a+1 - _
(a+1)§o—a(§i’—gg> (@+1)€ —ab

which is identical to the right hand side of (6.10), upon replacing —a3 = n. The convergence
region (6.6) is obtained by applying the ratio test to the term in the sum (6.10) and is shown

in figure 6.1. The theorem is proved.

\ i

0 1 15 14 18 48 20

v

Figure 6.1: Convergence region for the discrete case.
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6.4 The Lagrange form.

Jensen’s work [63] is related to our sum (6.10). Jensen substitutes ¢ = (z + 1)™ and f = (z + 1)?

into Lagrange’s formula, theorem 8, and obtains

o0 +. -
anjﬂ (n -]ﬂ)yjz(z"'l)n

J

where y = z(z+ 1)_ﬂ . Similarly, from the Lagrange alternate formula, theorem 9, Jensen

[ n+iB Y, (z+D)" (z+1)"
= - . 6.
;o( j )y 1-(6-1)= .

1-5 ()

Jensen also substitutes ¢ = (z + 1)""™ and f = (z + 1)°, and obtains

(z+1)™(z+1)" = n+tm+js | .
=Y j (6.13
1‘ﬂ(zil> J=0 ( J )y )

_°° n+jg m+(k—35)0
S () () e

equating the coefficients of 37 in (6.13) and (6.14) and substituting m = m —kf3, Jensen obtains

n+m e n n+jp m — jf3
=§ . 6.15
( k ) a’=0”+jﬂ( J )( k= ) o

Jensen notes that (6.15) is analogous to Abel’s identity, see chapter 2, and is comprised in the

obtains

the striking result

more general formula, due to M.1.G. Hagen,

a(p+q—nd)+bng [ P+4 z": a+bj q+jd p—Jb .
(p+q)(p—nd)q n “(g+id)e—id) \ n—j
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Jensen also used (6.15) and the method of recurrences to prove the novel identity

n

Z a+jp b—3pB =i a+b—j

. &,
=0 J n-—J =0 n—j

which Cohen and Sun [32] gave a more general form by the use of general series transformations.
Chu Wenchang [27] obtained even more general forms of binomial convolution identities by
the use of power series expansions and convolutions. We can now show that our sum (6.10)
is the same as Jensen’s identity (6.12) and that (6.10) holds for all real parameter values.
Let ¢ = ab,a = —B,ab? = y and z = afg, from (6.7) we have that §; = b(2+1) and
y = z/ (z+ 1)?, and substituting in (6.10) we obtain Jensen’s identity (6.12). If we let 3 = 0,
(6.12) reduces to the binomial theorem. To show that (6.12) holds for all real parameter values,

we first write

i n+rp 2" _ 1
r=0 T (z+ 1)ttt 1-(B-1)2

and putting the denominator in the left hand side in series form we can write

2 [ n+r > | n+rf+] .
ST e [T )2
r=0 T =0 J

expanding the double series and summing diagonally from top left hand corner we obtain powers

of z, namely

e r n+ pp n+pB+r—
LD B B o
r=0 p=0 P r—p

and since the inner sum is equivalent to (3 — 1)", the parameters n and [ are arbitrary and
therefore belong to the set of real numbers. In the next section we shall investigate many
interesting cases of the identity (6.10) and an associated related result. We shall investigate

the case of ¢ = 1.
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6.5 Central binomial coefficients.

For the case of a = 1, (6.7) produces the dominant zero £, = (b + Vb2 + 4c> /2 such that for
n=—a € R,c= —x and b =1 identity (6.10) may be written as

Flas) =3 rta-1) 1 <1+\/1—4x)“" (6.16)

z
=0 r V1—-4dzx 2

44
1

— occurs in the book of Wilf [93], f (c,1/8) = 2(8a=2)/2 (1+ \/§)l_a
and f(1,1/8) = /2 is a very slow converging series. Replacing z by —z in (6.16) and then

and in particular f (1,z) =

adding we obtain

l—o
so that g (a,1/8) = 2(2¢=1)/2 (ML + (1+

l-a
7 \/§2> ) . Therefore, in general, we may

obtain closed form expressions for binomial sums of the type

i 2(air +az) +a—1 poartas
r=0 ar + az

for constants a; as and a. It also follows from (6.16) that for a and 3 € R we have the identity

a atl P atf a+l+f
Wor | 2% x| =(+VI-dz) 2R | 27 2 |4
a a+p
or
[ 2r+a-1 [ 2r+a+p-1
23 o =(1+vi—da) Y 2. (6.18)
=0 T r=0 T
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For o = 2 and 8 = 0 adding alternative terms in (6.18), we have , after using (6.17) and some

minor manipulation

> ar +1 l) Q, ]-, s
Z 2 =y By | 20T |2
1‘=0 27‘ %, ]., %
From (6.16) with @ = 1 and collecting coefficients of z we obtain the common result
2r r—3
= 2 ] 2% and this result will be generalized in the next chapter. The identity
r r

(6.16) may be differentiated with respect to & to obtain more identities. If we let the operator

p=zLf(a,x) we obtain from (6.16)

1+3[1—4z)"°‘
ir rea-l mr:»’E( 2 a+—1—— (6.19)
= r 1—-4zx v1-—4zx
oat2 atd
=(l+a)z. ;A | *" % 42
a+1

Operating on (6.19) by p again we have that

0 2r+a—1 at2 oi3
Zr2 2 = (l+a)z o/ 202 g
r=0 T a++1
atd atb
+(24+0)(3+a)z? SR P
a+2
=2 | g-r 5 : 1
and in particular for a = 1 and z = 1/8 ,Tgor . 877 = 75 Thus we may, in genera

obtain identities of sums of central binomial coefficients;

b 2r+a-—1

E rk z’

r=0 r

for k£ integer. Similarly , (6.16) may also be integrated to obtain more identities. Integrating

the right hand side of (6.16) will necessitate branch cuts and singularities dependent on the
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value of a. So that putting a = 1 will simplify the integral. From (6.16)

T I

s@=3 ") [ ] &

r=0 r (7-+]_)] =0 0 V1_4t,
= t=
j — times
——_—
. ) ) 2r
where (r + 1) ; is Pochhammer’s symbol. For j = 1, the constant C, = Til is known
r

as Catalan numbers. In particular g3 (z) = —512(1)1 {1 — 10z + 302 — (1 — 4x)5/2} , g3(—x) =
——51232 {—1 — 10z + 30z% + (1 + 4x)5/2}, so that g3 (z) + g3 (—) produces the identity

[ A z? 1 5/2 5/2
Z% o (%+1ﬂ%+ﬂﬂ%+ﬁ)_2mﬂ{u+4@ - 20z - (1-42)"?}.

Other values of a may be utilized; if @ = 2 then from (6.16) we have the identity

9
4z = . 6.20
% 1 —dz+I-4dz (6.20)

Multiplying both sides of (6.20) by x and then integrating, we have

[o o] 1 r
Z 2r+ T 1 {1—2x—\/1—4x}

rd r r+2 T 4z?
2r+1 ort0 )
where the coefficient MC, = % = %CT may be thought of as modified Catalan

r
numbers , and in particular for z = 1/4 we have the slow converging series

2r+1 4-T

o0
Z 7'+2=2'

r=0 T
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An alternative procedure for integrating (6.16) for a = 1, is the following. Take the first term
of (6.16) to the right hand side and integrate j-times such that

o 2r xT 1 z 71 1 dt
by (L) = 3 ] ()
=\ s () 27! A 1— 4t t

= =

j — times

—_—

and consideration needs to be given to the improper integral. In particular

1 1 2 _ —
h3(1’x)=§{__E+§x—+x21n2+(10$ 1)\/1 4x

24 2 1 o —len(1+\/1—4x)},

1 1 2
h3(1,—x)=F{_+f+3i+$2ln2_ (102 +1)VITdE

51 T3 1 5 len(1+\/1+4x)}

and adding produces the identity

i Ar 22T 1 % + % +221n2 + (10m—12)4\/m _ (109:+12)4\/1+4:v
=\ 2r (2r)(2r+1)(2r+2) 227 —z?In ((1 +v1+4z) (141 —4z))

Now, if in (6.16) we put = = z% and for o = 1 integrate, we have

f1(1,2%) = i 2r \ z¥*!  arcsin2z

=\ r 2r+1 2
and integrating once more
L g2 i 2r z2r+? _ V1 —42%+ 2zarcsin 2z — 1
f(1,2%) = (r+1)(2r+2) 4 '
r=0 r

In particular fo (1,3) =2 -1,f2(1,3) =1~ V2 —In(v/2 —1) and adding these two cases
produces the identity

| 4r 9—4r r 1 1
= - — —— — = In \/2_ -1].
T;O gp | r+1)(4r+2) 4 V2 2 ( )
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Similar identities may be obtained for other values of a. If for example a = 2,b=1,¢c = —2/27

and n = —a € R then, from (6.10)

i Ir+a—1 (2)’ 243 3 \@ e ofl ot
J— — — F ? k)
27 3 (1+¢§) .

r=0 T

6.5.1 Related results.

The previous results that involve the arcsin z function suggests we may design a related sum of
o0
the form ) 6 —*% which may be expressed in closed form. Consider the function

1)

f(z) = XSELL then a Taylor series expansion of f (z) about the origin allows us to write

Vi—z2’
arcsin 2 (22) r-1
@)= 7= ; (6.21)
T
r
and f(1/2) = § ,and f(i/2) = %ln (3@) = § — 0" ypon using
r=1 2r r=1 2r

the relation arcsinz = —iln (zz +v1-— z2) . Multiplying both sides of (6.21) by 2z and differ-

entiating any number of times will produce other identities. Differentiating (6.21) once, and

simplifying we have

s (23:)2T x arcsinz
_ _ z+ , 6.22
I ] 62

r=1
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so that, fi (%) = i::

ol

=g+1,andf1(i)=§4‘—2L (%ln(%)—l).
T

[

Differentiating (6.22) with respect to z, and simplifying we obtain

= (1-22)® " 1-a? (1-22)°

>N 7 (2x)% z (14 222 2 1 + 22?) arcsi
x):Z ((2) ___g ( :B)+ T +( + x)arcsmx , (6.23)
T

ticularly, fp (1) = 3° —= 2 A (i) = S (=1 2 (2 (vB=1) _
particularly, f2 (3) T;(%) +9\/§,an f2(3) ;::1( ) 25(\/5111( 2) 3).

