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ABSTRACT

The quest for control and the subsequent pursuit of continuous quality
improvement in the manufacturing sector, due to increasingly keen competition, has
stimulated interest in statistical process control (SPC). Whilst traditional SPC techniques
are well suited to the mass production industries, their usefulness in short run or low
volume manufacturing environments is questionable. The major problem with short-run
SPC is lack of data for estimation of the control parameters. In view of this limitation,
many alternatives and adaptations of existing techniques have been devised. However,
these efforts have largely been devoted to monitoring and controlling univariate
processes.

In practice, the quality of manufactured products is often determined by reference
to several quality characteristics which are correlated. Under these circumstances, it is
necessary to use multivariate quality control procedures which take the correlational
structure into consideration. Although this area has received considerable attentioﬁ in the
literature, most of the published work assumes that prior information about the process
parameters is available. This assumption is rarely the case in the short run environment.

This thesis is primarnly concerned with the development of multivariate quality
control procedures that can be effectively used in situations where prior estimates of the
process parameters are unavailable. For completeness, some better alternatives to
previously proposed procedures are also provided for the case where the process
parameters are assumed known in advance of production. These techniques are intended
for detecting a shift in the mean vector, the variance-covariance matrix and other process

disturbances. Using the proposed procedures, control can be initiated early in
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production, whether or or not prior information about the process parameters is
available.

The techniques presented for controlling the mean vector of multivariate
processes utilize the probability integral transformation technique in order to produce
sequences of independent or approximately independent standard normal variables. This
offers greater flexibility than the 2-stage procedures recommended by some authors in
the design of control charts for the unknown parameter case. Apart from the
conventional rule that signals when a plotted value exceeds either of the 3-sigma limits,
run tests as well as the methods of Cumulative Sum (CUSUM) and Exponentially
Weighted Moving Average (EWMA) can be used. A simulation study indicates that the
techniques, with the usual decision rule imposed, are particularly useful for ‘picking up’ a
persistent change in the process mean vector when subgroup data are used, even if prior
information about the process parameters is not available. For detecting step shifts and
linear trends based on individual observations, two specifically designed EWMA charts
based on similarly transformed variables but which use a different estimator of the
process variance-covariance matrix are found to be much more effective than other
competing procedures.

For dispersion control, use is made of the independent statistics that result from
the decomposition of variance-covariance matrices and the modified likelihood ratio
statistic for testing the equality of several covariance matrices, for the cases with known
and unknown dispersion pararﬁeters respectively. The proposed techniques are based on
some aggregate-type indices computed from such independent variables. It is found that
these techniques outperform previously proposed procedures for many sustained shifts in

the process variance-covariance matrix. In addition, it is demonstrated that the dispersion
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control chart, for the known parameters case, is more sensitive to certain shifts than that
which involves separate charting of the standardized variances of the principal
components or the individual variables resulting from the partitioning of the variance-
covariance matrices. The proposed techniques also possess some practical advantages
over existing procedures. In particular, better control over the false signal rate, ease of
locating control limits and identification of the nature of process changes.

To satisfactorily describe the capability of multivariate processes, a multivariate
capability index is required. This thesis describes three approaches to designing capability
indices for multivariate normal processes. Three process capability indices are presented
and some simple rules provided for interpreting the ranges of values they take. The
development of one index involves the projection of a process ellipse, containing at least
a specified proportion of products, on to its component axes. The other two are based on
Bonferroni and Sidak’s multivariate normal probability inequalities in their constructions.
A comparison indicates that the latter two are superior to the former and that the Sidak-
type capability index is marginally better than that based on the Bonferroni Inequality. An
approximate test is developed for the Sidak-type capability index. A possible method of
forming robust multivariate capability indices based on multivariate Chebyshev—‘type
inequalities is also considered.

In addition, whilst not multivariate, a statistical comparison is made between the
adjusted X and R charting technique and the method of ‘pre-control’. These techniques
are suitable for application in the short run environment since they do not require
accumulation of process data for calculation of the control limits but instead determine
their pseudo limits based on given specifications. The results of comparison show that

the former are superior in many circumstances.
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CHAPTER 1
INTRODUCTION

1.1 Introduction to SPC

Dr. Walter Shewhart (1931) introduced the notion of statistical process control
(SPC), and in particular control charts, as a means of monitoring industrial processes and
controlling the quality of manufactured products. These and other statistical tools have
proven useful in many industries.

Regardless of the nature and the state of an industrial process, any measurable
characteristics of the process or the manufactured product exhibit a certain amount of
variability. In SPC, a distinction is often made between two types of variability : one due
to common causes and the other that results from special or assignable causes.
Examples of common causes are machining operations, setting-up methods,
measurement systems and atmospheric conditions. Variability due to these factors is
either non-controllable or cannot be reduced or eliminated economically. On the other
hand, special causes include, amongst others, machine failure, tool wear, defective
material and operator error, which are preventable or at least correctable or controllable.
The primary objective of SPC is to help detect the presence of these extraneous sources
of variability so that timely corrective actions can be taken. In this manner, it is hoped
that the production process will be capable of meeting given product specifications
consistently and economically.

Once the common-cause or inherent variability has been quantified, control charts
can be used to determine when and whether or not special causes affecting the process

under consideration are present. A process is said to be in a state of stafistical control or



simply in control if it is free from the influence of such factors. Otherwise, it is said to be
out of control. In statistical terms, this means an in-control process variable has a
constant distribution. In applications, however, it is generally considered sufficient for

the process parameters such as the mean, |1 and the standard deviation, ¢ to remain

constant.

A control chart portrays the values of some chosen statistic in chronological
order and provides graphical evidence of when and whether or not process troubles
occur. As shown in Figure 1.1, a typical control chart is a plot of a control statistic
against the sample number and consists of a center line (CL), a lower control limit (LCL)

and an upper control limit (UCL).

Control
Statistic
N\ out-of-control signal

T

UCL

LCL

A\

Sample or Observation Number

Figure 1.1. A typical control chart

Common examples of a control statistic are the individual observations of a quality
characteristic (X), sample mean (X ), sample range (R), sample standard deviation (S),

sample proportion of defective items (p) and sample fraction of nonconformities (C). The



control limits, which depend on the process or control parameters, act as the thresholds
for the plotted values beyond which out of control conditions are indicated. These limits
may or may not be symmetric and it is also possible that only a single control limit is used
under certain circumstances. In any event, the control limits are usually determined such
that the resulting false signal rate can be tolerated. A false signal occurs when the value
of the control statistic plots outside the control limits whilst in fact the process under
consideration is in control.

In practice, the control parameters are estimated based on data collected from a
process assumed to have been in control. Certain rules of thumb or practical experience
are often employed to determine the necessary amount of calibration data. The
commonly recommended approach is then to ‘plug in’ these sample estimates to the
formulae for the control limits. Thus, unless the set of calibration data is reasonably
large, there is often no assurance that the resulting estimated control limits will behave
essentially like the known limits (see Quesenberry (1993)).

The effectiveness of a control procedure is often determined based on its
associated run length (RL) distribution. RL refers to the number of samples taken (since
the last signal) before a signal is triggered. As a summary measure of sensitivity, the
average number of samples required for the detection of a change in the control
parameters, termed the average run length (ARL), has commonly been used. Using a
simplified ecomonic model, Ghost, Reynolds and Hui (1981) showed that ARL is the
most important measure associated with the RL distribution that determines the
effectiveness of a control procedure. They also noted that other measures may be of
interest for some applications. Quesenberry (1995d) demonstrated that for comparison of

various competing procedures, if RL distributions are known to be geometric before and



after a shift in the process parameters, ARL is an appropriate performance criterion

because the run length distribution function, Pr{RL < k} at any fixed value % is a strictly

monotonic function of ARL irrespective of shift size. On the other hand, if some of the
RL distributions are not geometric or unknown, even combining information on the
standard deviation of run length (SDRL) with ARL, as considered by some authors, may
lead to misleading conclusions about their relative performance. This issue has either
been dismissed or overlooked by numerous authors.

The idea of SPC can be extended to a more practical situation in which several
correlated quality characteristics are monitored simultaneously. Under these
circumstances, procedures which take into account the correlational structure of the

individual variables are required in order to correctly reflect the process status.

1.2 Problems of Traditional SPC for Short Production Runs

Shewhart control charts have enjoyed considerable popularity as control and
monitoring tools. These and more recent variations of them, enable production operators
to detect process troubles or out-of-control situations before they become critical.
Appropriate corrective action can then be initiated to prevent further deterioration in
process operation and so avoid a negative impact on product quality. While these
techniques are well suited to the mass production industries, their usefulness in low
volume manufacturing environments is subject to debate.

Besides the continuance of traditional small job shops, there has been, even in the
mass production industries, an increased demand for more frequent production changes
and a consequential proliferation of short runs. Attempts made to apply traditional

control charting techniques in such environments are plagued with difficulties. The



essential problems facing those seeking to provide useful statistical tools for application
in the short production run environment are those of machine 'warm up', control
parameter estimation and parameter changes between the manufacture of different
product types.

In short-run environments, the control limits for traditional control charts, such as

X and R charts, often cannot be located in the usual manner due to insufficient data.
Thus, one might consider estimating the control limits based on a much smaller number
of samples or subgroups than usually recommended. However, it has been adequately
demonstrated in the literature that this practice is not reliable. Amongst others,
Quesenberry (1993) provided a most reasonable evaluation of the effect of estimated
control limits on the overall run length performance for conventional X and X charts.
He showed by means of simulation, that the rate of false alarms after short runs,
increases, and much larger sets of calibration data are required so that the resulting
estimates of the control limits for these charts are practically the same as their true
values. However, these requirements can rarely be met for small batch manufacturing.
The problems of lack of process performance data are further aggravated by
process 'warm up', which is perhaps the most important and yet least considered obstacle
to meaningful and successful application of traditional control charts in small lot
production. This phenomenon is a common and dominant feature of short-run processes,
as instability after set-up or reset often constitutes a large proportion of production run
time. Neglecting this fact and using sample data from such a period to obtain control
limits will often lead to erroneous conclusions regarding past, current and future states of
the process. Murray and Oakland (1988) demonstrated this using simulation, specifically,

if process variability increases during the calibration period, an out-of-control process



will often appear to be in control, as reflected by either a standard deviation or range
chart with the usual decision rules imposed.

Another practical reality that characterizes short run environments, is the
diversity of products made. If separate control charts are maintained for each type of

product, the system becomes unwieldy.

1.3 Multivariate Quality Control

Due to the rapid development of data-acquisition and computer technology, it is
not uncommon in many industrial situations to monitor on-going performance of a
manufacturing process with respect to more than one process or product characteristics.
If the product characteristics are correlated and no consideration is made of their joint
distribution, the use of separate control charts for each of them can be misleading.
Specifically, the related variables, when studied separately, may appear to be in statistical
control but appear out of control when considered in a multivariate context.
Montgomery and Wadsworth (1972) and Alt and Smith (1990) illustrated this for the
case of p = 2 variables. Under these circumstances, it seems necessary to consider the
use of multivariate quality control procedures which take into account the covariance
structure of the quality characteristics.

Over the last 2 decades, the problem of multivariate quality control has received
considerable attention in the literature. A review of this work can be found in Alt et
al.(1990) and Jackson (1985) and this has been updated recently by Wierda (1994) and
Lowry and Montgomery (1995). Besides the problem of lack of data for parameter
estimation in low volume and short-run environments, multivariate SPC procedures

suffer from practical drawbacks such as computational complexities and difficulties in



interpreting the out-of-control signals. Other issues include use and understanding,
complexity of the distribution theory involved and statistical efficiency. Some previously
proposed procedures such as the dispersion control technique based on generalized
variance of Alt et al.(1990) are fundamentally flawed because they are unlikely to ‘pick
up’ certain shifts in the dispersion parameters. The computational aspect of multivariate
control procedures can be handled by computers but other problems remain and need

further investigation.

1.4 Thesis Objectives

The main thrust of this thesis is to present some multivariate quality control
procedures that can be effectively used in situations where prior estimates of the process
parameters are unavailable. For completeness, some better alternatives to existing
multivariate SPC procedures are also provided for known parameter situations. The
types of process change considered include step shift in both the process mean vector
and the variance-covariance matrix and linear trend. Some simulations, as well as
previously published data, are used to assess the practicality of the models and the
methods. Where appropriate, the relative control performance of proposed and currently
existing procedures are also evaluated.