r
At the writing up stage of this thesis, the author discovered that more general identities of the
form (6.22) and (6.23) have been given by Chudnovsky and Chudnovsky (28], as an example
oo
they give >
r=1

) = Z+1. In their recent paper, Chudnovsky and Chudnovsky [28] obtain a
-

r
master theorem from which they can, amongst other manipulations, derive explicit expressions

of contiguous generalized hypergeometric functions. The identity (6.21) may also be integrated
repeatedly. Integrating (6.21) once we have

oo 2r
o1 (z) = Z (—2:2— = 2(arcsinz)? (6.24)
r=1 T
2
ndgy () =2 =3(2), 01 () =2(n (VE- 1)), 01 () =B =L o () =2 (n (),

from which upon manipulation we obtain

> 1 7'l'2 \/E_)—l 2 1 1a1a1a%
Z—_zg—él In 5 =64F3 5 7
r=1 4r Z’Z’2
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Integrating (6.24) three more times gives us

N 2r4+3 .
g1 (z) = Z (22) _z (222 + 3) (arcsin z)?
r=1 2’1" 3
r? 4(2r +3) (2r +2) (2r + 1)
r

2v1 — 22 (1122 + 4) arcsinz  85z% 8z

* - - = (6.25)
9 27 9

2 .
and g4 (1) = %"T - 15%3, so that in general we may obtain identities

227‘
> = on? + §,

r=1 2r
r2 (2r + l)j
r

for j =1,2,3,... and constants o and 3. Comtet [33] obtains

i 1 177'('4 1 F 1,1,1,1,1 1
= =554 i
—1 2 3240 2 %, 2,2,2 4
rd
r
oo
however there appears to be no closed form expression of > —1—— for m > 4. We can

r=1 2r
Tm
r

obtain identities of this form, so that from (6.25) with z = 1/2, we have

1 7 V3r 181
27 " @
72 (2r+3)(2r+2)(2r+1)

Other identities involving ¢ functions and multiple ¢ functions are given by Borwein [14]. In the
next section we shall investigate the finite sum (6.9). We shall , for a = 1, give a trigonometric
representation of (6.9), recover and extend some results given by Binz [10], and highlight a

number of interesting applications of the Fibonacci sequence.
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n fn.

0 1

1 b

2 b +¢

3 b3 + 2bc

4 b* + 3b%c + 2

5 b° + 4b3¢ + 3bc2

6 b° + 5b%c + 6b%c? + 3

7 b" + 6b°c + 10632 + 4bc3

8 b® + T8¢ + 15642 + 100263 + 4

9 b? 4+ 8b"c + 21b°¢% + 20033 + 5bct

10 b0 1+ 9b8¢ + 28b5¢% + 35033 + 1562c2 + &

11 bl +106%¢ + 36b7¢? + 56b°c3 + 35b3¢% + 6bcS

12 | %2 +11610¢ + 4568¢% + 84683 + 700%cE + 216°C° + 8

Table 6.1: Polynomials of the finite sum (6.27).
b| ¢ name generating function | zeros solution of (6.26)
n+1 n+1

1| 1 | Fibonacci |  22-z-1 7{( 5" (156) }
1| 2 | Jacobsthal 24— 2—2 2,1 3 (2= (-1)")
2] 1 Pell 22— 2z -1 122 | L {1+vD)" - (1-v))""
3| -2 | Fermat 22 —-32+42 2,1 ontl _ 1
2 | =1 | Chebyshev 24— 2241 1,1 n+1

Table 6.2: Special recurrences and solutions.

6.6 Fibonacci, related polynomials and products.

Consider (6.9) for a = 1, such that from (6.1)

far1 —bfa—cfa1=0, fo=1 (6.26)

and
0 (nr ) |
fn = b n—er), (627

Some polynomials of f,, are given in table 6.1
The recurrence (6.26), for some parameter values b and ¢ may be identified as shown in
table 6.2.

Horadam [61] and [62] has recently written a lucid and pertinent examination of J acobsthal
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representation numbers and polynomials, and functional forms. Hendel and Cooke [57] suggest

that second order recursions may be represented by finite products involving trigonometric

functions. From (6.27) we may thus write

n

fo = H{b—Zz\/Ecos( ”jl)}

=1 n -+

and so after multiplying corresponding factors

[n/2] )
= pn—2[n/2] 2 2 ( T
f H b* + 4ccos ) .

j=1

We can see that for b =0 and n even

n - J
fn = (4¢) J];Jl:cos2 (2n7r+ 1)

and since from table 6.1 we note that f, = ¢* we may deduce

n 7rj

=27
Tle (5053
1=1

The characteristic function (6.7), for @ = 1, has two zeros 2§5; = b+ V b2 + 4c and from (6.27)

1 1
/2 [y ryn=2r) _ 1 b+ Vb2 +4c "t _(b- Vb2 + 4c r (6.28)
,.2;0 I T Vb2 +4c 2 2 '

and putting b = (z — 1)2 and ¢ = bz, we obtain the result obtained by Binz [10]; namely

m2 [,
Z .’L‘T(.'L'—-].)2n_2rz x21_1 {($($—1))n+1—(1—$)n+1}.

=0 r
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We can integrate, for 0 < z <1, the result given by Binz , therefore producing the new identity

131 1,7’L+2
[n/2] 2k -1 (-1)"nl/7 ok -1
n— n+ 2 2n+3
Y. B(r+1,2n—2r+1)= +
3 ’
r=0 r n+1 2ent2r (’I’L + 7)

where B (z,y) is the Beta function and I' (z) is the classical Gamma function. Differentiating

(6.28) with respect to ¢ and substituting we obtain, in an easier manner, yet another result

quoted by Binz [10]

[gi%]r ( L ) o (x— 1) = z(z-1)" { (nt D {am™h+ (1)} + }

g (z+1)° (n —1) {z™ + (—1)"}

We may derive (6.28) from a slightly different viewpoint and also in the process give a solution

to a problem posed by Krafft and Schaefer [70]. Consider the two binomial expansions

1+vIta\* 2 o2
(T) =4y (1+ )%, (6.29)
r=0 T
Y : 24 21 2
(Lﬂ> =47 (-1) ( a ) 1+z)7%. (6.30)
2
r=0 T
Subtracting (6.30) from (6.29) we have
T 2u —+/14z 2u
- i o . (1+3121+ ) _ (1 3[2+ )
S (1+2) = - (6.31)
=0 27 +1 +z
and to identify (6.31) with (6.28) let 24 = n + 1 so that
n—1 P n+1 1-viFz n+1
- [}i] nitl Ly (1+3421+ ) _( 2K ) 652
x) = .
i=0 \ 25 +1 vitz
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where [v] is the least integer not smaller than v. From (6.28) let b =1 and ¢ = x/4, hence

[n/2] B . 1+v1xe \ "M 1o yige\ ) [251]
(oL g
" (6.33)

From the left and right hand sides of (6.33) let n = 2m + 1 so that
[(2m+1)/2]
2m+1-—r r (2 2
5 G = () awer
r=0 T r=0 ZT + ].

Expanding the right hand side and collecting powers of £ we have

[(2m+1)/2] 2m+1__,,. T m m 2m+2 .
ZY = 9—(m+1) T J

and equating coeflicients of  we have the novel identity

i 2m+2 i p2(mr) 1 2m+1-r

Now, to solve the problem of Krafft and Schaefer, add (6.29) and (6.30) so that

2 " [;] ( ntl ) (14+2) = (@)M + <1_—\/1—+—$)n+1‘ (6.34)

=0 2j 2
The ratio of (6.34) and (6.32), after putting 2m =n+1is

m 2m .
> ( , ) (1+z)
j= 27

1+(
am = = 1+=x

mz—:l( m )(1+x)j 1—(

i=0 \ 2j+1

—
|
[ |
5
8ls
N
[Ye)
3

+

===
[

Fl+

1]l8

E

+
—

and lim a,, = +/1+ z, which solves Krafft and Schaefer’s problem after replacing 1 + = with

m—00

x*.
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It is of some passing interest to note Wilf [93] derived (6.27) for ¢ = —b. The derivation, by
Wilf, counts the number of words of n letters over an alphabet of b letters that do not contain

the substring of a word of a letters. Graham et al. [49] discuss the continuant polynomial,

Kn (21,22, ..., Zp), defined by

Ko() =1,
Kl (:L‘l) =T

K, (.’L‘l,.’L‘Q, ...,.’L‘n) =K, 1 (:151,.’1,‘2, ...,:L‘n_l) Tn + Kp_o (:I?l,ilfg, ...,:L‘n_g)

In particular, a Morse code sequence of length n that has k dashes, has n — 2k dots and n — k

n—=k
symbols altogether. These dots and dashes can be arranged in ( ) ways; therefore if we
k

replace each dot by z and each dash by 1 we get K, (2, 2,...,2) = >_ e 2™~ which is

r=0 T
the Fibonacci sequence. There is another intriguing connection of the Fibonacci sequence with

the Lambert series. The series L (z) = ioz % was presented by Lambert circa 1771, and has
been studied extensively. A closed forrrn= 1representation of the Lambert series may be useful,
because of its possible importance in prime number theory. For the Fibonacci sequence (6.26)
with b = ¢ = 1 it may be shown, see Knopp [68], that jio:l f% =+/5 {L (3—2 5) - L (7—3 5) } )

In the next section we will prove a number of functional forms of (6.9), some of which are new.
6.7 Functional forms.

The following lemmas are functional forms of (6.27).

Lemma 27 : Let f, be defined by (6.27), f-1 =0 and f—p = (—=1)" "™ fo_2, then

> (=0 faak =0. (6.35)

k=1
Proof: From the left hand side of (6.35)

Z (—C)k fn—2k = —Cfn—2 + C2fn—4 - C3fn—6 + . T (_C)n—l f-nt2 + (_C)n f-n
k=1
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and by the definition

— 2
= —cfo2t+foa— gt .+ face — Ffacatcfna=0
and the proof is complete.