Statistical process control is often considered with no reference to product
specifications. It merely ensufes that the process under focus is in a state of statistical
control so that its behaviour is predictable under normal operating conditions. In
practice, however, the quality and the ‘acceptability’ of the products 1s determined by
conformance to given specifications. Having confirmed that the process is in control, the

next step is thus to measure the process capability. Process capability can often be



conveniently summarized by an index. Whilst substantial efforts have been devoted to the
development of capability indices for univariate situations in the literature, the work on
multivariate process capability study is at a relatively rudimentary stage. In order to
satisfactorily describe the capability of multivariate processes, some indices are therefore
presented.

In addition to the above, the relative merits of the adjusted X and R charting
technique and Pre-control are provided for the univariate situation. These tools are
attractive for application in short-run environments since they do not require
accumulation of process data for computation of the control limits but instead determines

pseudo limits by reference to given specifications.



CHAPTER 2
LITERATURE REVIEW

2.1 Introduction

In view of the limitations of traditional SPC techniques, many alternatives and
adaptations of them have been devised for the express purpose of removing the barriers
between SPC and short production runs. Recently, a review of the literature on the use
of SPC in batch production has been presented by Al-Salti and Statham (1994). Much of
their article is devoted to a particular aspect of short-run SPC, namely, the use of data
transformation techniques. This chapter, however, gives a more comprehensive review of
techniques proposed for short runs along with some possible methods and provides its
own contribution to the debate. Whilst the focus is on univariate processes, wherever
appropriate consideration is also given to the multivariate environment for which little
has appeared in the literature.

It should be pointed out that process monitoring in the chemical industries (eg.
Nomikos and MacGregor (1995), Doganaksoy, Schmee and Vandeven (1996)) are, in
most cases, not applicable to short-run SPC which assumes small production volume of
the monitored product. In chemical or continuous process industries, various products or
grades of the same product are manufactured in lots or batches and production of the
same product continues, although intermittently, followed by batches of other products
or grades and so forth. Thus, adequate historical data from past succesful batches are
usually available for calibrating the in-control behaviour of the quality/product variables
which are usually measured once at the end of each batch run and the process variables

which are monitored during each batch run.



For ease of presentation, the techniques to be reviewed are grouped into several
general approaches and discussed under appropriate headings although there is, of

course, inevitable overlap between the groups.

2.2 Adjusting Control Limits Based On The Number of Subgroups or
Observations

In the event of only a small number of subgroups being available yet where early
control of the process is still desirable, Hillier (1964,1967,1969) and Yang and Hillier
(1970) proposed adjusting the control limits for Shewhart-type variable control charts,
both for retrospective (stage I) testing and for future (stage II) control in such a way that
the predetermined probability of a type I error is preserved. A similar approach, based on
individual observations, has also been presented by Roes, Does and Schurink (1993). It
should be pointed out, however, that the limits so adjusted do not alWays ensure that the
resulting probability of a type I error for each future subgroup is as desired. In fact, this
probability, as well as the adjusted limits, vary stochastically with the mean and the
dispersion of the calibration sample. As such, the resulting control procedure may either
be too conservative, causing delay in reacting to process troubles, or too stringent,
giving rise to too many false alarms. Note also that, as opposed to setting the limits by
the conventional method, even if the estimates of the process parameters are accurate,
the resulting control limits are wider than necessary ! Furthermore, since the estimated
control limits may not be close to the nominal values, additional run rules such as those
discussed by Nelson (1984) cannot be used indiscriminately. Other drawbacks are the
number of calculations required and the likelihood of misinterpreting the information

contained in the control charts, arising from the use of different control limits for stage I
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and stage II, as well as changing control limits after every couple of subgroups (Ermer
and Born (1989)).

A generalization of this approach to the control of the mean vector of a

multivariate normal process, based on the well known Hotelling 772 statistic, was
presented by Alt, Goode and Wadsworth (1976) and Tracy, Young and Mason (1992)
for the cases when subgroup data and individual measurements are used respectively.
Some issues of importance regarding the use of such a composite measure to monitor the
stability of multivariate processes were raised, for example, in Hawkins (1991,1993).
More recently, Scholz and Tosch (1994) proposed updating the parameter
estimates and the stage II control limits for the individual values charts based on the
student-t statistic and 7° charts respectively after every future observation. In order to
reduce the effect of any systematic process behaviour on the estimates of the dispersion
parameters, they suggested using a moving variance of successive observations for the
individual values chart and an analogous procedure for estimating the in-control process
variance-covariance matrix, . that is required for computing the value of the 7"
statistic. The latter procedure uses vector differences of successive observations to form

the estimator of 2. as follows :-
1 n—1
3 T
S, =D (X=X )X - X,
2(n_1) - ( +1 )( +1 )
where X, and n denote respectively the ith observation vector and the number of
previous observation vectors. This estimator was considered by Holmes and Mergen

(1993) and compared to other estimators including the usual sample covariance matrix

by Sullivan and Woodall (1995) for application in the retrospective stage. It was
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demonstrated that, step shifts in the mean vector and linear trends are more likely to be
detected with the use of this estimator.

King (1954) has also presented a similar approach for analysis of past data or

retrospective testing using X charts with control limits based on average subgroup
range except that the control chart factors are derived in such a way that the joint

probability of a false alarm, y 1is as required instead of the individual probability of a

false signal for each initial subgroup. He gave a nomogram for a selected range of
common subgroup sizes and numbers of subgroups from which an appropriate value of

the control chart factor can be obtained for the case where y = 0.05. Except when limits
are constructed based on 3 or 4 subgroups, the given factors were obtained through
simulation by ignoring the random fluctuations of the average subgroup range R . As
such, the validity of the given factors is questionable. Furthermore, this method can only

be useful if nomograms or tables for other values of y , which might be preferable in

practice, are widely available.

2.3 Control Charts Based On Individual Measurements

If the problem is one of short production runs and lack of data, a possible
solution might be use of individual readings in place of averages. The use of individual
readings is natural anyway if there is no natural subgrouping of the observed data. Two
basic types of chart employing individual measurements are:

(1) Individual values and Moving Range (/-MR) charts or X-MR charts.

(i1) Target Individual-Moving Range (Target I-MR) charts or the AX-MR charts.
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These charts attempt to maximise the information obtained from the limited amount of
available data. Apart from being suitable for processes with limited output within a single
set-up, they can be used in situations where :

e processing time per unit item is long or the data accumulation rate is slow,

e testing or measurement is expensive or time consuming,

e testing is destructive.

The first of these two charting methods has been around for many years and is
well documented (see for eg., Grant and Leavenworth (1980)). Burr (1954) suggested
this as one of the possible methods which can cater for short production runs. In his
proposal, he advocates use of 2-o control limits rather than the conventional 3-o limits
for the individual values chart to compensate for its lack of sensitivity to mean shifts. The
method has also been considered by Nugent (1990) for use in short-run manufacturing
environments.

The second, as its name implies, differs slightly from the first in that the target or
the nominal specification is subtracted from the measurements before they are plotted.
Ermer et al.(1989) highlighted some practical merits of this charting method in
comparison to other existing 'short-run' techniques. However, this method will not work
in circumstances where no target is available as often occurs with products having a one-
sided specification.

The fundamental problem of lack of data has not been adequately addressed by
the above authors, except for the indication that estimation of the process parameters
and subsequent computation of the control limits should be based on data from either the

present run or on previous runs of identical or similar products. In fact, no clear
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guidelines are provided as to how many observations are sufficient for the purpose of
estimating the control limits.

For both types of chart, the control limits may be determined based on successive
moving ranges of size 2. Several other estimators of process spread such as that given by
Roes et al.(1993) can also be used for this purpose. Although it is well known that the
sample standard deviation provides the most efficient estimate of the inherent process
variability for a stable normal process, the average moving range is used because it is not
only computationally simpler but it can also safeguard against the likely events of trends,
cycles or other irregular patterns in the calibration data (i.e it minimizes the inflationary
effects from these conditions and hence the inherent process variability will not be
overestimated). However, besides re-emphasizing the fact that displaying a moving range
chart will only cause confusion due to correlation between consecutive moving ranges,
Roes et al.(1993) substantiated Nelson’s (1982) view that doing so has no real added
value because the chart of individual values contains almost all the information available.
If the process measurements are known to be independently normally distributed and a
state of statistical control has been achieved, as demonstrated by the retrospective use of
I-MR or Target I-MR charts, Cryer and Ryan (1990) suggested that, for future process
monitoring, control limits for individual values charts should be estimated based on the
sample standard deviation instead of the average moving range, due to its relatively
superior efficiency.

As for X charts, additional run rules can be effectively applied to the individual
values charts to identify non-random variations or systematic process changes, hence
providing better protection against potential process problems, provided the estimated

control limits do not differ considerably from the ‘true’ limits. Of course, there is an
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increased false alarm rate associated with these additional control rules but if power of
the charts is of paramount importance and outweighs the costs of searching needlessly
for non-existing assignable causes, the use of these rules can be useful.

The major practical benefits that can be gained by using individual readings
instead of averages are :

e Measurements can be seen, compared to specification limits and easily
understood.

o Substantial savings in time and cost may be accrued as a result of less sampling,
testing or measurement.

o Improved employee involvement in decision making and problem solving which
could be catalytic in bringing about quality and productivity improvements, as a
result of operators having better appreciation of the techniques in use.

Individual values charts with conventional control limits should, however, be
considered with reference to statistical efficiency. First, and most importantly, their
sensitivity to substantial shifts in process average is less than that of the usual X charts.
Although greater sensitivity may be gained by the use of narrower limits or additional
warning lines, such sensitivity is gained at the expense of increasing the chance of false
lack of control indications.

The second problem with individual values charts centres around the normality
assumption of the process distribution. If the underlying distribution is not normal, this
will tend to distort the interpretation of the control limits. On the other hand, X values
will tend to normality fairly rapidly by virtue of the Central Limit Theorem, provided the

underlying distribution isn't too skewed.
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2.4 Mixing Production Lots and Normalizing Process Output Data

Recent developments in the use of statistical process control in multi-component
and low-volume manufacturing environments have focussed mainly on studying and
monitoring the process irrespective of the type of parts or products being manufactured.
The basic idea with this approach is that values for different products or components
being assessed on the basis of the same quality characteristic but with different design
specifications can be plotted together on the same chart, provided that they are the
output of a homogeneous process. Homogeneity means that the components should,
technically, be machined under similar conditions, for example, in terms of cutting tools,
tool holders, component holding methods and setting-up methods etc (Al-Salti and
Aspinwall (1991)). The same principle applies to chemical manufacturing processes
where similar chemicals are produced in small batches on an, ‘as needed’ basis. Emphasis
on process homogeneity is important in order to reduce or eliminate the effect of
variability due to extraneous sources, thus ensuring only inherent variation exists. This
avoids erroneous appraisal of the process and any process irregularities can be more
readily detected. In addition, the measurement process should be adequate enough, in
terms of accuracy, and carried out in a consistent manner for every measured
component.

Several papers (Al-Salti et al.(1991), Armitage and Wilharm (1988), Bothe
(1989), Burr (1989), Crichton (1988), Nugent (1990), Thompson (1989)) have given
accounts of this approach. It is accomplished by means of data transformations which
effectively eliminate the differences between the types of products or components. A list
of possible transformation techniques that cover a claimed majority of manufacturing

situations, along with conditions of use, is presented by Al-Salti, Aspinwall and Statham

16



(1992). A comparison of control charts based on the given techniques for a set of
industrial data is also provided in the same paper. Koons and Luner (1991) outlined a
related approach and illustrated the technique with a case study. Al-Salti et al.(1991)
investigated the appropriateness of the moving average, moving range and cusum control
charting techniques using transformed individual observations.

This approach of mixing production lots and normalizing process output data has
been highlighted by many authors as an integral part of quality assurance and
improvement strategies for two main reasons :

(a) Reduction of the number of control charts and charting effort required which results
in time and cost savings as well as higher productivity.

(b) Time-related process changes such as runs, trends and cycles can be more readily
detected since pertinent process data is not scattered over separate charts.