Lemma 28 :

3=0 J

0" o= ( m ) (=¢)? faim—2j, for m > 0. (6.36)

Proof: We shall employ an induction argument. For m =0, f, = fp, for m = 1 we obtain

0™ fo = b (Z ( m ) (=¢)’ fn+m—2j)
j=0 \ J
m m
= bfn+m —bc ( 1 ) fn+m—2+bc2 ( 5 ) f'n,+m—4+

+b (_C)m_l ( " ) fn—m+2 +b (_c)m fn—m

m—1

(6.26). Consider

and from (6.26) substitute for bf,

= fn+m+1 - Cfn+m—1 - C{fn+m—-—1 - Cfn+m—3} + C2 ( T: ) {fn+m—3 - Cfn+m—5} +

m

N (_C)m_l ( " 1 ) {fn—m+3 - Cfn—m+1} + (—C)m ( ) {fn—m+1 - Cfn—m—l} )

collecting coefficients of (—c)’ gives us

“ m+1 j m+1
fn+m+1 + Z ) ("C) fn+m+1—2j + (_C) fn—m—l
j=0 J
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and the lemma is proved.

Lemma 29 :
fufv = Z (_C)k fu+v—2k~
k=0

Proof: From the left hand side
fufv = (bfu—l + cfu—2) fv

_Zb fu 14v— 2k+CZ fu 24+v—-2k

k=0 k=0

1

u—2
= > (=) (furv-2k = Cfu—tpv-ak) + €D (=) fu_z4u2
k=0

0

e
!

>
I

-1

Z ) fuo- 2k—CZ )* fu—2to- 2k+CZ —¢)* fu—rtv—2ks

k=0

all of the second and third terms are annihilated except for the kK = u — 1 term, in which case

e
1
P

(=€) furvak + (=O)" futw

bl
il
o

(=¢)* fusv—2k

I
M=

e
I
o

hence the lemma is proved. Two special cases are

L forv=u, f2= 3 (=¢)*"* for and
k=0

2. forv=u+1, fufur1 = 3 (—0)* " firok-
k=0
Lemma 30 :
[m/2]
anfm = (m+1) fn+ Z (—¢) (m+1=2§) frn2j-

n=0
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Proof: From lemma 29 put u = m — n,v = n, hence

anfm-n = Z (i (—c)* fm—2k>

n=0 n=0 \ k=0

=z{z<—c>kfm_%— 3 <-c>kfm:_%}

n=0 \ k=0 k=n+1
= Z{fm+2(_c)k fm—2k — Z (_c)k fm—Qk}
n=0 k=1 k=n+1

now apply lemma 27, such that

anfm—n = m+1 Z Z c)k fm—2k
n=0

n=0 k=n+1

= (m+1)fm Z] fm —25

and reapplying lemma 27

[m/2]
anfm —-n = m+1)fm+z C)J m+1_2.7)fm 2j

n=0

hence the lemma is proved.

Lemma 31 :

fn = fmfn—m + Cfm—lfn—m—l

Proof: From lemma 29 put u = m,v = n —m hence

m

fmfn—m = Z (“C)k fn—2k (6.37)
k=0
also from lemma 29 put u =m — 1,v =n —m — 1 hence
m-—1

cfm—lfn—m—l = C Z (_C)k fn—2—2k

k=0
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m—1
= - Z (—&)** fa—2—ok. (6.38)
k=0
Adding (6.37) and (6.38), fn = fmfrn—m + Cfimn—1fn_m—1 hence the lemma is proved.
Lemma 32 :
m—1
" m-—1 )
b™ = Z . (—c)’ fm—2;-
3=0 J

Proof: From lemma 28 put m =m — 1 and n = 1, hence

m-—1 -1 ‘
P =) ( " . ) (=€) fm—2;

i=0 J
and since f; = b, the lemma is proved.
Lemma 33 :
f2= fremfagm + (=" R
Proof: From lemma 29 put u =n —m, v =n + m giving

n—m

fn—mfn+m = Z (—C)k f2n—2k-

k=0
Put n — k = n* and rename n*, giving for 0 <m < n
n

fa—mfrtm = Z ("C)n_k fok,

k=m

and specifically for m =0,

Subtracting the last two sums produces

fr?, — fn-mform = Z (—C)n_k fok — Z (_C)n_k fox
k=0



m—1
= (=" (o™ E

k=0

identifying the last sum as f2_, we have the result and hence the proof of the lemma. For

m =1, and ¢ = 1, we have Cassini’s identity, namely f2 = f,_; for1 + (-=1)".

}:GJV(anj)<2n_y>==L (6.39)
i=0 J n—j

Proof: From(6.27) we have

Lemma 34 :

[p/2] _
fofq= Z ( p=r ) Crbp_2rfq

r=0 r
and using lemma 28
[p/2] p—2r
p—r , p—2r .
fofa= Z ( ) ¢ {Z ( _ ) (—¢)’ fp+q—2r—2j} : (6.40)
r=0 T 7=0 J

Now put r 4+ j = a(constant) and equate coefficients of fpiq-2o in (6.40) and the expression
of lemma 32, let p = n, and put n = 2m, rename the counter and we have the result (6.39). A

WZ certificate function, R (n, k), of (6.39) is

k(2k—3—3n)(2n—k+1)
(n+1)(k—n-1)>

R(n,k) =

?

which proves that (6.39) is an identity. Other functional identities of the Fibonacci sequence

are given by Graham et al. [49].
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Chapter 7

A convoluted Fibonacci sequence.

An arbitrary order forced difference-delay system is considered from which finite binomial sums
are generated. Z transform theory is then utilized to represent the finite binomial type sums
in closed form, moreover Zeilberger’s creative telescoping algorithm, Petkovsek’s algorithm
‘Hyper’ and Wilf and Zeilberger’s WZ pairs method is used to certify particular instances of
the identities.
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7.1 Introduction.

In this chapter we generalize the system of chapter 6 and generate finite binomial sums. We
utilize Z transform theory to represent the finite binomial sums in closed form and we can also
employ Zeilberger’s creative telescoping algorithm, Petkoviek’s algorithm ‘Hyper’ and Wilf and
Zeilberger’s WZ pairs method to certify particular instances. Firstly we consider a homoge-
neous convoluted Fibonacci sequence and develop the general finite sum and its closed form
representation. By considering multiple zeros of an associated characteristic function we de-

velop new identities and certify some of them by the WZ pairs method. Secondly we generalize

our results by considering forcing terms of binomial type.

7.2 Technique.

Consider what we shall describe as a generalized, or convoluted, Fibonacci sequence fy,, that

satisfies

)

Ef R R jor
> HIGOAEDY (=0) ™" fatr—(R—j)a = Wn; N =aR
=0\ R—j r=0\ r

(7.1)
R R
> (=5 fo4r =wn; n <aR

r=0 r

7

with a and R integer, b and c real and wy, is a discrete forcing term. A method of analyzing
the solution of system (7.1) is by the use of Z transform techniques. Let wn = 0, fr—1=1and
all other initial conditions of the system (7.1) be zero. If we now take the Z transform of (7.1),

utilize the two Z transform properties

k-1
Z [ fork] = 2° [f (2) = anz_"}

n=0

and

zZ [fn—kUn—k] =z *F (2),
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where Un_ is the discrete step function, we obtain

From (7.2)
P ZaR+l

F(z)= b Err—d (7.3)

In series form, (7.3) may be expressed as

r=0 T

0 R+r-1 Tzl_a"'
F(z)=Y ( ) ﬁ‘? (7.4)

and we may obtain the inverse Z transform of (7.4) such that

=5 R+r—-1 n —ar eNT
In (a,b,C,R)an= Z (B) prer— R+l (75)

where [z] represents the integer part of z. The inverse Z transform of (7.3) may also be expressed

fo= %fz" (@) dz = ganesj (Fiz)) , (7.6)

where C is a smooth Jordan curve enclosing the singularities of (7.3) and Res; is the residue of

as

the poles of (7.3). The residue, Res;, of (7.6) depend on the zeros of the characteristic function
in (7.3), namely
g(z) =2°t —b2" —c. (7.7)

Now, g (z) has a + 1 distinct zeros §;,5 =0,1,2,3, ..., a, for

b a+1
c# —a <a+1)
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therefore the singularities in (7.3) are all poles of order R. We may now write (7.6) as

a R-1
=3 Qru(ey) | " | e R (7.8)
3=0 p=0 R—-—1-pu ’
where
L

W (&) =tim |2 { (e g)" =1 (79)

z—¢; | dzH z

for each j =0,1,2,3,...,a, and F (2) is given by (7.3). Combining the expressions in (7.5) and

(7.8) we have that
255 (L i
n—ar (S) 4 bn—ar—-R+l
T R+r—-1 b

r=0

=}

R-1
=YX Qo) | )eyﬁ“ﬂ‘ (710
R

7=0 p=0

and putting n =n*(a+ 1) + R~ 1 in (7.10) and renaming n* as n, we have an alternate form

i R+r—1> (n(a+1)+R—1—aT>(%)’"bn(aﬂ)—ar

r=0 T R+7'—].

@ Rl )+R-1
-y Y ane) | M0 )f;f‘““)*“. (7.11)
7=0 p=0 —1l=p

The case of distinct zeros has been examined in chapter 6, hence we shall briefly investigate
the case of multiple zeros. In doing so we shall recover a result given by Wilf [93], and describe
a generalization of this result which we believe to be new. The WZ pairs method of Wilf and

Zeilberger will be employed to certify particular instances of identities that we shall generate.
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7.3 Multiple zeros.

When the characteristic function (7.7) has double (repeated) zeros, which will be the case for

b a+1
c= —a® (I{ﬁ) , then (7.3) has poles of order 2R. In this case we may write from (7.11)

Xn: R4+r—1 n(a+1)+R—1—ar>(( —a‘)’aH)T:b—n(aH)ianesj (Ff))

=0 T R+r-—1 a+1 =0
(7.12)
where the Res; must take into account the repeated zeros of (7.7). Fora = 1,¢ = — (b/2)* and,
from (7.3),
LR+
BT

which has poles of order 2R at z = b/2. Utilizing (7.8), (7.9) and (7.12) we have

n R+r—-1 2Zn+R—-1-7r —1\" R R 2n+ R—-1
BER=Y (F) -3 ,
(7.13)
If R =1, then (7.13) reduces to a result given on page 124 of Wilf’s book [93], namely

En: ( mer (%)T =27 (2n+1) = ﬁsin2 (2;1 1) , (7.14)

r=0 T 7j=1

where the trigonometric product is evaluated from the relation in chapter 6. Hence (7.13) is a
generalization of (7.14) which we believe to be new. Utilizing Zeilberger’s creative telescoping
algorithm, described in [74] and available on ‘Mathematica’, we obtain from the left hand side

of (7.13) a recurrence f, (R) that satisfies
4(n+1)2n+1) far1 (R) —(n+R)(2n+2R+1) f, (R) = 0. (7.15)

Iterating (7.15), we have that

n—1 . .
—om, (R+37)(2R+1+2j)
mw = [ Sy (7.16)
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so that from (7.13) and (7.16) we obtain

22n2n: R+r—1 m+R—-1-r <__1>T:2R: R 2n+R-1
=0 T R+r—1 4 =\ u 2R—1-p

H (R+7) (2R+ 1+ 2j)
(14+7)(1+2j)

(7.17)

Further results may be obtained as follows. Differentiate (7.11), for R = 1, and its trigonometric

representation with respect to ¢, then substitute ¢ = — (b/2)? and simplify such that

n

, 2n —r n k
fo(l) = ;T ( ) ( ) Hsm <2 +1) Zcot2 (2;:_1). (7.18)
From ‘Mathematica’, a recurrence relation for f/, (1) in (7.18) is
4n(2n—1)fr 1 (1) = (n+1)(2n+3) f, (1) = 0. (7.19)

Iterating (7.19) and using (7.18) we have

ol on—r N /21N (145) (B+2))
ZT( ) (T> =255 (720)

r=1 Jj=1

and comparing (7.18) and (7.20), we have

n—1 . . 7 ; n
comrr 1+5)(B+25) .o _TJ +2 mk 7.21
2 H j(2j—1) _]].—[ﬂsm n+1 kzz:lco n+1)° ( )

j=1

To further illustrate the technique, from (7.13) and (7.15) with R = 2 we obtain

() ()@ {0 )00 ) ()

_ g T 212) (5+2)) (7.22)




Writing

() () @Y e () @)

and using result (7.13) we have that

n r+1 2n+1-—7r —1\" n y n Tk
_ =2—2n 2 12 ) V; f,2 '
;o( r ) ( r41 ) (4> (2n+ )+J.1;Ilsm m+1 ;co m+ 1

From (7.22) and (7.23) the identity

o TN+ T o m | N
2 H(1+J)(23+1) Jl;[lsmz<2n+1>§°°t2(2n+1)‘22(2”“)2 (7.24)

is obtained and rewriting we have, using (7.21), that

S+ (B+27) (456 +2))
2 2 -10 .
(2n +1) H(1+y ) (27 + 1) -11 (27— 1)

j=1

From (7.21) and (7.22)

n(4n®—1) T2 (14 5) (34 25)
3 ‘E i2i-1)

(n+1)(2n+1)(2n + 3) S (2+7) (5+2))
3 101_I(1+y ) (25 +1)

ZT ( on—r ) (;) _ 27 (§n2 -1

Similarly, we can show that

" 2n—7r \ /-1\" 27n(8n*—20n® — 10n?® + 5n + 2)
fa=D_1* ( ) (T) B 15

T

and from (7.18)
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2—an(J+1 (27 +3) (252~ j - 5)

7(27 = 1) (252 - 55— 2) (7.25)

7=1

The left hand side of (7.25) satisfies the recurrence

4n(2n — 1) (2n® = 50 — 2) fop1 + (n + 1) (20 + 3) (2n* —n—5) fa=0

and hence

n(8n4—20n3—10n2+5n+2 ’i_[lJ_H (2j+3) (22— j - 5)

15 et (2j —1)(2j2 -5 —2)

Similarly

4 105

ip ( 2n —r ) (—1)T _ 27 (16n° — 112n° 4 112n* + 140n% — 21n? — 28n — 2)

n—1 ,. . 4 3 .9 .
A (J+1) (25 +3) (45* — 125% — 3152 + 18; +35), ond

e J(27 — 1) (454 — 2853 + 2952 + 285 + 2)

H YG+1)(25+3) (45* — 1253 — 315% + 185 + 35)
ol J(25 — 1) (45% — 2853 + 2952 + 285 + 2)

n (16n° — 112n° + 112n* + 14003 ~ 21n? — 28n — 2)
105 ‘

2 (20 (22)
n r=1 r 4

can be expressed as a polynomial in n of degree 2m for m integer. By the WZ package on

In general

‘Mathematica’ the identity (7.25) may be verified by the certificate function

12n% (r — 1) — 8n3 (r2 — 7 + 3) +n? (4r% — 157 — 13)
2(r-=1)(r —1—2n)
+2rn (6r — 7) + 672 — 5r + 1

Vinr)= r(@r—1-2n)(r—1-n)(n+1)(2n+3) (202 —n-5)

160



Similarly for the identity (7.13), for particular values of R, and by the use of the WZ package

we may obtain a rational certificate function, V (n,r, R) that certifies the identity, in particular

nor 1) — 2r(2n+1—r)(4r —5—6n)
Vin,1) 2n+3)2n+1-2r)(n+1-7) and

V (n,r,4) = 2r (2n + 4 — 1) (4nr + 10r — 6n? — 23n — 14)
o (n+4)(n+9)2n+1-2r)(n+1—7)

7.4 More sums.

Since (7.7) has at most three real zeros we may obtain further results as follows. Consider
multiple zeros of (7.7) for a = 2 and ¢ = —4(b/3)® such that g (2) = (z — %)2 (z+ %) and
therefore (7.3) and (7.9) may be modified such that

z2R+1

R’
(-2 (:+D)
2\ _ .| W\ ARF() ||
,U!QZR,,u (?) —ZILH% [@ { (z — ?) - ,mw=0,1,2,..,2R -1,

b & \F F(2)]]
! —=] =1 - =0,1,2,..,R—1
V'PR’"( 3) zljfg {dz"{(z+3) . (T Obs

hence from (7.11)

F(z)=

X”: R+7r—-1 3n+ R—-1-2r (_—4>Tb3”—
=0 r R+r-—1 27

a 2R-1 2% 3n + R-1 2 3n+-p a R-1 b 3n+R— 1 b 3n4u
Z Z Q2R,,u (?) (? +Z Z Pr, ~3 ~3 .
§=0 p=0 2R—1—p =0 v=0 R—1-p
For R =1 and R = 2, we have respectively from (7.26) that

fa (1) = i ( e ) (;-j) = 3=(n+2) {9341 (9n 4 4) + (-1)"} and (7.27)

r=0 T
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( \
3n+1 -
23n+2 n ) + 232;4_'_
n 3
3n+1-2 A\ T
BQ)=Y(+1) T(F) 2o [
r=0 r4+1 2 3 +23"7-+3 (3n+ 1)
2
\ +555 (3n+ ) )
(7.28)
1-3n 2—-3n -n
=@n+1) /| 37 3 T,
=13, i

From ‘Hyper’, in ‘Mathematica’ a recurrence relation for (7.27) and (7.28) is, respectively

23

729 (30 +4) farz (1) = 27 (200 + 52) fas (1) =8 Gr+7) fu (1) = 0, fo (1) = 1, /1 (1) = o

and
729 (3n + 5) (3n + 4)? fry2 (2) — 27 (18903 + 144002 + 3399n + 2348) frnt1(2)

100

~8(3n+7)3n+8) Gn+10) fa () =0, /o () = 1, /1 (2) = o

7.5 Other forcing terms.

We can now consider the system (7.1) with non zero forcing terms. Consider a forcing term of

the form, (other forms may also be taken).

Wy, = n bn+1—R—m
m+R—-1

with all initial conditions zero and m a positive integer, again the results of the previous section

are applicable. For the purpose of demonstration let a = 1 and ¢ = — (b/ 2)? so that from (7.12)
i R+r—1 N+R+m—-1-—r (_1)”_
=0 r R+m+r—1 4

2R-1 n—R4m+p  m-l
- b n b n R+
b2n Q2r ( ) (—) + P (b) Tk
> (3) |, ) (G >

p=0 -1- v=0
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where

o

b |+ .
WQ2r (5) =z11_r’n§ {d*zl‘ {iﬁH
V1P, (8) =lim [;z {(z - Z)m } } |
2

In the case that R=1,m =1 and 2 respectively we obtain

and

n

2n+1-—r _1)T 5424
— ] =4-2"M(9p43)=4_392 J
; r+1 (4 ( ) H3+2y

and

n

2n+2—r —1\"
(—) = 4(2n—-1)+27(2n +5)
- H 25 -1 H 5+25°
For constants «; and positive integer m we have that

n

2n+m-—r ~-1\" e nl .
fa= E (T) =(-1)M27"2n+2m+1)+4 E a;n’

and for m = 0 reduces to identity (7.14); moreover a recurrence for the left hand side is

4qm(6n+2m+5) [ 2n+m+ 2

4@+ 2m D) fa = 0+ 2+ = R 0T | g e
n+m+

In the next chapter we shall develop new identities for the infinite representation of the sum
(7.5).
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Chapter 8

Sums of Binomial variation.

In this chapter the results of chapters six and seven will be generalized. By residue theory
and induction the author proves that infinite generated sums may be represented in closed
form which depend on k dominant zeros of an associated polynomial characteristic function. A
connection between the infinite series and generalized hypergeometric functions is also demon-

strated.l.

' A modification of this chapter has been submitted for publication .
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8.1 Introduction.

In this chapter we shall generalize the identities of chapters six and seven. We shall consider the
infinite form of the sum (7.5) and develop a procedure for representing it in closed form. We
will prove that the closed form representation will depend on a dominant zero of an associated
characteristic function. We will also demonstrate a connection of the infinite binomial sums
with generalized hypergeometric functions and some of its identities. We can then develop these
ideas further and generate infinite binomial type sums which we may represent in closed form
depending on k dominant zeros of an associated characteristic function. Particular cases of our
identities may be certified by the WZ pairs method of Wilf and Zeilberger. We shall illustrate
our theoretical results with some numerical examples. In the appendix we will investigate some

properties of zeros of polynomial characteristic functions.