However, there are a number of critically important problems with this approach.
As an example of some important issues that the previous authors either overlooked or
dismissed, consider the so-called Short Run X & R charts as proposed by Bothe
(1989,1990b), that have been extensively discussed in the literature. To ‘control’ the

process mean and the process dispersion, Bothe suggested use of the statistics

— . X-TARGETX
X PLOT POINT = X._ = _ 2.1
P~ TARGETR 21
R
and RPLOTPOINT=R _=———— 2.2)
P~ TARGET R

respectively. The notation TARGET X and TARGET R here denote respectively the
target values of the mean and the range of the process distribution which can be
determined in a number of possible ways. A related control charting method based on the

assumption of constant standard deviation across different parts or products has also
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been presented by Bothe (1990a) in another paper. This involves charting the statistic
(X -TARGET X ) and the usual subgroup range resulting in so-called Nominal charts.
When data are available from previous runs of identical or similar products, the author

recommends estimating TARGET X and TARGET R from these data (which will

usually be small data sets). Without relevant historical data, he suggests taking TARGET

X equal to nominal specification and

d,(U-1L)

TARGETR = (2.3)

p(goal)

where U, L, C,,..y and d, denote respectively the upper specification limit, lower
specification limit, the target value of the process capability index, C, =% and the

control chart factor (which is a function of the sample size, n).

Note that when X » and R are computed from (2.1) and (2.2), the sequences

of statistics plotted on each chart will be highly correlated. If TARGET R from (2.3) is
used, one cannot possibly have any realistic idea of how this value relates to the process
standard deviation. Even for this case, the plotted points are correlated. As a result, one
does not know what kinds of point pattern to expect for a stable process, and thus one
cannot possibly determine when a process is not stable.

As stated by Ermer et al.(1989), this normalizing approach also loses its appeal as
a quality control procedure due to practical problems :
e Although the calculations for standardized charts are not difficult, they are more

involved than traditional Shewhart charts.

e The coded data do not appear to have any physical meaning to production operators

who usually have little background in statistics.
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e Since the control limits for this chart never change, process improvements that are
being implemented from time to time will not be reflected by the chart. In other
words, no visual impression is available as to how much improvement has been
made to the process.

Additionally, considerable effort and time have to be spent to obtain, review and
revise the scaling factors if necessary. Furthermore, care must be taken to ensure that
proper scaling factors are being used in each calculation to avoid misinterpretation

regarding the stability of the controlled process.

2.5 Setup Variation and Measurement Errors Considerations

In any kind of machine set-up, whether manual or automatic, there exists a
certain amount of natural variability in the setting regardless of how well it is performed.
This issue must not be overlooked and set-up acceptance should be based on sound
statistical principles. On a long term basis, for the same machine or production process,
the set-up error, which is defined as the deviation of average output from the desired
value, tends to fluctuate in a random manner around its expected value which is usually
assumed to be zero. In every set-up, therefore, as long as the set-up error is within its
natural spread, no adjustment is necessary and the production should be allowed to run
to avoid over control. The set-up method can of course be improved to reduce this
source of variation provided it is economically feasible to do so.

As demonstrated by Robinson (1991) and Bothe (1990b), in the presence of
significant set-up variation, thé use of Nominal and Short Run charts as reviewed in the
preceding section is not appropriate. In particular, out of control conditions are indicated

by the charts although the process is well in statistical control. These warning signals are
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actually caused by the set-up variation rather than out of control conditions. To cope
with this situation, Bothe suggested that two sets of scaling factors, i.e 'set-up' and 'run’
factors should be used for each part number, he further discussed how they can be
derived. Similarly, Robinson proposed that separate charts should be drawn for
monitoring between-setup and within-setup variation in isolation. He and Robinson,
Touw and Veewers (1993) illustrated this idea and exemplified how it can be achieved.
For monitoring the first source of variation, he suggested charting the average value of
the first five pieces (or the so called 'first offs’) relative to nominal specification and the
control limits for the resulting chart are derived by treating this as an individual values
chart. As for control of within-setup variation, he suggested use of the traditional Range
chart or a chart for the difference in average departure from nominal between the first
five pieces and the last five pieces (or the 'last offs') for each short production run. He
also mentioned use of the more practical 'Modified' control limits on the 'Deviation' chart
to ensure that most individual items produced will conform to specifications, with the

implicit assumption that C, >1. However, as he pointed out, this approach is not

suitable if the specification band varies between runs.

When piece-to-piece variation is confounded with set-up variation, the Nominal
and Short run charts do not provide an adequate means of reflecting the actual status of
the process. By contrast, separate monitoring of these components of variation does not
only give a real picture of the process but also provides some guidance as to what might
need to be fixed when an out-of-control signal is present (Robinson (1991)).

In statistical process control, measurement error should also be given due
consideration as this constitutes part of the inherent variation of a stable cause system.

More simply stated, the natural variability observed in measured values of the quality
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characteristic of any industrial product is due in part to the variability of the product and
in part to the variability in the method of measurement. This latter is sometimes
negligible, but at other times cannot be ignored without risk. If the standard deviation of
measurement error varies in some systematic manner, both nominal and short run charts
will give misleading signals, especially when the measurement error is relatively
significant.

In his paper, Farnum (1992) incorporated this component of variation into some
process models having made certain reasonable assumptions. He then developed a
charting procedure for one particular model. This assumes nonconstant process and
measurement error, more specifically the short run process has constant coefficient of
variation coupled with a measurement system whose error variability is proportional to
the true reading. The resulting procedure seeks to remove the differences in average and
dispersion between various components to enable them to be monitored with the use of a
single chart. As long as subgroup size does not change, this charting method yields a
common set of control limits for every component, irrespective of their design
specifications. Provided the appropriate model has been identified, these limits can be
established early by utilizing data from different production lots in a predetermined
manner. As with any charting method which plots different components on the same

chart, caution should be exercised when sequence rules are applied.

2.6 'Self-Starting' Procedure Based on 'Running' Estimates of the
Process Parameters

A series of articles by Quesenberry (1991a,b,¢) presented an innovative approach

to control, particularly pertinent to short-run processes and processes during the start-up
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phase. The first paper considered independently and identically distributed (i.i.d) normal
processes whereas the following two are devoted to monitoring processes with attribute
data, namely, Binomial and Poisson processes, under various assumptions about the
process parameters. Unlike the preceding approach, a non-linear transformation
technique, specifically the ‘'Probability Integral Transformation' technique, in
conjunction with the usual linear transformation, was used to develop new charting
procedures. These so-called ‘Q’ charting procedures enable production operators to
begin monitoring the process essentially with the first units or samples of production
whether or not prior knowledge of the process parameters is available. Consequently, the
task of identifying and removing assignable causes, and thereby bringing the process into
control, can begin at an earlier stage. For the case where no relevant data is available in
advance of a production run, the control parameters are ‘estimated’ and ‘updated’
sequentially from the current data stream. These 'running' estimates, together with the
immediately succeeding observations are in turn used to test whether the process remains
stable.

Since the ‘Q’ statistics are either standard normal variables with independent
observations or approximately so, the resulting charts can all be constructed using the
same scale and with the same control limits irrespective of the type of product being
monitored, thus simplifying charting administration. Additional run rules can also be used
to detect any non-random patterns on such standardized charts which suggest various
process instabilities. When subgroups or sampling inspection units vary in size, it is well
understood that this situation is difficult to handle by classical methods. By contrast, the
control limits and interpretation of point patterns for 'Q' charts are not affected by a

varying sample size.
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The behaviour of these charts for particular situations was studied using
simulated data. The results show that 'Q' charts based on known and unknown
parameters, are in close agreement with each other after the first few points, for in-
control processes. As for processes with sustained shift in a parameter, the points on 'Q'
charts which update the parameter estimates progressively from the data sequence will
eventually settle into a pattern indicative of an in-control process. However, Quesenberry
(1995a) quoted standard results as saying, that under common assumptions, the
traditional 1-of-1 test (i.e one point outside the 3 — ¢ control limits) on each of the ‘Q’
charts has the maximurﬁ possible detection capability on the next observation after a
shift, among all control schemes with equal probability of a false alarm. As such, these
classical ‘Q’ charts are recommended by some authors including Quesenberry himself for
the problem of outlier detection.

Castillo and Montgomery (1994) showed that the strength of the signal from 'Q'
charts for variables (with unknown mean but with known standard deviation) when a
persistent step change in mean occurs depends on both the number of samples before and
after the shift. It was also demonstrated that, as a consequence of this, the ARL
performance of the 'Q' charts is poor in some cases. However, the accuracy of their
simulation results is doubted. For instance, the run length distribution of the ‘Q’ charts
considered in Table 1 for § =0 has a known geometric distribution with mean of 370 .4
and standard deviation of 369.9 but the simulated values given are 410.8 and 383.6
respectively. Another problem with this paper is the use of ARL as a performance
criterion. It was mentioned in chapter 1 that the only case where ARL is a useful
criterion is when the run length distribution is geometric. As most of the run length

distributions involved in Quesenberry’s (1991a) paper are not geometric after a shift in

23



the control parameters, their results are of limited usefulness in assessing the overall
performance of ‘Q’ charts.

Due to the discrete nature of Binomial and Poisson processes, some comparisons
were made between the 'Q' charts, standard normalizing charts and charts using other
transformation techniques in the goodness of their normal approximations for the known
parameter case. Generally, it i1s found that charts based on 'Q' transformations are
superior. As for the unknown parameter case, Quesenberry simply stated that it is
unlikely for other charts to perform as well as the proposed techniques due to their
excellent theoretical properties.

Since no simple recursive formula is available and highly sophisticated
computations are involved, implementation of the ‘Q’ control scheme requires
computing facilities and complex algorithms. Fortunately, these algorithms are widely
available and have been built into most of the commercial statistical software packages
such as S-plus.

Like any other methods involving transformation, the resulting plotted points on
'Q' charts do not appear to have any physical meaning to production operators. Besides,
'Q" charts with unknown parameters fail to reflect both the process-tolerance
incompatibilities and severe off-target conditions which occur right from the beginning of
production runs. Therefore, unless close examination of the raw data is carried out,
timely corrective actions will likely not be initiated until a considerable number of defects
have been produced. This problem arises because such charts are designed to ensure that
the process under surveilance is in a state of statistical control and hence they are

unlikely to indicate any process trouble if no change in the process parameters takes
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place, even though the process is incapable or substantially off-target immediately after
set-up.

It is perhaps worth noting that there is an error in Quesenberry’s (1991a) paper
that has not been pointed out correctly in the literature. The sequence of control statistics

given by formula (12) of this paper, i.e

Qi(/?i) =~ Gnl+n2+...+n,[

[ 2
ZZ(X@ _#0)
with Sz, = "jl’i — i=23,...
1 27

where the notation used here is as defined in the original paper, is in fact not a sequence
of 1.1.d standard normal variables as claimed by Quesenberry (1995a,d) because the ith

subgroup mean X, is not independent of the standard deviation estimate Sp,; and

i
successive arguments of the normalizing transformation are correlated. Thus, using this
formula indiscriminately can be misleading. To form a sequence of approximately 1.i.d
standard normal variables, simply replace », and S, by »,_, and §,, | respectively in the
above formula.

Recently, the RL properties of the 1-of-1 and three tests for point patterns made
on the ‘Q’ charts as well as specially designed CUSUM and EWMA charts based on the
values of ‘Q’ statistics, for detecting a one step shift in a control parameter, were studied
by Quesenberry (1995a,b,c). The major conclusions drawn from this work are

o the classical 1-of-1 test has poor sensitivity
e the test that signals when 4 out of S consecutive points are beyond one standard

deviation in the same direction is a reasonable choice
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e the EWMAQ and CUSUMQ tests are the most sensitive and are about
comparable in overall performance

In accordance with the empirical findings, he also made some recommendations for

practical application. For more insight into ‘Q’ charting procedures and an interesting

debate of their potential and limitations, see the discussions of these techniques by

Castillo (1995), Hawkins (1995), Farnum (1995), Woodall, Crowder and Wade (1995)
and the response from Quesenberry (1995d).

A logical extension of the ‘Q’ charting techniques to the control of the mean level
of a multivariate normal process when prior estimates of the process parameters are not
available has also been presented by Tang (1995). The author demonstrated that this
method is particularly useful for ‘picking up’ a sustained shift in the mean vector when
subgroup data are used.

In fact, this dynamic approach of charting was first perceived by Hawkins (1987).
He proposed two related CUSUM procedures based on transformed individual readings
for checking the constancy of process average and variability, along with some
implementation details and illustrative examples. These were proposed as substitutes for
the standard CUSUM procedures which generally assume known parameters. The
proposed method provides another useful alternative for controlling, particularly, short
run processes as it does not require knowledge of process parameters in advance of
production runs and eliminates the need for a separate preliminary study.