8.2 One dominant zero.

If we consider the system (7.5) of chapter seven, with ¢ = b to make the following algebra more

manageable, we obtain

2 ZaR-H (8 )
F(z)= = 1
) (z—b—bz2)"  (g(2)"
with
g(z) =2t — bz —b. (8.2)
Now ¢ (2) has a + 1 distinct zeros §;, j =0,1,2,...,a, for
| <1, 8.3
(ab)a ( )
and from residue consideration
[ﬁ--l}_;lﬂ] a R-1
< +R-1 n — ar n e R+1
Z r pr—ar—R+1 _ Z Z Qr, (gj) gn- Rl
r=0 r r+R-1 G=0 p=0 R—-1-p
(8.4)
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If we define the dominant zero &, of g (z) in (8.2) as the one with the greatest modulus, we

conjecture (and shortly prove) that

2T (Bima,b) ZQRMO( ’ )53‘“““
R—1—-p

where

/‘L!QR,# (60) =2Lr?'0 [% {(Z - §O)R F (Z) }jl yH = 0, 1,2, ,R -1,

F (z) is given by (8.1) and

+R-1 —
T (R,n,a,b) = r n-—ar bn—ar—R+1.
r r+R-1

We may also note,from (8.4) and (8.5), that

[nil—R]
a+t+l

(5]

and therefore

a R-1
Z T, (R,n,a,b) ZZQR»# §J ( 7; )f?_R+1+“-
—l— K

(g2 =1t

(8.6)

0o R-1
n n—
Z Tr (R, n,a, b) + Z T‘r (R, n,a, b) = Z QR,IL (&0) 0 fetln

The conjecture (8.5) will be proved later, firstly we give a recurrence for the evaluation of (8.6)

and a recurrence for (8.5).

8.2.1 Recurrences.

A recurrence relation for the evaluation of Qg (§) in (8.6) is now given.

Lemma 35 -

(£ +1)Qrpu+1 (&) = R(&) =Ll Z

=0

a—1

K (k+1)(a+k+l

166

) QR+1,p—k (60) ’ (88)


file:///R-1-P

. R
p=0,12,.. R—1, with Qro (§0) = (it ) -

Proof: Putting p = 0 into (8.6) we obtain the expression for Qg (£;). Also from the

definition,
. art1 29 (5 — R
(1t + D'Qrut1 (€o) 2215?0 [dle—l {( (g(z)fo)) H
=R li @ 2 (2= &)\ h(2)
= R lim
z2—&g l:dz/‘ { ( g (z) > (2: _ 60)2 }:l
where

hie) = L&)+ 9 () =2 (= E0)g (2

za+l

and ¢’ (z) = 27 ((a+ 1) z — ab) . It can be seen that h (£y) = 0 and K’ (§;) = 0, hence expand-

ing h (z) in a Taylor series about z = £, we find that

; = B(z).
(2 — 50)2 =2 g{) (2)

a—1

O Y C VDRI S (a+j—1 )

We now have

“ 2% (z — R
(4 + D)Qryprt (o) = R lim [d {( ) B(z)}

z—E, dzH g (z)
(u—Fk)
s a(R+1) (, _ ¢ R+l
: H z (z— &) (k)
ngo k2=0 ( k ) ( gR+1 (2)

where B®) (2) = %B (2), and
[ T - O (DU N Gt 7 il B A
i g8 @) =l {Z g

_ (=1F (g = b) (k+1)! (a+k—1)

k+2
&0

a—1
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s #Qr,u (o)
0 o
1 aRgA—b)£R_1 _/ZzR(a+1)g§Q—bz R-1
aR{R"z 24R+1 50 — 2AR+1 0
2 mgem[,42(3a}::—a—8)—2bA(3aR+a—4)+3(R+1)ab2]

AZ’ a’R(R—1)+2a(1 - 4R) + 12}
aRel-3 bA? {—a?R(3BR+1) 4+ 2a (8R + 3) — 12
3 Rt a(8R+3) - 12}
BARt +0°A{a®(BR+2) (R+1) —8a(R+1)}
—a?® (R+1)(R+2)

Table 8.1: The Q values of the discrete case.

R closed form (8.5)
i — g
9 ggjp_ . aga+1A2ggQ—b)
gntl n 3na(A—b a(2(a—1)A2—bA(5a—2)+3ab?
3 LW ) + o= 4 ( 2A° :

4 2a4-p) (0 +na((lla—S)A2—2bA(13a—4)+15ab2)
A

n
3 2 6A?

=
Iy
3
+
-
1
N

L a A? (12a% — 30a + 12) — bA? (52a% — 70a + 12)
124° +b2Aa (70a — 40) — 30a%b3 |

Table 8.2: Closed form of the discrete case.

and (j — 1), is Pochhammer’s symbol. Hence we can write

k+2
€+

0 a—1

p k
H ¥ (=) (k+1)! [ a+k—1
(1 + 1)'Qryst (60) = Y ( : ) (1= D) Qrr oo () T D) (
k=0

and upon simplification we obtain (8.8) hence, the lemma 35 is proved. We can now list some
values of Qg (£o) in table 8.1, where for ease, A = (a + 1), — ab.

Using the values of Qg (o) in table 8.1, some closed form expressions of (8.5) are listed
in table 8.2.

The following lemma gives a recurrence relation for the left hand side of the identity (8.5).
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Lemma 36 : Let
SR—ZT R,n,a,b) (8.9)

where T, (R,n,a,b) is given by (8.7). A recurrence relation of (8.9) is

d
(a+1)b'd—bSR—abRSR+1—'(n+1—R)SR=O. (810)
Proof:
d a — n+1-R
%SR——E‘,‘:EOTTT(R,TL,G,b)-'— (——b )SR
and

[ r+R n —ar
Spy1 = Z ( ) ( ) pn—er—h
r=0 r+ R
+

r
= n+1-R
R ;rTr(R,n,a,b)+<—-bR )SR.

which is the right hand side of (8.10) and the proof is complete.

8.2.2 Proof of conjecture.

The proof of the conjecture (8.5) will involve an induction argument on the parameter R. For
the basis, R = 1, (8.5) was proved in chapter six. Now we give an induction argument for the

right hand side of (8.5).

1 d
- 2 Sp—(n+1—R)SRr}, 8.11)
SR+1_ bR {(a-l—].)bdbSR (n+ ) R} (
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Substituting into the right hand side of (8.11), we have

n— d
) €o frttu {EE_OQR,# (o) +

(a+1)be2 R‘ZI n En—R+1+y dgioQR,# (o) + \
1] =S\ Re1ep ) (2+2£2=E) Qr,. (£)
Spy1 = bR j # o R.p\50 [
—mr1-R) Y [ e, )
\ i\ Ro1-4 0 R,p \S0 J
_ 1 n gn-rviu | (A ad) Eoge-Qru (o) + nAQR, (&)
WRALZ\ R—1-p +ab(n+1+p— R) Qr,p (€o)
R-1 R—-1
1| S e R-we ( " ) QR (E0) + ( " ) gp i
zabRA p= R—pu p=0\ R—1—p
((A4+ ab) €0 Qs (o) + £AQRA (&)
( R-1 )
bR | " e R Qroe) + R abB-p) [ " | R QR (&)
1 ) R p=1 R—p r
" abRA R-1 '
+ 5 ( . 7; ) &7 (A +ab) €0 Qrp (Eo) + 1AQR (&)
p= -1-p

In the second sum rename p* = p+ 1 (and let p* = ), so that we may write

n §0 n—R 1
( R ) 250 QR0 (§o)+m X

4

(n ks ;op — R) QR (fo)} -

N/
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R—1 1
Sab(R-p) | | & QR, (6) +
p=1 R—p
R—1 n n—Rtp (A + ab) fo%QR,u—l (EO)
\ p=1 R—pu 0 + (/1« - 1) AQR,p—l (60) )



abRA R A+ ab) &y g6-Qru-1 (o)
p=1 —H
+ (:u - 1) AQR,}L—l (50)

. . | Rl . ab(R — p1) £Qr.p (&o)
" So” "@r+10 (S0)+ = < 5 ) &+ (At ab) €0gk Qryut (&)
p=1 —H
+ (:u - 1) AQR,p—l (50)

Using the relationship (8.42) in appendix A reduces the previous line to

. | R - o ab (R — ) §0Qrp (§0)
0 @10(60) Qro (§o)+—=~ iR G

R
fo_RQRH,O (fo) + Z ( " ) fg_R+#QR+1,p (¢o)
p=1 R - H

R n
= z €6 QRe1,u (€0)
R—p

p=0
which completes the proof of the conjecture.

The degenerate case, for a = 0, of the identity (8.5) can be noted. Firstly, £, = 2b and
n+1-R [ n+1-R )

r=0 r

#Qr, (20) =1 for p = 0 and zero otherwise, hence (8.5) reduces to

2"+1-R  which is not Gosper summable, as defined by Petkovsek et al. [74], however by the

WZ pairs method a rational certificate function is V (n,r) = 2(T_n—r_2+R5.

It is of passing interest only, to note that the dominant zero £;, may be set to unity, in
which case the closed forms in table 8.2 of the identity (8.5) would be simplified. If we put,
from (8.2), gy (2) = 2%+ — b2® — 1+ b, then for 1 < b < (1+ 1), gy (2) has a unit distinct
dominant zero £;. From (8.5) for R = 1,2 and 3, n = —a € R and putting Ay =a (1 —b) +1,

we have explicitly that

ad L (a+)r+a-1 1-b6\" ™
S ) (5 -4

r=0 T
> S+l (a+1)r+a 1-0b\" bt a_a(a+1)(1—b)
S () (- ).
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r=0 r T+ 2 A ) e(2e- l)A2 ~(5a=2)bAy +3ab?)
247

oo r4+9 1 N Ja+1) 3ac(a+1)(1—b
Z(_l)r (a )7'+a+1 (]l_)—;lb) _b+2{ (2-;)( ) }

and in general all other R value identities can be obtained from (8.5).