In order to effectively apply the CUSUM procedure, it is well understood that
successive values for which the sum is accumulated should be independent and

identically distributed. For this reason, the following transformation formula (attributable
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to Wallace (1959)) was suggested to obtain a sequence of independent and

approximately standard normal variables, Z 'S, -

where Tj =

(j—.l)[Xj —)?j_lj

J S

J-1

X, . jth individual reading

X, . mean of the first j readings

§, © standard deviation of the first j readings

By maintaining a cumulative sum of successive Z;'s, starting from the 3rd observation,

and using the established control rule, process mean stability can thus be monitored
progressively without having to wait until adequate process performance data has built
up. However, this method should not be used indiscriminately. Careful examination of

the above transformation formula reveals that the resulting Z,'s are always positive and

can be regarded as 'folded' standard normal variables which can assume positive values
only. In fact, this normal approximation formula was originally considered by Wallace
(1959) for converting upper tail values of the student-f distribution to corresponding
standard normal deviates. Hence, the need for a modification to the formula is indicated.
The minor change necessary is simply the addition of a negative sign to the transformed

value Z, if T, is less than zero. For purposes of controlling process dispersion,

Hawkins suggested using the. scale CUSUM given in his previous paper (Hawkins

(1981)) which involves cumulative summing of the following quantities :-
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He made some efforts to justify his recommendation for a 'self-starting' CUSUM
over the adoption of a CUSUM procedure based on some start-up calibration data.
These included consideration of the average run length properties of the two methods.
His simulation results indicate that 'self-starting’ CUSUM procedures are superior to
those obtained with some 25 special start-up values, not to mention the short run
situations where usually much less than this is available for initiating conventional cusum
charts.

A final concern about this approach is its likely lack of robustness to both non-
normality and to the presence of outliers in the underlying distribution of process
measurements. Without previous data, there is often no assurance that the process
output will conform reasonably to a normal distribution. The question arises, therefore,
as to what effect departures from the normality assumption will have upon performance.
Hawkins (1987) argued, by quoting others' results, that his method works for non-
normal heavy-tailed data with little loss in ARL performance.

The latter issue is particularly pertinent as a sequence of measurements (which
might include occasional outliers) is used simultaneously both for process control and to
refine parameter estimates. Apparently, incorporating unknowingly occasional valid
extreme observations into the estimates of the process parameters will cause inflation or
deflation of them. This can have a substantial negative impact on the performance of the
control method. To cope with this as well as to protect the CUSUM method (which is
intended primarily for 'picking up' sustained mean shifts of small magnitude) from signals

generated solely by isolated outliers, Hawkins (1987) suggested a robustification
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approach using 'winsorisation'. 'Winsorizing' the measurements means that any
measurement beyond a preset threshold will be set equal to it and used in subsequent
calculations. In this manner, 'winsorisation' reduces or limits the effect of outliers on the
parameter estimates and the properties of the control charts. This idea was further
discussed by Hawkins (1993b) who also examined the relationship between the
'winsorizing' constants for 'self-starting' CUSUM and CUSUM based on a large process
performance study. He stated that this method provides good protection against outliers
with little additional cost in computational effort. In the same paper, he also showed that,
'winsorizing' causes little loss to CUSUM procedures in responsiveness to actual mean
shifts for various sets of clean, contaminated and clean-contaminated data.

Note that, for monitoring process dispersion based on individual observations,
the Exponentially Weighted Mean Squares (EWMS) and Exponentially Weighted
Moving variance (EWMYV) by MacGregor and Harris (1993) may be used following
some adaptations. The latter is particularly useful for processes with drifting means when
it is used in conjunction with the conventional EWMA. In the absence of historical data,
these monitoring procedures may be initiated at the 3rd observation where the first two
observations are used to provide some initial estimates of the mean and the standard
deviation, resulting in some essentially ‘self-starting’ procedures. Approximate control
limits for the resulting techniques may either be obtained algebraically or by means of

simulation.

2.7  Control Based on Exponentially Weighted Moving Averages

Castillo et al.(1994) proposed two alternative methods as improvements to the

'Q' charting technique, for monitoring the deviations from target based on individual
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measurements where the process standard deviation is assumed unknown. These
methods are based on some exponentially weighted moving average (EWMA) type
control statistics. The first method results from a straightforward adaptation of the
standard EWMA control algorithm with the smoothing factor, A chosen to be 0.1, the

initial value of the EWMA statistic Z,, equated to the specified or known target, x, and

the unknown standard deviation, o estimated sequentially in some suggested manner.
The resulting EWMA statistic

Z, =(1-0M)Z,_ +\X, =12,

is plotted on a control chart with limits

A .
Ho iLW/m“GI

where o,=—

with S =X - u, S,:\/ﬁZ(X,.—)_(,)Z, (=23,
i=1

C, is a control chart factor depending on ¢ that can be found from most of the standard
text books on SPC and L denotes a constant that is chosen to achieve specified run
length performance. The authors also noted the use of the more exact transient control

limits (for the 7th observation) given by

A 2] A
HO iL\/z—_')‘:[l—(l— )\,) 1]0,
The other control algorithm was derived from the well known Ka/man model
(see, for example, Crowder (1989)) upon noting that the assumed i.i.d in-control model

for the process measurements can be represented by a special case of the Kalman model.

The resulting control statistic is given by the following recursive expression :-
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Z,=(1-X)Z +X X, Zy=u,

This latter was referred to as the adaptive Kalman filtering control method since the

smoothing factors or Kalman weights, A4,'s change adaptively according to

)\’l = A q’—l/\2 (24)
qi1 + 0,

The variance components of the model, including the process variance, o® and the
posterior variance of the process mean after the sth observation, g, =X\,c”, are
estimated and updated from the data sequence as follows -

52 =82, 51=5'  1=23..

9.=9,.,(1-4,).
Following Crowder (1989), the control limits for this method were given as

U, L4, (2.5)

The initial value §, was found to have practically no effect on the ARL performance of
the method provided it is greater than zero. A variant of this method has also been
presented by the same authors (Castillo and Montgomery (1995)) where the 6% in (2.4)

and L in (2.5) are respectively replaced by 1 and KG,, and K is a constant chosen to

yield specified ARL performance. In the same paper, they provided some guidelines for
the economic design of the control scheme with respect to K and the number of
observations to take in a batch. The objective of the economic model is to minimize the
expected total cost per batch (which comprises sampling/inspection cost, cost associated
with false alarms and cost of running an out-of-control process) subject to certain in-

control run length performance requirements.
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It was demonstrated using simulation, that for a particular choice of the design

parameters; A, 4, and L, the first two methods have better ARL performance than the

corresponding 'Q" chart for 'picking up' off-target conditions from start-up, especially
when the size of the deviation (in multiple of standard deviations), §, is small. It was
also found that, these methods (with the particular choice of the design parameters) are
superior to the classical Shewhart chart (classical in the sense that the process parameters
are assumed known) in terms of ARL for small & . Furthermore, it was observed that,
using the same criterion, the first control method has a comparable performance to the
classical EWMA chart. Despite these, the choice of the design parameters are quite
arbitrary and no consideration is made of the optimality of the design for these control
techniques. In addition, it is necessary to consider more complete profile of the RL
distributions instead of only the use of ARL (and SDRL) for the reasons given in the
first chapter.

Another contribution along this line comes from Wasserman (1994) who
proposed the use of the so-called Dynamic EWMA control chart. This technique differs
from the former methods in the charting convention and the manner in which the
variance components are estimated. In particular, the Dynamic EWMA chart compares

the specified target p, with the varying control limits (constructed from the posterior

distribution of the process mean) given by
LCL, = Z, — L&\,

UCL, = Z, + L&A,

~ ~2
ql—l 5 — chr
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612:&’ o, =0, +], Bt:Bt—l'*'(l_}‘)(Xt—'Zt—l)z-
a,

An out-of-control condition is signalled by the chart if the target p, is outside these

limits. Note that this is equivalent to plotting and comparing Z,'s with the control limits

UoiLéz\/Z

Note also that the equations for estimating o and ¢, are derived from Bayesian

considerations. o, and {3, are the parameters for the chosen Gamma distributional prior
. 1 .
of the precision parameter, —-. A represents the prespecified steady state value of the
o]

EWMA smoothing parameter. Wasserman and Sudjianto (1993) developed a similar
technique for detecting the presence of linear trend in process measurements. This is
based on the second order dynamic linear model, 2-DLM (a special case of the Kalman

model) defined by the following observation and system equations

Observation : X, =u,+v,, r=12,...
System : W, =W, +b_ +w,, r=12,...
b, =b,_ +w,, r=12,...

where X, and p, denote respectively the observed value and the process mean of the

quality variable at time ¢ or for the sth sampling inspection unit and b, represents the

level change or trend parameter in the interval (t - l,t]. The observation error, v, and

the random errors in the system equations, w;, and w,,, are assumed to be distributed as
v, ~N(0,V), wy, ~N(O,W)), w,, ~ N(0,W,)

where V, W, and W, are sorﬁe constants. As with Dynamic EWMA control chart, the

resulting technique involves charting the varying control limits,
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LCL, =, - LC,,
UCL, =, +L,/C,,
and signal the departure of process mean from its in-control value or speficied target 1,
if these limits do not enclose p,. [, and C|, in the above expressions are updated
recursively using the following equations :
e =R X+ (=R (0 + By)
by =Ny (X, — )+ (1= 2y )b,y

}\’ _ Rl,l _ R3,I
TR 4V YR 4V
1t 1,

Cl,t = A’l,zv: C2,1 = Rz,z —}\'Z,IR3,I! C3,t = }"z,zv

Rl,l = Cl,r—l + 2C3,t—1 + Cz,t—l + VVI,{’ Rz,z = Cz,r—l + VVZ,:: R3,1 = Cz,t—l + C3,1—1 + VVS,:

w,:(WL' %‘]:_1‘("Gc,_1GT=__1‘<P[1 IJ[CIH Cl'—lj[l OJ
I/V3,1 Wz,r 0 0 0 1 C3,t—1 Cz,t—l 11

where [1, =U,, by =0, and ¢, the so-called discount factor, is chosen to yield
specified ARL performance. C, is the variance-covariance matrix for the prior
distribution of the vector of process mean and trend parameter and is chosen to reflect
the uncertainty of the prior estimates, 1, and 50. If V is unknown, it is suggested

estimating it sequentially using a Bayesian procedure. Using a set of simulated data, the
resulting technique was shown to be more effective than the classical individual values
chart and the ‘Q’ chart with known mean and unknown variance for detecting small
process trends. Table 1 of the same paper also indicates that the fransient 2-DLM

control charts (with observational variance assumed known) tend to react more quickly
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to small process trends than the steady state 2-DLM and the conventional EWMA
charts.

A control method based on adaptive Kalman filtering, coupled with a tracking
signal feature, has also been proposed by Castillo et al.(1994) as an alternative to the 'Q'

chart for the case where both 1 and o are unknown. It was noted that besides being

capable of ‘picking up’ sudden mean shifts, this control procedure can also be used to
detect other out-of-control conditions such as linear process trends. In order to use this
method, some prior estimates of u (denoted by £,) and o (denoted by &,) are
required. In the short-run environment, reasonably accurate estimates may not be
available. However, it was shown using simulation, that this control technique can
provide better ARL performance than the 'Q' chart especially for early shifts of large
sizes (more than 2 standard deviations) if the estimate of u differs from the true value
by less than 1.5 standard deviation and o is under or over-estimated by less than 50%.
Again, since the RL distributions for both procedures after the shift are unknown, the
results may not reflect their actual relative performance correctly.

The method involves the computation of the so-called smoothed error statistic
and the smoothed mean absolute deviation, defined respectively as (Trigg and Leach
(1967)) :-

0(1)= e () +(1-a)0(r -1 Q(0)=0
A(t) = ale, (1) +(1-a)A(r-1),  A(0) = 085,42/ (2-4,)
where the one-step-ahead forecast error s
e(t)=X, -1,

and the variance of the process is updated sequentially by
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6 =a6l, +(1- a)(X, - X,_l)2

For this control technique, a signal is triggered when

the control limit, L being between 0 and 1.

As the computational effort involved is substantial, implementation of the above
control algorithms requires computerisation. No guidelines about the choice of the
design parameters to achieve desired operating performance are available.