8.2.3 Hypergeometric functions.

Let T, (R,n,a,b) be defined by (8.7) and To (R,n,a,b) ( ) b"*+1-B The ratio of
consecutive terms
= j+R—n—1
Tre1 (Ryn,a,b) i (T+ afl )

T, (R,n,a,b) (a,b)

(r+1) I (7-+.L2)

a

is a rational function in r and therefore the series Sg(7,a,b) of (8.9) may be expressed as a

generalized hypergeometric function

R—n-1 R—n R—m+l R+a—n-1
a+l  a+l> 1 o 1
To a+1Fs ot ot s (a,b) (8.12)
_n 1-n 2-n a—1-—-n
a’> a > a a

L& (R:rf)k(f+?)k('*zr:“)k~-- (B o (a)
D S Sy oy w5 = =

where (z), . is Pochhammer’s symbol and

(a+1)**!

s(a,b) = — (@h)°

Some particular results of (8.12) are worthy of a mention, since it may be shown that (8.12)

reduces to known hypergeometric functions. For a = 1 and @ = —n € R\J ™~ then
Rta-l Ria
To o Fy 272 15(1,b) (8.13)
o
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2k—-1

oo (L)t A (Bra=-1+)
—_ - 1=
=T 1+Z TIbF P ,
k=1 IT (e + )
j=0

the Gauss hypergeometric series (8.13) may also be written as

To

5 (%2 =)

(]_ - t)(a—R—Z)/2 t(R+a—2)/2 (1 — 3 (1,b) t)(l—R—a)/Z dt

L—0

t

which is valid for |s(1,b)] < 1 and B (z,y) is the Beta function. The difference in the two
top terms of the hypergeometric function (8.13) is one-half, hence there exists a quadratic

transformation, see [1], connected with the Legendre function, P/'. Using the identity on page

562 of Abramowitz and Stegun [1] we may write (8.13) as
To2~'T (o) {—s (1,0)} 72 {1 = s (1,0)} 2 PEs {{1 - s (1,0)} 72},

where s (1,b) € (—00,0) and I' (z) is the Gamma function. We may write the identity (8.5) as

p=0 R 1_:U'

r=0 T R+T—1

(1-a)/2 —R/2 ~1/2
_ Tol'(a) [4 44 PLyald1+ 4
21—« b b b

for b > 4,2¢, = b+ /b2 + 4b and Qg (&) is defined by (8.6). Other specific cases of (8.13)

are as follows.

(i). For b=4, s(1,4) = —1, @ = 3/2, and from page 557 of Abramowitz and Stegun [1]

4 1
e To2 CRUAL () VT | TR
To 23 1 2R—1

1
b Cr(§+5r(s-%

Nl >

since the parameters in the hypergeometric function

2R+1 2R+3 3 _
4 4 2
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then from Kummer’s identity we have

2R4il, 2R4j:3 R—1 3/
Ty o Fy . -1 = R (&) éS—R—l/z
2 p=0 R-1-—pu

Here the dominant zero £, = 2 (1 + /2)and some values of the infinite sum are

R=1 R=2 R=3 R=4
1 —(2+v2) 3(2+v72) -5 .
8(1+v2)""” | 243)(1+v2)'” | 2045v2(14+v2)"? | 4v2(14v7) 7

(i1). For b = 4, s(1,4) = —1, @ = 1/2, and from page 557 of Abramowitz and Stegun [1] we
© [ R+r—1 —1/2 -7
Z / 41/2—T—R — TO 2Fl -1
r=0 T R+r-1

s ~1/2
= 3 Qg (&) ( / ) g
#=0 R —H

have

2R-1 2R+41
4 4

’
1
2

T07.r2(1—-2R)/2
FE+TGE-%)

and some values of the infinite sum are

1+vD)"” | (1+v3)*(va-2) | 3va(1+v2) *(va-2) | 5v2(1+v2)'" |
4 43 2(4%) Yy
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8.2.4 Forcing terms.

As in chapter seven, if in the dynamical system we consider forcing terms of the type

Wy, = n bn+1—R—m
m+R-1

then the result is the identity

> r+R-1 n—ar R-1 n
Z b ar—R—m+1 _ Z QR,[I. (§0) 58_R+1+#
r=0 r r+R+m-—1 p=0 R-1-p

m—1
')
+ g Pn, (b) pr—mtlty
v=0 m-—1—-v

where
dH
1@ (c0) = lim | e - " TN,
uwhﬂw=£gﬁg{@_mequ
and
ZaR+1

F(z)=

(z — b)™ (2841 — bze — p)

where &, is the dominant zero of (8.2). If R =2 and m = 1, then

i(rH) (n_) (L) =iy B0 02 D) cale )6y )
ba ’

—0 r r+2 (o —b)((a+1)&p — abd)

for the degenerate case of a = 0, we obtain the interesting Binomial convolution identity

n+1_Zm_R r+R—1 n mz_l( 1)R R+v-1 n
=0 r r+R+m-—1 = v m—1—v
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RR+m-n-1
2 F -1
R+m

- (n+1)B(R+m,n+2—-—R—-m)’

which for specific values of m and R may be certified by the WZ pairs method of Wilf and
Zeilberger.

8.2.5 Products of central binomial coefficients.

In chapter six we obtained identities of central binomial coefficients, we can carry out a similar

but brief examination here for the identity (8.5). From chapter six, (6.10), and (8.5) putting

R=2,a=1,n= —a,b=1and ¢ = —z then

1414z \ 172
o0 r+1 2r+ o ., ( 5 ) 1
f(a’x):;o( r ) ( rt1 )x R {Q—H\/Tja?} (8.14)

4:1:} ,

oo 14Tz |0
fm;a)=§:(r+J )<2r+a)(—@’=( 1143 {a—1+ liAx}(&w)

r=0 r

and adding (8.14) and (8.15) we have

4
> 27‘+1 47‘+a o g4L17Q4L27Q4L37g4L
22 T :a4F3 a+1

=0 2r 2r+1

(b@)l““ .
1+ :
1+4zx {a V1 +4x}

<1+ 1—4z)1'°‘
2 1

14z Vv1-—-4z
From (8.14)
o [ r41 or+1 Y 1 = r+1/2 (42)"
= r = =
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and collecting coefficients of " we have the result

r+1 2r +1 r+1/2 0
= 92" (8.17)
T r+1 r

which we shall generalize shortly. Integrating (8.16) we have

oo o +1 4r +a .’B2T+1 B ai—l’ a:li-2, a1-3, a21|-4 )
= ax 4F3 16z
=0 2r or+1 | 2r+1 3 a ofl
= 2:2°° 2
dividing by = and integrating, and performing this operation again we have
oo 11 a4l o422 a43 atd
3 r+1 drda) g B ST | e
27‘+1)3—ax65 3 33 a atl T
r=0 2r 2r+1 ) ( 20221272

Differentiating (8.16) will produce other identities, as well as putting a higher value of R.

Returning briefly to the relation (8.17) we will demonstrate that this is a special case of a more

4

general relation. From (8.14) with general R and o = 1 we have

> (r+R-1 2r+R-1 .
> o =2 I
r= r r+R—-1 1

ool

[%54]
Y. AR;¥’
j=
X [ r+R-3/2 1
(4:v)r = (8.19)
; r (1—4x)R1/?

From (8.18) and (8.19) adjust and then equate the coefficients of z’ gives

571

>

r r+R-1 =0 r—J

r+R~-1 w’r+R-~-1 [ r+R-3/2—]

22 =D \p ; (8.20)
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R\j[O[ 1 2 3 4 5 6 7

1 1

2 1

3 [1] 2

4 11 6

) 1] 12 6

6 | 1] 20 | 30

7 |1| 30| 90 20

8 |1 42 | 210 140

9 | 1] 56 | 420 560 70

10 1] 72 | 756 | 1680 630

11 | 1] 90 | 1260 | 4200 3150 252

12 | 1| 110 | 1980 | 9240 11550 2772

13 | 1| 1322970 | 18480 | 34650 | 16632 924

14 | 1| 156 | 4290 | 34320 | 90090 | 72072 | 12012

15 |1 | 182 | 6006 | 60060 | 210210 | 252252 | 84084 | 3432

16 | 1| 210 | 8190 | 100100 | 450450 | 756756 | 420420 | 51480
Table 8.3: The constant lambda of (8.18).

where the constants Ag ; are the coefficients of x in the expansion of
4xi|

2r
From (8.20) for R = 1, we obtain the common result ( ) =
.

[552]

= > Arje,
j=0

~1/2

T2 ) g g =2

i

eIl I P
r—2

R Rtil
(1 _4x)R—1/2 2F1 |: 2 2

1

some values of A ; are given in the table 8.3.

we obtain the result (8.17) and for R =6,

T+5 2r+5 3 _ T +9/2 52 4 20
T r+5 T

r+7/2

r—1
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8.3 Multiple dominant zeros.

In this section we shall generalize the identity (8.5). We shall prove that a generated infinite
series may be represented in closed form that depend on k dominant zeros of an associated

polynomial characteristic function. Consider the delay system

\

k k .
= J
> 21
v [k . (8.21)
% ] (D) frgi = wp; n<ak J
= J

with ¢+ b* = 0 and all initial conditions at rest, except for fr_; = 1. As in the first section, we
set wp, = 0 and take the Z transform of (8.21) such that
z 20k+1

S P s Y (8:22)

and upon inversion

i)
(at1)k n — akr
fn — Z bn-—akr—k+1. (823)

Also from (8.22) we may write

F e e ()

= kilianeSj,u (Fiz)) )

7=0v=0

C is a smooth Jordan curve enclosing the singularities of (8.22) and Res;, is the residue at the

poles. The characteristic function

gk (2) = (2% (z = b))F — b (8.24)
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with restriction
<1 (8.25)

(a+ 1)t k
(ab)®

has exactly (a+ 1)k distinct zeros §p forv =0,1,2, . k—1and v = 0,1,2,...,a. This

statement will be clarified in appendix B. From (8.22), then

k-1 a

fn= Z ZQ (&50) €, where (8.26)

j=0v=0

Q) = zﬂfg.‘u [(z —&50) ‘P@}
) kol o (8.27)
k(&u =" ((a+1)¢;, —ab)

and from (8.23), (8.26) and (8.27)

k-1 a n+1

n — akr ) pr—okr—k+1 __ ZZ — id (828)

kr+k—1 j=0u=0k(§j,u—b)k 1((a+1)£j,u_ab)'

2

r=0

=3 (

Ifwelet £;0,7=0,1,2,...,k — 1 be the k dominant zeros of (8.24) then we have the following

theorem.