All the methods discussed thus far either ignore or give inadequate consideration
to the problem of process 'warm up', when the process is invariably unstable. On the
other hand, the following approach, which determines the 'control' limits based on given

specifications, appears to be capable of handling this problem effectively.

2.8 Deriving 'Control' Limits From Specifications

Without the data necessary to set up conventional control charts, compounded by
the problem of process 'warm up', it makes some sense to use product specifications to
provide control information. A control technique that pre-determines its 'control’ limits
by reference only to the specifications rather than requiring an accumulation of data for
computation of control limits, is known as ‘pre-control” (P.C).

P.C was first proposed by Shainin (1954) as an alternative to various traditional
on-line quality control methods and, in particular, as an improvement to X and R charts.
It provides a simple and flexible tool for process monitoring as well as set-up approval,
particularly in the low volume manufacturing environment. P.C is conceptually different

from traditional charting techniques in that it focusses directly on preventing non-
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conforming units from occurring rather than on maintaining a process in a state of
statistical control. The details of operation and the practical merits of this method are
given in Chapter 6.

A new type of control chart which originates from the idea of ‘pre-control’,
named the ‘Balance' chart (B.C) has been introduced by Thomas (1990). B.C can be used
in several different modes. When B.C is used in ‘pre-control’ mode, it eliminates the
need for estimating the process parameters but instead, derives 'pseudolimits’ (+pL) from
the specified tolerance. In B.C, successive measurements from the process on a certain
quality characteristic are classified as -1, 0 or 1 according to their values relative to +pL
and specification boundaries. Cumulative recording and plotting of these data about a
target line give information both on the process 'accuracy' and 'precision’. A mathematical
derivation of the control limits which define the maximum deviation of the plot from the
target line, and the maximum number of positive and negative changes from the start of
the run is provided in the same paper. In addition, several rules governing the maximum
number of changes in a given run length were developed to indicate the possible presence
of process troubles. With manual charting, however, too many supplementary rules will
complicate the interpretation of the Balance chart.

Besides data scoring, B.C has the unique feature that the operating rules and
control limits are common to every application of the chart. Thus, it has great potential
for computerisation.

Like Pre-Control, this technique does not require exact measurements, but only

needs to know into which 'band' the measurements fall. In order to justify his

recommendation, Thomas also provides comparison of the Balance chart and the X
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chart operating characteristics for a mean shift of 1 standard deviation, along with some
illustrative examples which clearly show that B.C possesses higher sensitivity.

The last two charting methods falling in this category were presented by Bayer
(1957) (see also Sealy (1954)) and Maxwell (1953). Both methods are essentially the
same, as they are adaptations of the Nominal X & R charts with limits derived on the
assumption that the process is just capable of meeting the specification. The only
difference between them is that the latter expresses the coded measurements and
‘control’ limits in terms of ‘cells’.

Representing the specification band by 10 cells, the resulting 'cell' chart has
constant control limits regardless of the specification or the actual process capability,
provided the sample size remains unchanged. Thus, it is possible to have just one chart
per machine on which all parts having possibly different specifications processed can be
controlled. However, these methods of control charting cannot handle one-sided
specification situations.

A comparison between these adjusted X & R charts and ‘pre-control’, based on
certain statistical grounds is presented in Chapter 6. The results of the comparison

indicate that the former are superior in many circumstances.

2.9 Adjusting Set-up Continuously Based On Process Qutput

As a substitute for conventional SPC for low volume production, an entirely
different approach was propésed in Lill, Chu and Chung (1991), 'Statistical Setup
Adjustment' (SSA). This represents a form of 'feedback control' where the deviation from
the desired dimension or error of the measured output characteristic, is used to calculate

the best possible adjustment to be made in a machine set-up, starting with the first piece
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produced. As such, it is not a set-up approval method but one which provides an
algorithm as to how much adjustment should be made as each of the successive
observations arises. Methods are also presented to minimize the number of adjustments,
to avoid early false signals and to anticipate the effects of a known trend such as tool
wear.

As discussed earlier, in the presence of significant set-up variation, Robinson
(1991) and Bothe (1990b) proposed separate monitoring of the set-up processes and
their subsequent runs. If the set-up varies from the desired setting but is within
predictable limits, no machine adjustment is necessary. This is due to the fact that such
corrective action is not only uneconomical, but would probably result in a greater
percentage of defects. SSA differs from this method in that it does not accept the risk of
inaccurate set-up as a consequence of natural set-up variation which inevitably exists, but
is constantly 'forcing' the set-up value to the desired dimension. This approach is,
therefore, in line with Taguchi's idea of quality loss, i.e emphasis is placed on the
uniformity of product quality characteristic about its target value rather than on mere
conformance to specifications.

In SSA, both the machine variations and set-up errors are modelled with
conceptual normal populations. From available information and experience, a 'maximum
likelihood' estimator of the set-up error can be obtained and hence the correct adjustment
derived. However, determinati_on of the standard deviation of set-up variability based on
subjective judgement, as suggested, leads to doubts about its reliability. In fact, it is
possible to obtain such an estimate directly from the available data.

In this work, the implicit assumption is made that set-up is the critical or

dominant 'system' that largely determines quality of the output. In other words, defects
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are the direct result of the accuracy of tools or precision of adjustment of the set-up.
Therefore, theoretically, SSA does not provide protection against mean shifts or increase
in process spread due to some special causes during the production run.

If set-up is the dominant cause system, this method works provided the effects of
adjustments are manifested instantaneously and in full. The realization of this, however,
requires dynamic machine control with automatic inspection feedback and measurable

means of adjustment.

2.10 Monitoring Process Input Parameters

By monitoring the process output, traditional SPC and the approaches discussed
above, at best, indicate only when production is not free of troubles. In many instances,
when an out-of-control condition is indicated, numerous corrective measures are possible
and the correct course of action is not always obvious. As such, delay in preventing
waste is inevitable. For small lot production, this can be regarded as the same
shortcoming as 'post mortem' inspection !

In view of this limitation, recent research into the area of applying SPC in low
volume manufacturing environments has given up trying to monitor the process output
but instead has concentrated on the process inputs (Foster (1988) and Thompson
(1989)). Foster presented this idea for controlling highly technical or time consuming
processes where corrective measures for unacceptable work are often uncertain or even
unknown. The implementation strategy for the suggested approach involves the creation
of a 'true' process by compiling a 'Master Process Requirements List' from all
specifications used for a particular process, selection of the vital few critical input

parameters to be monitored and process capability evaluation.
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2.11 Economically Optimal Control Procedures

While, traditionally, the development of SPC techniques has been mainly
concerned with statistical efficiency, the ultimate objective of any process control
strategy is cost reduction as a result of reduced scrap, rework and rejects, improved
product quality and increased productivity. This objective may be accomplished by
having an economically optimum policy governing the process monitoring, adjustment
and maintenance activities. In the light of this, over the last four decades, a considerable
amount of study has been devoted to the design of process control methods with respect
to economic criteria. Various process models and cost structures have been proposed
and the corresponding optimal control strategies derived. However, much of the
theoretical work on incorporating cost considerations into the design of process control
procedures has been undertaken implicitly in the context of long production runs.

The economic decision models currently available for on-line quality control can
be broadly classified into two types. These are economic-process-control models and
economic models for traditional SPC. In their paper, Adams and Woodall (1989)
distinguished between these two types and highlighted some similarities and differences
between them. A thorough review of the literature on the latter was provided by
Montgomery (1980). Ho and Case (1994) supplemented this work by presenting more
detailed and complete discussions of different models and aspects of economic design for
traditional SPC, and by summérizing the published work on economic designs of control
charts covering the period from 1981 to 1991. For typical examples of the former, see
Box and Jenkins (1963), Box, Jenkins and MacGregor (1974), Bather (1963) and

Taguchi (1981).
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Crowder (1992) considered a short run economic-process-control model in
which observations on a certain measured quality characteristic of the product are
assumed to be generated by an integrated moving average (IMA(1,1)) process and the
costs involved consist of the usual quadratic loss of process mean being off-target and
the fixed cost for each adjustment. He also made the assumptions that any adjustment
made to the process has a known effect (i.e no adjustment error) and that an adjustment
changes the process mean instantaneously or before the next sample measurement is
taken (i.e no process dynamics or inertia). Sampling cost and sampling interval were not
formally considered. Furthermore, deterministic drift and step or cyclical changes were
not taken into consideration.

The proposed model seeks to find the sequence of adjustments, a,'s, which

minimizes the total expected loss, L(n), incurred throughout the production run as given

by the following expression :-

n

L(n) = EJL (eosi +c6(a., ))}

=1
where ¢, is the cost parameter associated with any squared deviation of process mean,
4, from target (assumed, without loss of generality, to be 0), ¢, represents the cost of

adjustment irrespective of magnitude, » is the terminating sample number and

o(a)y=1 if a=0
=0ifa=0

Using dynamic programming or the backwards induction technique, the author
derived an algorithm which enables the optimal control or adjustment strategy (i.e the

optimal sequence of adjustments, a,'s) to be obtained numerically. An approximation

formula was also given for the case where the total number of inspections, n <10 and
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: c : :
the cost ratio, ¢ =—2> 200 . In general, his results can be stated as follows. The resulting
G

decision procedure as to when and how much adjustment should be made is based on the
Bayes (or Posterior) estimate of the current process mean. It was also found that the
'control' or adjustment limits are changing with time and becoming wider towards the end
of a production run, in contrast to the fixed limits proposed by some for the asymptotic
case. This solution, he stressed, is consistent with the philosophy of traditional SPC in
that it calls for adjustments only when the process mean is substantially off-target. In
addition, it is found to be intuitively reasonable as the 'widening' action limits will
decrease the likelihood of performing economically unjustifiable adjustments or
maintenance near the end of a production run. In the same paper, Crowder
demonstrated, by an example, that using the infinite-run (fixed) limits for the short-run
problem with relatively large adjustment costs can significantly increase the total
expected cost.

Woodward and Naylor (1993) also presented an approach to short run SPC
which takes economic factors into consideration. In this work, a normal linear model is
assumed in which three components of variation are involved. These are the set-up,
adjustment (or resetting) and inherent process variabilities. The model also implies that
there is no delay for any adjustment to take effect, no occurrence of parameter changes
within a machine set-up or production run and that the process standard deviation is
constant irrespective of produét types. In comparison to that of Crowder, these authors
proposed a more realistic cost structure which includes the following components :

e Inspection cost

e rework cost
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e scrapping cost
e cost associated with adjustment
e quadratic loss of being off-target

They considered a sequential scheme with three possible control actions at each
decision point and attempted to derive a control rule using Bayesian methods such that
the decision made at any stage of the sequential procedure minimizes the expected loss
over all possible future decisions based on a given cost function. However, the solution
of this optimal control problem is not straightforward and requires the use of techniques
such as backwards induction. As they stated, in practice, it is impossible to find an
optimal rule for this control plan because of the complexity introduced by the three-way
decision structure. In view of this, a simplification in which a control decision is only
made at two stages was considered. Even with this simplified scheme, determination of
the decision boundaries remains complicated and requires a great deal of numerical
computation.

For both the proposed economic process control models, some prior knowledge
of the process parameters such as the variance terms or availability of some relevant
historical data for their estimation is assumed. Woodward et al. described a method to
quantify the historical information pertinent to their model. In practice, this could be a
problem because historical data for this purpose is rarely sufficient in the short-run
environment.

Another practical problem with these SPC approaches is the difficulty in
specifying the cost parameters. This is due to the fact that some of the cost factors are
intangible. For example, it is difficult to figure out the value of the cost parameters

associated with the quadratic loss of being off-target and the loss due to process
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downtime (as a consequence of process adjustment), even by someone who has
substantial knowledge of production and of the cost involved. As a first step to the
implementation of these economic decision models, it is advisable to carry out a
sensitivity analysis of the models to identify the critical parameters and subsequently
exercise greater caution in their determination. However, this is a time-consuming

exercise.