8.3.1 The k£ theorem.

Theorem 37 Let

—ak
T, (k,n,a,b) = noanr pr—akr=k+l ond (8.29)
kr+k-1
[ o]
S (k,n,a,b) = Y T, (k,n,a,b) (8.30)
r=0

which is convergent for all values of k,n,a and b in the region of convergence (8.25), then

S (k,n,a,b) = kfj k_lg%rl : (8.31)
7=0 k (fj,o —- b) ((a + ].) éj,o - ab)
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The series (8.28) with (8.31) gives us

Icad
k—1 gl
Y To(k,n,a,b)+ Z Ty (k,n,a,0) =y 50
r=0 r=[ ek ] =0k (£0—0)" ((a+1)&; — ab)
and hence
-1 a §n+1

Z T, (k,n,a,b) = i
r=[ntaki] JZZ k(&= 0) 7 ((a+1)¢;, — ab)

Proof of theorem 37. The characteristic function (8.24) may be expressed as the product of

factors such that

k—
gk (2) = H (za+1 — b2® — 27er/k> qu (8.32)

=0

For each of the j factors in (8.32) we may write

Za.+1

F(2) = (8.33)

20+l _ pra __ pe2mij/k

forj =0,1,2,...,k—1. The characteristic function g¢; (z) in (8.32) has exactly a+1 distinct zeros
for each j, of which a;¢ shall indicate the dominant zero, the one with the largest modulus,
which may be complex. All the singularities in (8.33) are simple and therefore for each j, F; (2)

has simple poles. Utilizing the result (6.10), from (8.33) and evaluating its residue, we may

write
co n+1
Ze2mlj1‘/k n—ar pr—or — 50 (8.34)
rd r (a+1)oj0—ab

for each j =0,1,2,...,k — 1, and note that (8.34) may in fact be a complex number. Summing

(8.34) over j gives

k—1 oo k-1 n+-1
- o
2nijr/k n—ar pr—or — 3,0
¢ B (a+1)ajo —ab
Jj=0r=0 r 3=0
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Rescaling the left hand side by r = (r* + 1)k, ( and then replacing 7* by r ) results in , after

changing the order of summation

oo k-1 k— o

Z e27rij(r+1) n—ak (T + 1) pn—ak(r+1) _ 1 +1

r=—1j=0 k(T+1) 7=0 a+1 a]O —ab’
o0 _ k—1 n+1
3 n—ak(r+1) prak(r+1) = §° 5.0 — b (8.35)
~ k(r+1) jzok((a-{—l)aj,o—ab)

Now make the substitution n — ak = m in (8.35) giving upon simplification

2 m—akr bmallrek

p-akr _ 50 _ pak
Zk @i Doy —ab) bek, (8.36)

r=0 kr +k
Newton’s forward difference formula of a function k (z;) = h; at z; is defined as
AFhj = AF1hi ) — AR Th, K =1,2,3, ...

and taking the first difference of (8.36) with respect to m results in, from the left hand side

e +1—akr © [ m—akr e m — akr
Z m b--ak'r _ Z ) b—akr — Z ( ) b—akr. (837)
r=0

—0 kr +k —0 kr +k kr+k—-1

Similarly from the right hand side of (8.36)

k—1 (b—(m+1) a%+ak+2 _ b—mam+ak+1) k=1 p—m m+ak+1 (

7,0 _ 4,0
kA, - Z kAq

aj’ob_ b) (8.38)

o,

where Ay = (a + 1) aj,0 — ab. From the characteristic function g; () in (8.32) a3 (aj0 — ) —

be?™ii/k = ) we may write (8.38) as

k-1 +k1m0+1

.7,
]ZkA (a0~ b)F!
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and combining with (8.37) gives, after simplification

o0 _ k-1
m — akr bm—akr—k+1 — a;:ldH (8 39)
r=0 \ kr+k—1 =0 k(a0 - D) ((a+1) ajo — ab)’ '

Since the dominant zeros ;0,5 = 0,1,2,...,k — 1 of g; (2) are the same as the dominant zeros
€0 of gk (2) in (8.24), (this statement will be proved in the appendix B), then upon renaming m

as n in (8.39) the theorem 37 is proved since (8.39) and (8.31) are identical. Note that putting
k=1 in (8.31) yields the result (8.5) for R = 1.

8.3.2 Numerical results and special cases.

In the following numerical results, the dominant zeros ¢, are evaluated from g (2) in (8.24).
It may also be noted that for £ > 3 the dominant zeros occur in complex conjugate pairs. The

numerical results are given to four significant digits.

kEln|lal| b €0 identity (8.31)
232/ 10 £°’°:9'897g} 299.9899
€10 = 10.0981
€00 = -8.8730
303 |1-10| ¢ 0=-105320+.7826; -30.0005
£9,0 = -10.5329-.78263
€00 = 10.0981
303[2] 10| ¢4=09.9511+.0883 29.9998.
€00 = 9.9511-.0883i

The degenerate case, a = 0, of (8.31) yields the result

[m_: 1] k-1 2mij/k\™ k-1 .
1 ) m . iy
§ : ( " = (k —;ﬂfj(k—l)zk - k Ze’rz](m+2)/k cos™ (_k‘z) ’ (8.40)
r=0 kr+k—-1 §=0 € §=0
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and for k = 4, we have

m

2] 1
== (2™ —2%+15in 21 .
r=0 4r 4+ 3 4 ( 4 )
Using the WZ pairs method of Wilf and Zeilberger a rational function proof certificate, Vi (m,r),
for k =1 and 2 of (8.40) is respectively
T (r—1)(2r-1)

Vl (m,r) = m and V2 (m,r) = m(21"—2—m)'

8.3.3 The Hypergeometric connection.

Consider the term T’ (k,n,a,b) of (8.29) with Ty (k,n,a,b) = (
k-1

) b+l the ratio of

consecutive terms

(a+1)k-1

j+k—n—1
Trt1(k,n,a,b) jl;[() (T MR )
T, (k,n,a,b) ak—1 , k—2 N (a,b,k)
(r+1) 11 (r + Jg—") I1 (r + —J—zk‘k‘l)
j=0 j=0

is a rational function in 7 and therefore the series S (k,n,a,b) of (8.30) may be expressed as a

generalized hypergeometric function

k—n—1 k—n k—n—1+(a+1)k~-1
+1)k> (a+1)k> " (a+1)k
T, Flaike (o s(a,b,k
O (a+DkS(atDk=1 | | 1 5 gk—l-n 2k—1 2k—2  2k—1—(k=2) (a,0,k)
ak’ ak > ak kO kK 7V k

where

(a+1)* ¢
s(a,b k) = (—(GT>

A simple example shows that, from (8.30) and (8.31) for k = 2,a = lLLbb=zlandn=-a€eR,
we have two distinct dominant zeros of (8.24), o = = (1+V1+ 4z), €10 = = (1+V1- 4x)
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and therefore

oo 4r + ) a:il-l at2 a+3 a+4

T 7 ?
> ¥ = a4F3 474 6,2
r=0 2r+1 % atl %

Specifically with a = 1,

© [ 4r+1 1315
Z 2= Ry | DV | g2
r=0 2T+1 %,1,%

V1—4dz+/1+4zx -2
(VI+4z - (1+4z) (VI—4z - (1 - 4z))

_i( 1 1 _i 4r +1 o
e \VI—4z vitdz) =\ o |°

0

which confirms the result obtained in chapter six. Again the identities may be differentiated

and integrated to produce more results.

8.4 Non-zero forcing terms.

If we consider the system (8.21) with all initial conditions at rest and with a forcing term of the

n
form w,, = b"~™+1 for m integer and follow the procedure of the previous section

m—1
we obtain the identity

o0 -1
Z r+ R-1 n — akr bn—akr—kR—m+1 — mz: Pm , (b) n bn—m+1+l/
=0 T kr+ Rk+m—1 v=0 ’ m-—1—-v
s n R+1+
+ Z Z QR,/,L (fj,o) fj,o g (8-41)
p=0 j=0 R—1-p

185



in the region of convergence (8.25) where

11
~
N
N

P (5) =lim [di:; {(z — by H ,

R S ()

z—+Ej'0 dzH

and
zakR+1

(== o)™ (=2 (2 = B))* — 1#) "

For R=1,k=1,n=—a € R and m = 2, from (8.41) we have

o0 1 T 2+acl—a
Z(—U"((a+ L (bl) = (a—a)b® — b* + ;s
= T+ 2 (€00 — )" ((a+1) &g —ab)

F(2)=

where &g is the dominant zero which satisfies (8.24), and specifically for (a,a) = (1,q),
2&0’0 =b+ V b2 + 4b, so that

r

l-a

> 7 T b(26)* (b+ Vb2 + 4b
(—1)T(2 +a+1> G) =(a-1)b-b*+ ) (+ +4) :
—0 T+ 2 (b+2) Vb2 + 4b — (b% + 4b)

Many other identities of this form may be attained by various manipulations, one such result is

(0 ()i )
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8.5 Appendix A: A recurrence for Q's.

In this appendix we shall demonstrate how we arrived at the recurrence

abRAQR+1,u(§o) = ab(R— p)&Qru (&) + (1w —1) AQRr -1 (&)
+(A+ab) sodgiQR,ﬂ_l (&) (8.42)
0

that was used in the proof of the conjecture in section 8.2.2.

From (8.6)

W (t0) = tim | { (- 0" ) (843

where g (z) is defined by (8.2) and £ is the dominant zero of ¢ (z) . From (8.43) we can differ-

entiate with respect to b such that

R-1 _a R _a R _a
#!%Qn,p (€o) = lim [d# {5(2) e ob) 2, ) AT ety H

2-¢o | dzt AgR (2) gf(z) gR+l (2)
(8°44)

where A = (a + 1) §; — ab. Simplifying (8.44) by adjusting the third term, we obtain

d -R R
H!EQR”‘ (&) = TM!QR’# (o) + 'b‘#!QR+1,# (o)

REy
b A le‘)rr&lo

u 2 — £ )R ya(R+1)
ddzp {( 5;1)%1 (2) i (509 (2)27*—A(z - 50)) H . (8.45)

Let h(z) = €49 (2) 27— A (2 — &), a Taylor series expansion about the dominant zero &, gives

us

h(s) = (2= €23 (-1) ( ati-t ) (b= )61 (2 — Eo) 2

j=2 J

and substituting into (8.45) we have

_ R
NI%QR# (o) = TR'“!QR’“ (€o) + Z'u!QRH’# &)

4 \R+1 _a(R+1)
Bl o |2 )b 2 g
dzt

_ (8.46)
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where

Expanding (8.46) by the Liebniz differentiation rule

d —-R
ﬂ!%QR,u (§o) = —b—ﬂ!QR,p (&o) + ]_:”!QRH,# (€o)

Z( ) B = k)'QRi -k (&) lim B (8.48)

_'EO

and after evaluating lim B( ) from (8.47) and substituting into (8.48) we obtain

z—¢&,

a +k+1
RdeRp(fo) QR+1, (€0) — QR €o)— A kZ:O ( ¢ k+;_ )fakQR+1,u—k (&) -

(8.49)
Now (8.49) and (8.8) suggest that the @ (§,) terms may be related by an expression of the form

d
Qr+1,u+1 (o) = a1 EEQR”‘ (o) +c2pQRry (§0) +c3 (R— 11— 1) Qrpus1 (€o) (8.50)

for n =0,1,2,..., R — 1. The constants c;,cp and c3 can be evaluated by forming three simul-

taneous equations and using the @ (§,) values, given in table 8.1, we may write (8.50) as

d R—p—-1
Qr+1,u+1 (&0) = a-;zl deR,,u (o) + :RQR’” (50)+€0( A}l; )QR,,u+1 (€o)

which upon rearrangement gives

€ { abARQR+1,u+1 (§o) — HAQR, (€o) } ) (8.51)

d
3 @Rre (C0) = bA (A + ab) —abty (R - — 1) Qr 1 (&)

Now, since

Ab d

d
EOQR,;L (EO) €2 deR u (60)

188



substituting into (8.51) and rearranging we obtain

abRAQR+1,p+1 (&o) = ab (R — p— 1) £oQR pr1 (€o) + HAQR 1 (€o)

d
+ (A + ab) 503‘5—0 Qr,u (€o)

which is the required relation (8.42) after replacing p with p — 1.
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8.6 Appendix B: Zeros.