45



CHAPTER 3
MEAN CONTROL FOR MULTIVARIATE
NORMAL PROCESSES 1

3.1 Introduction

The majority of the statistical process control (SPC) techniques proposed to date
for controlling the mean of a multivariate process are based on Hotelling's (1947) x* or

T*-type statistic. Other multivariate control procedures, including the use of principal
components and multivariate cusum (MCUSUM) techniques, were reviewed by Jackson
(1991). A multivariate version of the exponentially weighted moving average chart,
referred to as the MEWMA chart, has also been presented by Lowry, Woodall, Champ
and Rigdon (1992). Apart from these, some techniques that are designed to provide
protection against changes in the process covariance matrix have been presented, for
example, by Montgomery et al. (1972) and Alt and Bedew: (1986). In recent years, some
attempts have also been made to develop control techniques which can both detect
process irregularities and identify the actual set of out-of-control variables, taking into
account the correlational structure of the quality charactenistics (see for eg.,
Doganaksoy, Faltin and Tucker (1991), Hawkins (1993a) and Hayter and Tsui (1994)).
All of this work, however, assumes that the process mean, p and the process covariance
matrix, 2, are known or that they can be reliably estimated prior to full scale production.

Thus, these techniques do not readily lend themselves to applications in the short-run or

I Part of the material from this chapter is based on the paper entitled ‘Mean control for multivariate processes with
specific reference to short runs’, Proceedings of the International Conference on Statistical Methods and
Statistical Computing for Quality and Productivity Improvement, August 1995, Seoul, Korea.
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lJow-volume manufacturing environment where data for estimating the process
parameters are invariably unavailable.

The main thrust of this chapter is to present some 'self-starting' and unified
procedures, for monitoring the stability, and in particular, the mean level of a multivariate
normal process where prior estimates of the process parameters are not available, such as
frequently occurs in short-run, low-volume and multi-product manufacturing
environments. The proposed techniques also facilitate the control of long-run processes
at an earlier stage. For completeness, control procedures are also given for the cases
where 1, 2. or both are assumed known in advance of the production runs. In addition,
two EWMA procedures specifically designed for detecting sustained mean shifts and
linear trends are considered. These are shown to be superior to some competing
procedures. The total discourse of this chapter is in the context of discrete items

manufacture.

3.2 Methodological Basis

One of the desirable properties for any SPC procedure is that the in-control
behaviour is predictable. This is the case if successive values of the control statistic are
independent realizations of a known constant distribution or at least approximately so
under in-control conditions. Another desirable property is the capacity to use additional
run rules with the associated control chart to help identify any non-random patterns
otherwise not apparent. The control statistics presented in the next section possess these
properties. As the arguments involved in establishing the distributional properties of

these control statistics are similar, this section considers only a particular case, namely,
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that based on individual observations where the process mean vector and variance-

covariance matrix are unknown prior to production.

Let X,,X,,...,X, be independent p-variate random observation vectors which

have the same covariance structure and are distributed as,

X_/'~Np(uj)z)’ j:1’2)"')k

where 2. denotes the unknown non-singular variance-covariance matrix. Next, define

— 1
where X, =;ZXJ. .

We wish to test the hypothesis,
Hy: p,=p, =..... =u, =n(say) vs. H, :notall n,'sare equal

Under H, and the assumption of a constant process variance-covariance matrix,
v=(v[ VI Vi) ~ N (1,2
- 2 Tet k T Np (u’ Vory&V )

Where l"-v :0kpx1a Z:V ———Z@C,

® denotes the (left) Kronecker Product (Graybill (1983), p.216) and

1

k-1
k

cen -
P

ko exk

-
o=

,V, that are

Some linear combinations of the p x1 component vectors V,,V,,

uncorrelated are now obtained using the standard principal components approach.

Consider the following linear combinations :
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In matrix notation, these are represented by the following equation
Y=TV=(I®A)V

where I is a p x p identity matrix and

/ \
all a12 eaa sae alk
dy1 9.
A=| :
N T Y
. . . T T T T .
Thus, the variance-covariance matrix of Y:(Y1 Y, -- Yk) 1s
_ T
2y=T2,T
=Y ®ACA".

G.1

(3.2)

To produce vectors Y,, Y,, ... , Y, which are uncorrelated, A in (3.2) is chosen to

diagonalize the symmetric matrix C. One choice for A is

L 1
Jk Jk
L =L 0
= 5
1 1 =2 0
J6 N J6
1 1 1 -3
A=| YA&D  Jaen (A A
1 -(k=1)

where the rows of the matrix are the normalized eigenvectors of C. Substituting A into

(3.1) results in the following linear combinations :
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e

1 =0,
Y, = (Vi - V2) = (X, - X,)
=f(vl +V, —2V3):f(xl +X, - 2X;)

?Q‘

-1

k-1
Yk_m{z j—(k—l)Vk}—m{ X, — (k- 1)ka

Jj=1 1

J
Note that the transformation results in a new set of uncorrelated random vectors

Y,,Y5,...... » Y, ,.one less than the set of original random vectors. This is due to the fact
that the transformation is subject to a constraint, namely, the sum of the component
vectors, V,,V, ... ,V, 1s equal to a zero vector leading to
rank(ZV) =kp-p= k(p - 1) . It is also clear from (3.2) that ¥, is a ‘quasi-diagonal’
matrix with diagonal submatrices >, except for the first one which is a zero matrix.

Since the resulting transformed vectors Y,, Y;,...... , Y, are linear combinations
of multivariate normal vectors and 2., is a quasi-diagonal matrix as mentioned above,
they are mutually independent with common variance-covariance matrix .. As the kth

observation vector X, , the sample mean vector X, , and variance-covariance matrix

k-1
e 1 24 Z (X, - X,_ )X, = X,_)" ofthe first k-1 observations are independent,

k-1~

A, = YkT(Sk—l)_lYk

T
k(kl 1)[2)( — (k- 1)xk} S;! 1{Zx — (k- 1)ka

Jj=1

— T _ _
= (%)(Xk - Xk—l) Skll(xk - Xk_1> k=p+2,.....
are easily seen to be distributed as (Anderson (1984), p.163)

N (k-2)p

k mF pik-1-p

50



where F,) ,, denotes the F-distribution with vl and v2 degrees of freedom. Before
proceeding to show that successive 4,'s are statistically independent, a number of

remarks will be made. Note that 4, is the familiar 7 2_type statistic that can be used to
check the consistency of X, as coming from the same normal distribution as the sample
of k-1 preceding observations. This statistic possesses certain optimal properties, as

reported in Anderson (1984, pp.181). Of all tests whose power depend on

_1 _ )
kT(U-k - M)TZ l(uk - p.), the test based on 4, can be shown to be uniformly most

powerful for testing the equality of mean vectors of the two normal populations from
which X, and the sample of k-1 preceding observations are drawn, when the unknown
variance-covariance matrix 2. is assumed to be constant (see Lehmann (1959)). It can
also be shown, using a theorem of Stein (1956), that this test is admissible i.e, there
exists no other test which is better or uniformly more powerful. Besides, note that the
denominator degree of freedom of the F-distribution associated with A, varies according
to k. If the values of the A,'s are plotted in different scales, they are likely to give a
misleading visual impression about the status of the process. Thus, it is advantageous to
transform the A4,'s into a sequence of independent and identically distributed variables,
preferably having standard normal distribution, because any anomalous process
behaviour will then show up more clearly in the resulting control chart. This can also be
assisted by means of additional run rules.

To establish mutual independence of successive A4,'s, it is first proved that they
are pairwise independent. Clearly,

Y, ~N,(0.%), Y., ~N,(0,%), (k-2)S,,~W,(k-2,%)
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are mutually independent. The notation W,(v,2) here denotes the p-dimensional
Wishart distribution with v degrees of freedom and parameter >,. Let D be a non-
singular matrix such that DEDT =1 and define
Y, =DY,, Y., =DY,,,, S, =DS,_ D"
Thus,
Y, ~N,(01), Y., ~N,(0I), (k-2)S; ~W,(k-2I)

and their independence is preserved. Due to the invariance property of the
transformation,

- * * -1 *
Ak = Y/;rskllYk = YkT(Sk—l) Y,,

T -1 *T P LIS
A1 = Y Sy Yo = Yoy (Sk) Yo

Noting that (k-2)S;_,=(k-1)S; - Y, Y,  and using an identity for matrix inverses

(Press(1982), Binomial Inverse Theorem, p.23), 4, may be expressed as follows :

* * -1 % 2
) (k-2) Y'T(S*)_IY;+ (YkT(Sk) ij

k-t (k=D)-Y"(s3) ¥ |

As Y,:T(S;)—IY,: is independent of S; (Srivastava and Khatri (1979), Theorem 3.6.6,
p.94) and Y,,, , it is also independent of any function of S; and Y,,, . Thus,
-1 . -1 .

Y,:T(S;) Y, is independent of 4,,, =Y, (S;) Y,,, and it follows immediately that

A, (a function of Y,:T(S,:)_IY,: ) is independent of 4,,, . Similarly, it can be shown that

any pair of A4, 's are pairwise independent. Note that,
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* * * -1 *
Ay = kY, [(k ~ 1)Sk + Yk+1YkI1] Y.

-1 . - - - o . .
and since Y,:T(SZ) Y, isindependent of S, , Y., and Y, , , itis clear that 4, is also

independent of 4,,, . By induction, 4,,, and 4,,, (m# n) are independent.

k+n

Using the result of pairwise independence, it is now possible to proceed to show
that they are mutually independent. As Y,:T(S,’:)_IY,: . S,, Y., and Y, , are mutually
independent, their joint probability density function (p.d.f) 1s

SYiSY0 80 Vi Y ) = gV YE JH(SE)g(Yin )2 (Yen)
where £,/,q and Z represent their marginal probability density functions respectively.

The joint moment generating function of
A= YISIY; = £V
App = Ygls/:-lY;H = ﬁ(SZaYI:H)
Az = ;Ist:1Y1:+2 = f3(SZ,Y,:+1,Y,:+2)
where f|, f, and f, are some fuctions of the indicated arguments, is given by

My ain., (Gl 5)= J‘e AN O(A, Ay A JAA A dA, L

all possible
(ArrAir 1,4k +2)

where Q(Ak,Ak+1,Ak+2) denotes the joint p.d.f of 4,, 4,,, and 4,,,. Integrating over

the original space gives,
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MAk,Aku,Ahz (tl L2 t3)

* tlfl(Y;TS;_lY,:)+lzf2(S;,Y;+1)+f3f3(S;,Y;,1,Y;,2) AT % g * o * * * * N * *
= e f(ch S, Yk,sk,Ylm>Yk+2)dkaYk+1dYk+2dSk

all possible
[YE.qu Yie2 .Sk]

_ .e'lf:(YETSZ'IYl:)”zfz(SZ)Y;A)“sfs(S;-Y;+1-Y;¢z)g(Y;TS:_lY;)h(sl:)q(Y;H)Z(Y;+2)dY;dY;+ldY;+2dS;

all possible
(Yl:-ykﬂ Yie2 -SkJ

As Y;"S; 'Y, and S; are independent and the region or space for two independent

variables over which the joint density is not zero must factor (see Lindgren (1973), p.96

and Hogg and Craig (1971), p.78), from the above,

MAk,Ak+1>Ak+2 (tl ? t2 ? t3)
Y.s, 'y, T A * T K *
J‘etlfl( k Sk Ic)g_(YkTSk lYk)d(YkTsk lYk)

all possible
ATe*=ly =
Yk S, Yy

o [ A S ol (Vi JS Y Y,

all possible
(Sk 7Y/<-+l ’YI:+2 )

- MAk (1), MAk+|,Ak+2 (t2 5)

= MA,‘ (tl ) MAI:+| (t2 ).]\4/4“2 (t3) " Ay and Ayyq are independent
where M, , M, and M, are the moment generating functions of 4,,4,,, and
Al’ Ak+l Ak+2 k k+]

A,,, respectively. Hence, 4,,4,., and 4,.. are mutually independent. The proof can be

extended to any set of 4,'s in a similar manner.

3.3 Monitoring the Mean of Multivariate Normal Processes

Like the ‘Q’ charting approach previously proposed by Quesenberry (1991) for
controlling univariate normal processes, the techniques presented in this paper involve
the use of the probability integral transformation of some (scaled) quadratic forms in

order to produce sequences of independent or approximately independent standard
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normal variables. These procedures essentially enable charting to commence with the
first units or samples of production whether or not prior knowledge of the process
parameters is available. For the case where no relevant data is available prior to a
production run, the process parameters p and 2. are 'estimated’ and ‘updated’
sequentially from the current data stream. These dynamic estimates, together with the
next observation or subgroup are in turn used to determine whether the process is stable.

In the following sub-sections, control statistics for use with individual
observations and subgroup data are given for the cases when both, either or neither of

the process parameters i and . are assumed known in advance of production.