Some properties of the zeros of the characteristic functions (8.2)

g(z) — za+1 —b2%—p

and (8.24);

9k (2) = (2° (2 = b))* — bF

will be discussed in this appendix. Let b be a real constant, a and k € N and z is a cofnplex

variable.

Theorem 38 (i). The function (8.2) has at least one and at most two real zeros and a dom-

ab

inant zero, the one with the greatest modulus, £y such that & > b for b > 0 and |&y | > at1

(a.+1!“+1

(ab)

for b < 0 and the restriction (8.8); namely < 1.

(ii) The function (8.24) has at least one and at most four real zeros.

Proof: (i). The characteristic function (8.2) with restriction (8.3) has a + 1 distinct
zeros, for the derivative of g (z) cannot vanish coincidentally with g (z) . The fact that a related
function to (8.2) has distinct zeros appears to have been reported first by Bailey [5]. Let
G (2) = 2* (2 — b), hence G (z) = b, and the turning point of G (z), away from the origin occurs

at z = #bl. Now consider the graphs of G (z). For b > 0,

a
G (2) for a odd

i)

v bk O @

Figure 8.1: The graph of G (2) for a odd or even and b > 0.

.
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For b < 0,

G (z) for a odd

Figure 8.2: The graph of G (z) for a odd or even and b < 0.

The two graphs of G (2) indicate therefore that (8.2) has at least one and at most two real
zeros. In both cases of b > 0 and b < 0 it will be shown in the next theorem that the dominant
zero, &g, the one with the greatest modulus, of (8.2) is always real, such that £, > b for b > 0
and |&, | > }%‘ for b < 0 and the restriction (8.3) with a real.

(ii). In a similar fashion it may be seen that g (2) has at least one and at most four real
zeros. Let G (z) = (2% (z — b))¥, hence Gy (z) = bF and the turning point of Gy (z) away from
the origin occurs at z = #”1 Now consider the graph of Gi (z) for b > 0 ( the case of b < 0

follows in a similar fashion ).

G (2)
- A
- 30
20
10
10 2 3 5/.:5=
10

Figure 8.3: The graph of Gy (z) for b > 0.
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Theorem 39 The characteristic function (8.32)

Za+1 _ bza _ beQﬂ"ij/k — qJ (Z)

has a zeros on the region C : |z| <

a“—fl‘ for each j =0,1,2,...,k — 1 with restriction (8.3).

The study of the zeros of (8.32), (8.24) and (8.2) is important in the area of queuing
theory, and severeal papers have been devoted to this study, see for example, Chaudhry, Harris
and Marchal [25] and Zhao [97]. Their studies have concentrated, amongst other things, on
robustness of methods for locating zeros inside a unit circle. In this thesis the location of
dominant zeros of (8.2), (8.24) and (8.32) is of prime importance.

Proof: Let A(z) = —bz®. Then A(z) has a zeros in the region C and |A(z)] < b (a“—_}f’l)a.

Now

|95 (2) — A(2)]

Za.+1 _ be21r2'j/k‘
b a+1
( - > +b
a+1
a+1
= b (1+b“ (L> )

a+1

By Rouche’s theorem, see Tagaki [85], it is required that |g; (2) — A (2)| < |A (2)| hence

(1 (o50) (50) ) = @)
< (o) (&)

which is satisfied since (8.3) applies, therefore the theorem is proved. Also from (8.32), letting

and

j = 0 gives the characteristic function (8.2). Theorem 38 now follows since at least one zero of

(8.2) must be real, it is evident that &5 > b for b >0 and [y | > ab l for b < 0. Note that the

a+-1

restriction (8.3) is imperitive for theorem 39 to apply. If for examplea=1,b=1/2and k=1
which indicates that (8.3) is not satisfied, then go (2) = 22 — 2/2 — 1/2 gives the two zeros as

z = {—1/2,1}, neither of which are in the region C': |2| < L
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Theorem 40 The characteristic function gy (z) has ak zeros in the region C': |z] <
restriction (8.3).

a+1 ‘ with

Proof: Let B(z) = (g;(2))* = (2271 — bz® — be2”ij/’°)k. Utilizing theorem 39, B (z) has

therefore ak zeros in the region C and therefore k zeros have modulus bigger than ‘a;‘_‘fl In

the region C,
B = [(=-b _@wmy‘
k
a
< {( ab ( ab ) +b}
a—+ a+1
_ k 2a+1 k
i b{(m) (221) ) -
Now

lgk (2) — B (2)| = \(G (2))F — b — (za+1 — b2® — bezm'j/lc)k‘

for every j =0,1,2, ...,k — 1, and G (2) = 2 (z — b) . Furthermore, let ¢; = be?™/%, such that

k
—bk — Z ( k ) (_1)r C;Gk_r (z)

r=1 T

oot ()l e
() @y )]

(G () = = (G ()~ )

. [1+(1+M)’°—M’°] (8.53)
where M = (a—‘f—l)a (%%) > 0. By Rouches theorem, it is required that

gk (2) = B(2)| < |B(2)| and upon using (8.52) and (8.53) we have that

b [+ (1 M)t — M¥] <0 (L M)

L= {(ﬁfl) (2::11)}k

193




which is satisfied by virtue of restriction (8.3). Therefore the characteristic function (8.24)

has ak zeros in the region C : |z| < ‘#""1 and k zeros with modulus bigger than ‘E%’ . The

theorem is proved. Consider as an example, a = 3,b = 10 and k = 6 such that restriction (8.3)

is satisfied and C : || < 7.5. The zeros of g; (2), are listed below, showing that one dominant

zero appears from each of the ¢; (2), for j =0,1,2,3,4 and 5.

qo (2) 10.0100 -0.9696 0.4798-0.8944: | 0.4798+0.8944:
q1 (2) | 10.00514-0.0086: | -0.9157-0.32317 | 0.7697-0.6786i | 0.1412+0.9933:
g2 (z) | 9.995140.0087¢ | -0.7589-0.6127: | 0.9669-0.3668: | -0.2031+0.9708:
q3 (2) 9.9900 1.0372 -0.5136+4-0.83757 | -0.5136-0.83751%
gs(z) | 9.9951-0.0087¢ | -0.7589+0.6127¢ | 0.9669+0.3668: | -0.2031-0.9708:
gs () | 10.0051-0.0086¢ | -0.9157+0.3231¢ | 0.7697+0.6786¢ | 0.1412-0.9933:

The dominant zeros of g; (z) are listed in the first column and all have modulus bigger than
7.5. These dominant zeros are exactly the same k dominant zeros of (8.24). It appears that the
zeros, a; (a,b) of function (8.32) can be related for b > 0 and b < 0. It may be shown that the
following relationships hold.

—b),

a, —b), and

(i). For all values of k and a even, a; (a,b) =
(ii). For k odd and a odd, a; (a,b) # —a; (
(iii). For k even and a odd,

—-a;j(a,

-,k (a,—b); for j < %
—ap (a,—b);

(a, _b) }

k

a;(a,b) = for j =3

.k
—a. for j > 5

G-

[SIE

where 7 =0,1,2,...,k — 1.
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Conclusion and suggestions for further work.

This thesis deals with the classical quest for closed form expressions for certain classes of infinite
series and in particular, with identities for classical hypergeometric series and their generalisa-
tions. 'The methods utilized in this thesis, for ’identity proving’ are those of function theoretic
methods and computer-assisted techniques of symbolic manipulation algorithms of ’certifica-
tion’ of hypergeometric identities. In this thesis the author also develops new interesting classes
of ’binomial’ series identities and their non-hypergeometric generalisations.

A number of suggestions are now indicated in which further investigations may be under-
taken to expand on some of the ideas presented in this thesis.

(1). It is possible to obtain many other multiple infinite sum identities by considering higher
order differential-delay and difference-delay systems.

(2). It is feasible that the approach and methods employed in this thesis may be extended
to prove identities of a ’continuous nature’. In this respect it may be possible to generalise the

known identity;

7 =) (t— )P Var | L5 @ >0
1_‘ - .
o (,Bt) T%;’ Tr = 0

(3). Some of the results of chapter six may also be derived by considering a simple Markov-
ian queue of bulk service variation of the M/M (a) /1 system in which service is in fixed batches
of size a, irrespective of whether or not the server has to wait for a full batch of size a. Renewal
processes therefore provide a rich source of material for the investigation of representation of
series in closed form.

(4). If we pose the conjecture: Given that

iF(t—an)H(t—an) ~ X (t,a)

n=0
then

iF(t—an) = X (t,a)

n=0
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where H (z) is the Heaviside function,

> Fa(p) =Y T |F(t—an) H (t - an)],

n=0 n=0

T, [F (t — an) H (t — an)] represents the transform of F(t —an)H (t —an) and X (t,a) is a
function dependant on t and a. The transform may be the appropriate one depending on the
model under investigation. It would be a worthwhile research project to investigate:
(a). What general class of functions F (¢ — an) do we require for the conjecture to be valid?.
(b). What form does X (t,a) take and under what general conditions does the conjecture

hold?.

(5). It may be seen that some partial sums of the constants in table 8.3 form known

sequences, which should provide a basis for future research.
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