3.3.1 Control Charts Based on Individual Measurements

Let X,,X,,... be the vectors of measurements on p quality characteristics for

products produced in time sequence. Assume that these observation vectors are

independently and identically distributed having been collected from a p-variate normal

N,(u,X) process. Further, let X,, S, and S,, denote respectively the mean vector,

the usual and the ‘mean-dependent’ covariance matrices of the first £ observations as

defined below :

S = (X, ~ (X, ~n)"

=]

These values can be updated sequentially using the following recursive formulae :
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X, =%[(k—1)ik_l +X,] k=23
k-2 1 — —

S, ((k_ 1)) S, +;(xk X)X -XL) k=34,
k-1 1

Sp.,k = —k—sp"k_l +;(Xk - [J.)(Xk - [J.)T k= 2,3,......

Additionally, the following notation will be used :-

CD(O) - distribution function of a standard normal variable
(D'I(O) - inverse of the standard normal distribution function

Xf(c) - distribution function of a chi-square variable with v degrees of freedom
Fvl,v2(.) - distribution function of an F variable with v1 numerator degrees of

freedom and v2 denominator degrees of freedom.

The appropriate control statistics are now presented as follows :

Case (I) : Both p and 3. known

Z, = q>-'[xf,(7;)] k=12,......

where 7, :(Xk—u)TZ_l(Xk~u) (3.3)

Case (IT) : p unknown, 2. known

Z, = CID“[Xf,(]}()] k=23,......

where 7, = (ﬂ)(X,{ —ik_l)TZ_l(Xk - Xk—l) (3.4)
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Case (IIN) : p known, X unknown

Z, = CD"I[Fp,k_p(T,{)] k=p+l,.....

- T
where 7, = ;(k_pl))(Xk —u) Spfk_l(Xk - u) (3.5)
Case (IV) : Both p and > unknown

Z, = CD_I[Fp,k_l_p(Tk)] k=p+2,...

where T, = (%)(xk ~Xo) Sih(X, -X,) (3.6)

As shown above, for case (I), a value of Z, corresponds to X, for all values of
k=1,2,.... However, no value of Z, corresponding to the first observation X, is
calculated for case (II). This is due to the fact that the unknown process mean vector u
has to be estimated from X, before its constancy can be subsequently monitored. For
case (IIT), the monitoring procedure begins after p+1 observations. When the process
parameters are unknown, control is initiated at the (p +2)th observation. In this case, no
value is plotted prior to the (p+2)th observation because the sample covariance matrix
S, , used in formula (3.6), is not positive definite and hence is not invertible for £ less
than p+2. For the latter two cases, if p is small relative to the volume of production, the
effect of not charting the first few observations on the performance of the procedures is
negligible. If p is relatively lafge, it is recommended that the quality characteristics be
partitioned into smaller groups and similar procedures applied to them so that monitoring
can begin sooner. The overall false alarm rate from these multiple charts can be adjusted

using Bonferroni inequalities. Note that, there will be situations where historical data for
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estimating the process parameters are available but insufficient for us to assume that the
in-control values of the process parameters, particularly the covariance matrix, are
essentially known. Under these circumstances, such data may be used to provide more
stable estimators and to Initiate process monitoring sooner, as considered by
Quesenberry(1991a) for the univariate setting.

It is clear from the preceding section, that {Zk} for each case is a sequence of
independently and identically distributed (i.i.d) normal variables with mean 0 and
standard deviation 1 under the stable in-control normality assumption. The distributional
property obtained for case (IV) is the most pertinent result for short run SPC.

As the plot statistics for all cases are sequences of i.i.d. N(0, 1) variables, the
resulting control charts can be constructed using the same scale and with the common
Shewhart control limits +3. In addition, supplementary run rules can be employed to
reveal any assignable causes hidden in the point patterns of the charts. Although the
argument statistics 7,'s can be plotted instead of the transformed variables Z,'s, this
practice is not recommended because for those cases other than case (I), the use of 7's
involves the added complexity of varying control limits. The use of these procedures is

llustrated later.

3.3.2 Control Charts Based on Subgroup Data

In practice, the use of subgroup data is often preferable to individual
measurements even in situations where only a limited amount of data are available. This
is due to the fact that the resu.lting control charts are more sensitive to substantial shifts
in the process average and that the subgroup mean (vector) is less affected by departure

from the underlying normality assumption, by virtue of the central limit theorem.
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Adaptation of the above formulae yields appropriate control statistics for
monitoring the stability of the process mean vector based on subgroup data. Discussion

will be restricted to the case of conmstant subgroup size. Let X,, n and k denote

respectively the jth observation vector of the ith subgroup, the common subgroup size

and the subgroup number, and define the following quantities :

where S(O) =S

.« = 0. The same technique is now applied to transform the sample
pooled

mean vectors X,,,'s to standard normal variables for each of the cases considered above

for individual measurements.

Case (I) : Both pu and Y. known
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where 7, = n(i(k) - u)TZ'I(X(k) - p.) (3.7)

Case (IT) : p unknown, 2 known

2= [G(n)] k=23

where T, =(*40)(X ,, —i(k_l))T S (X -Xgen) G

Case (III) : p known, X, unknown

Two alternative techniques which employ different process covariance matrix

estimates will be considered for this case. The first one incorporates p into its 'Tunning'
estimate of > whereas the other ignores knowledge of p and is based on the pooled

: (k)
estimate S, -, .

It will be seen in section 3.5 that the latter gives better run length

performance.

(a) Uses p _in estimation of 2.

Z, = (D‘I[Fp,,,(k_l)_pﬂ(Tk)] k=23,......  n>p

where T, = (%)(Y(k) - u)T(Sﬂ"l))_l(Y(k) - u) (3.9)

(b) Uses Pooled Sample Covariance Matrix

Ze =7 [Fopryp(T)] =120 ,n2p+l
where T, = [W (X—(k) B “)T(Siﬁa)_l(im - “) (3.10)
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Case (IV) : Both u and 2. unknown

2o =7 Fpprny (D] k=23, 2Ll

n(k=1)(k(n=1)-p+)) \(~7 = T Sy =
where T, :( s e 1))(X(k)—x(k-l)) (Sfﬁ,) (X(k)_x(k—l)) (3.11)

K p(n-1)

Under the assumption that the X ;'s are independent observation vectors obtained
from a common process with a N p(u,Z) distribution, the control statistics given by
(3.7), (3.8) and (3.9) are sequences of iid. N(0, 1) variables (see section 3.2). For

those given by (3.10) and (3.11), successive plotted values arise from a standard normal

distribution but they are correlated due to the use of the pooled sample covariance
matrix, S’ . Sequences of independently distributed variables can be obtained for these

pooled *

(k)

s DY the sample covariance matrix of the current

latter cases by replacing the S
subgroup, S(,,. This is not considered, however, because it is found that the
performances of the resulting charts are poor, even when some additional run rules are
used. Furthermore, ignoring the issue of dependence among the Z,'s of (3.10) and
(3.11) has no significant effect on the false signal rate. In particular, the probability of
getting a false signal from any one of the first 50 subgroups using both techniques was
simulated for various combinations of p and » based on 5,000 runs when either 3-sigma
limits or only the upper 99.73th probability limit is used. The results, which are tabulated
in Table 3.1, appear to agree well with the nominal value of 1-09973% =01264. The
reason the above criterion is chosen as a measure of in-control performance instead of
the usual average run length is that the control statistics given by (3.10) and (3.11) are

primarily concerned with short production run situations in which the total number of
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samples rarely exceeds 50. Furthermore, note that for case (IV), it is possible for each

individual sample covariance matrix to be of less than full rank provided the (common)

sample size is not less than £+1. This is because for the pooled covariance matrix,

S(pl;)o,ed to be distributed as a positive definite scaled Wishart matrix such that 7, is well

defined, the total degrees of freedom for the & possibly rank deficient sample covariance

(k)

vooled» #(7—1) must be at least p, or equivalently, n>%£+1 (see

matrices that form S
Sullivan et al.(1995)). For this condition to hold for all £, starting from k& =2, the

minimum sample size is thus 7 = [§ + 1] where [¢] denotes the greatest integer function.

A remark should be made about the computation of the argument statistics for
(3.3) to (3.11) above which involve evaluation of the inverse of a matrix. In fact, each of
these arguments can be expressed as a quotient of two determinants, thus eliminating the
need for inverting either the known process covariance matix or some estimates of it (see
for example, Morrison (1976), p.134). For instance, the argument statistic of (3.6) has

the following alternative expression

Se1 + UC%;}((II:—%;L)(XI{ _ik—l)<xk _ik—l)T

T - -1
" [Si-

Evaluating an expression of this form is much more convenient than that of its original
form especially when the number of quality characteristics, p is large.

For some general guidelines on using the above control charting approach,
readers are referred to the article by Quesenberry (1991a) from which the ideas of this

present work originate.
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TABLE 3.1. Probability of a False Signal from Any One of the First 50 Subgroups.

Control Statistic

p n (3.10) (3.11)
2 3 0.1340 * 0.1196
(0.1242) t (0.1266)
4 0.1240 0.1270
(0.1172) (0.1284)
5 0.1208 10.1220
(0.1176) (0.1152)
3 4 0.1200 0.1160
(0.1186) (0.1146)
5 0.1224 0.1194
(0.1288) (0.1168)
6 0.1284 0.1202
(0.1186) (0.1248)
5 6 0.1190 0.1210
(0.1256) (0.1250)
7 0.1222 0.1230
(0.1260) (0.1210)
8 0.1192 0.1218
(0.1220) (0.1114)

* Unbracketed values correspond to the use of upper control limit only with o = 0.0027 .
T Bracketed values correspond to the use of two-sided 3-sigma control limits.
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3.4 Examples

In this section, use of the proposed techniques are illustrated by some numerical
examples based on simulated data as well as using data from a previously published
article. The examples presented here are not intended to cover all possible situations,
however, they provide some insight into the behaviour of the proposed techniques under

various circumstances.

Example 3.4.1
The first illustration uses the formulae for individual measurements. 30
observations have been generated from a bivariate normal distribution with the following

parameters

_[10} 5 [ 1 1.275}
H=11s) 275 225)

These data are shown in Table 3.2, along with the computed values of the control
statistics (3.3) to (3.6). The corresponding control charts have also been constructed as
shown in Figures 3.1(a) to 3.1(d). It should be noted that the use of 3-o control limits in
this and subsequent examples is merely for the purpose of illustration. In practice, it may
be preferable to use narrower control limits or only the upper control limit in line with
the traditional Hotelling 7 charting approach.

Note that for the cases with some unknown parameters, the corresponding

statistics were computed using the values of p and X as given above. Note also that
since p = 2, calculations of the plotted values of the control statistics (3.4), (3.5) and

(3.6) have been started with the 2nd, 3rd and 4th observations respectively. As shown in

the figures, none of the plotted points exceed the control limits for each of the control
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charts. This is as expected because the data for this example can be regarded as having

been collected from an in-control process. It is also interesting to note that after the first

few observations, the movement of the charted points are very similar for all cases. This

phenomenon is typical for in-control multivariate normal processes.

TABLE 3.2. Simulated Data and Values of The Control Statistics based on

Individual Measurements for Example 3.4.1

Control Statistic

Obs. No.  Varable 1 Variable 2 (3.3) (3.4) (3.5) (3.6)
1 10.39 15.70 -1.27 NA NA NA
2 9.02 14.19 -0.08 -0.28 NA NA
3 9.28 13.71 -0.50 -0.62 0.07 NA
4 8.67 14.04 0.61 -0.19 0.52 -0.32
S 9.22 14.99 0.40 -0.55 0.46 -0.21
6 8.82 11.54 1.98 1.99 2.09 1.56
7 9.07 14.14 -0.24 -1.39 -0.37 -1.52
8 11.70 17.31 0.73 1.50 0.47 1.83
9 10.92 16.35 -0.35 0.22 -0.60 -0.07

10 9.64 14.84 -1.15 -1.80 -1.21 -1.91
11 831 12.85 0.70 0.18 0.45 -0.01
12 9.56 14.23 -1.16 -1.55 -1.29 -1.56
13 10.39 14.74 -0.22 0.15 -0.14 0.19
14 10.11 15.84 -0.43 -0.30 -0.36 -0.33
15 9.53 13.79 -0.42 -0.57 -0.39 -0.55
16 11.15 16.77 0.05 0.46 0.01 0.45
17 8.03 11.89 1.24 0.88 1.05 0.72
18 9.68 14.04 -0.67 -0.86 -0.62 -0.72
19 9.57 14.11 -0.95 -1.48 -1.00 -1.39
20 9.05 13.58 -0.29 -0.98 -0.40 -1.01
21 12.40 18.15 1.59 1.98 1.37 1.80
22 10.17 15.17 -2.14 -1.37 -2.12 -1.49
23 8.41 13.00 0.58 0.22 0.38 0.07
24 10.31 ~16.11 -0.33 -0.07 -0.03 0.08
25 9.66 13.57 0.19 0.05 0.55 0.44
26 9.50 13.78 -0.44 -0.80 -0.35 -0.62
27 10.91 17.65 1.22 1.44 1.40 1.52
28 10.59 16.43 -0.20 0.03 -0.23 -0.11
29 9.71 14.05 -0.62 -0.73 -0.54 -0.55
30 9.48 13.85 -0.60 -0.87 -0.66 -0.86
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Example 3.4.2
Next, in order to demonstrate the behaviour of the control charts based on
subgroup data for a stable process, 120 observations have been generated from a

trivariate normal distribution with

5 0.0625 010625 005
w=|12 and 2 =1010625 025 0136].
15 0.05 0136 016

These observationé are grouped into samples of size n =4 and the corresponding values
of the control statistics (3.7), (3.8), (3.9), (3.10) and (3.11) are calculated and plotted in
Figures 3.2(a) to 3.2(e). Note that except for the case with known parameters and when
the statistic (3.10) is used, charting begins with the 2nd subgroup.

Again, as shown in the figures, the point patterns of the resulting control charts
are similar after the first few points. This similarity in the point patterns will generally be
the case for other in-control processes and the appearance of the control charts will be
more similar as the subgroup size increases. Following Quesenberry's (1991) suggestion,

since p and X are not likely to be known precisely, the safer approach to charting is to

use (3.6) and (3.11) which do not assume known values for the process parameters.
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Example 3.4.3
In this example, two charts are shown in order to compare the control techniques

based on subgroup data for the cases when the parameters p and . are assumed

known and when they are both unknown. Figures 3.3(a) and 3.3(b) show these control
charts for 30 samples of 3 observations each from a bivariate process where the mean of
the 1st variable increases by 1.5 standard deviations after the 8th sample. The first 8

samples were generated from a N, (u, Z) process distribution with

[10} i ¥ [ 025 o.375)
= an =
H 23 0375 1

whereas samples 9 to 30 were simulated from N,(u,,,,,>) where

~ [10.75j
!J'new - 23 .

Note that the correct values of p and 3 to use for computing statistic (3.7) are

those before the shift occurs. The figures show that whilst the shift is large enough to
trigger out-of-control signals from both charts as soon as subgroup 9 is observed, that
based on unknown parameters gradually settles into a pattern indicative of in-control
conditions. This is due to the fact that the corresponding control statistic utilizes the
current data stream to estimate the unknown values of the process parameters
sequentially, causing the effect of parameter changes to ‘dilute’ as more out-of-control
data are incorporated into the parameter estimates. It should be noted, that if an outlier
or out-of-control observation (or subgroup) is present, that observation should be
removed from subsequent computations. If this 1s not done, the parameter estimates will

be distorted, causing an out-of-control process to appear in-control or vice versa.
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Example 3.4.4

As a preliminary investigation of the effect of changes in process standard
deviations on the individual values control charts, 30 observations are considered that
have been generated from a trivariate normal process where the standard deviations of
two of the variables double after the 13th observation. Observations 1 to 13 were

generated from N;(u, ) with

8 001 0042 00825
p=|25 and Y =| 0042 144 -018
27 00825 -018 225

while the remaining subsequent observations were generated from N,(u,%.,,, ) where

001 0084 0165
> .. =|0084 576 -072].
0165 -072 9

The individual values control charts for the case when both or neither of the process
parameters are assumed known were constructed based on these simulated data and
these are displayed in Figures 3.4(a) and 3.4(b) respectively.

As shown, the change in the process standard deviations causes a spike on both
of the control charts at the 15th and the 17th observation respectively. However, the
signal from the latter is less pronounced than that corresponding to the known parameter
case. This example demonstrates that the individual values control chart, which does not
assume known values of the process parameters, can also detect changes in the process

covariance matrix ..
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Figure 3.4(a). Multivariate Control Chart for Example 3.4.4, Known Parameters.
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Figure 3.4(b). Multivariate Control Chart for Example 3.4.4, Unknown Parameters.
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Example 3.4.5

To illustrate the usefulness of individual values control procedure for the
unknown parameters case, consider the data analysed by Holmes et al.(1993) which
gives the composition of ‘grit’ manufactured by a plant in Europe. These data are
reproduced in Table 3.3 where the columns headed L, M, and S show the percentage
classified as large, medium and small respectively, for each of the 56 observations. Since
the percentages sum to 100 and the sample variance-covariance matrix will not be
invertible under this condition, we analyse the data in the first two columns only, as
Holmes et al. did, using a technique based on statistic (3.6). The computed values of this
statistic are provided in the same table and the associated control chart is shown in
Figure 3.5. Note that, as opposed to Holmes et al.’s retrospective testing for process
stability based on all these 56 observations, the proposed charting is done essentially in
real time i.e it begins as soon as the 4th observation is available. Thus, this approach has
the potential to react to process instability sooner than the former method.

As shown in the figure, a signal is triggered by the 26th observation which,
according to Holmes et al., actually occurred in the presence of process troubles. This
observation is thus deleted from subsequent computations. To stress this point, the
charted points corresponding to this and the next observation are disconnected. Although
the plotted point for the 45th observation which was also affected by some identified
special causes does not exceed the 3-o control limits, using the common run rule that
signals when 2 of 3 consecutive points exceed 2-c limits (in this case £2) on the same
side of the center line, the process trouble is detected as soon as the next observation is
available. This additional rule provides enhanced detection capability with little loss in

the in-control RL performance, especially for short run situations (refer to Palm (1990)
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for the in-control RL probabilities of the combined test above). It is, in fact, the ability to
recognise many anomalous point patterns through, for instance, the use of such

additional run rules that the strength of the proposed charting technique lies.
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Table 3.3. Holmes and Mergen (1993)'s Data and Values of Statistic (3.6).

i L M S Z,

1 54 93.6 1 NA

2 32 92.6 42 NA

3 52 91.7 31 NA

4 35 86.9 9.6 0.6399
5 29 90.4 6.7 -0.4774
6 4.6 92.1 33 -1.4148
7 4.4 91.5 4.1 -2.0361
8 5 90.3 4.7 -0.1776
9 8.4 85.1 6.5 2.7482
10 42 89.7 6.1 -1.1743
11 38 92.5 37 -0.7038
12 4.3 91.8 3.9 -1.3520
13 . 37 91.7 4.6 -1.0359
14 38 90.3 5.9 -0.8824
15 2.6 94.5 2.9 0.5530
16 2.7 94.5 2.8 0.2870
17 7.9 88.7 34 1.4587
18 6.6 84.6 8.8 1.4113
19 4 90.7 53 -1.3677
20 2.5 90.2 73 0.6618
21 3.8 92.7 35 -0.7556
22 2.8 91.5 5.7 -0.2284
23 2.9 91.8 5.3 -0.4814
24 33 90.6 6.1 -0.5848
25 7.2 87.3 5.5 0.8209
26 73 79 13.7 3.2867*
27 7 82.6 10.4 2.0908
28 6 83.5 10.5 1.4377
29 7.4 83.6 9 1.0241
30 6.8 84.8 8.4 0.3840
31 6.3 87.1 6.6 -0.4525
32 6.1 87.2 6.7 -0.6524
33 6.6 87.3 6.1 -0.2495
34 6.2 84.8 9 0.3005
35 6.5 874 6.1 -0.3970
36 6 86.8 72 -0.7454
37 4.8 88.8 6.4 -1.6929
38 4.9 89.8 53 -1.9147
39 5.8 86.9 73 -0.7932
40 72 83.8 9 0.5805
41 5.6 89.2 52 -0.9938
42 6.9 84.5 8.6 0.2369
43 7.4 84.4 8.2 0.3382
44 8.9 84.3 6.8 1.3784
45 10.9 822 6.9 2.4500
46 8.2 89.8 2 2.0966
47 6.7 90.4 2.9 0.7397
48 5.9 90.1 4 -0.3457
49 8.7 83.6 77 0.6670
50 6.4 88 5.6 -1.1449
51 8.4 84.7 6.9 0.3555
52 9.6 80.6 9.8 1.4025
53 5.1 93 1.9 0.8303
54 5 91.4 36 -0.2968
55 5 86.2 8.8 0.4030
56 5.9 872 6.9 -1.4174

* This observation is removed from computation of subsequent 7 ’S.

76



Control Statistic

0 2

rrr 1 rrrvryrrrrrrrrrrvrimrrrT rrrrririrrrrrrivryrrtrrrrrrrririrrTd

6 8 1012 14 16 18 20 22 24 26 28 30 32 34 36 38 40 42 44 46 48 50 52 54 56

T 1 1

4
Observation Number

Figure 3.5. Multivariate Control Chart for Holmes and Mergen’s Data.
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Example 3.4.6
To see how the control technique with unknown parameters that is based on
subgroup data performs in comparison to an existing method, consider the data given by

Alt et al.(1976). These authors presented formulae to compute the control limits for the

T?-type control chart based on a small number of subgroups, both for retrospective and
future testing of the mean level of a multivariate normal process and used the data to
illustrate the use of these so-called small sample probability limits. The data consists of
measurements on p =2 quality characteristics which are grouped into subgroups of size
n=10. Due to limited space, the summary data are not reproduced here. However, for
ease of comparison, the values of the T2-type statistic, the stage 1 (retrospective) and
stage 2 (future) control limits are given in Table 3.4, together with the results obtained
using the technique (3.11) proposed in this paper. Note that the stage 1 and stage 2
control limits are set at o« =0.001 and o = 0.005 respectively.

As shown in the table, the use of the proposed technique also results in an
abnormally large value of the control statistic for subgroup 4 as when Alt et al.'s method
is used, indicating that the process was out-of-control when this sample was taken.
Similarly, subgroup 8 is also detected as being out-of-control using both control

procedures.
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TABLE 3.4. Values of Alt et al.'s Test Statistic, Small Sample Probability Limits
and Control Statistic (3.11) for Example 3.4.6.

Subgroup Altetal's Stagel Revised Value Revised Stage 1 Control
No. Stage 1 UCL of Alt et al’s UCL Statistic
Statistic Statistic (3.11)
1 0.009 1.3268 0.327 0.9546 NA
2 1.147 1.3268 0.264 0.9546 1.0758
3 0.136 1.3268 0.034 0.9546 -1.4909
4 4.901% 1.3268 NA 5.0192%
5 0.632 1.3268 0.057 0.9546 -0.58217
Subgroup Altetal's Stage?2
No. Stage 2 UCL §
Statistic
6 0.392 1.5906 0.7766
7 0.197 1.5906 0.5906
8 4.594% 1.5906 4. 8528%
9 0.190 1.5906 0.4045%
10 0.226 1.5906 0.3248
11 0.410 1.5906 1.0596
12 0.460 1.5906 0.9490

* These numbers exceed their respective UCLs indicating the presence of assignable causes.

T These and subsequent values are calculated after removing the out-of control subgroups immediately

preceding them.

I These are based on subgroups 1, 2, 3 and 5.
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3.5 Control Performance

It is shown in Appendix (A.1), (A.2) and (A.3), that the statistical performance
of the techniques presented above depend on the following parameter(s) (scalar, vector
or matrix) for each of the given types of process changes (besides the change point r, i.e

the observation or sample after which the change takes place) :

(a) A sustained shift in the mean vector from p to p,_ whilst >, remains unchanged

new

A= \/(unew 1) 7 (e — 1)

(b) A sustained shift in covariance matrix from 3 to >, whilst . _remains unchanged

Eigenvalues, A,,...,A,, of %, >ltor X'y,

(c) A simultaneous sustained shift in mean vector from p to u, , and covariance matrix

from > to >,

N=2"%(t,-1) and Q=3°%, T

1 . .
Note that >.* here denotes the symmetric square root matrix of 2. such that

L

! 1 _1 -1
2. =272 (Johnson and Wichern (1988), p.51) and X T = (sz . The importance of

these results is clear when one realizes that the effort for determining the control
performance of the proposed techniques is greatly reduced. For instance, in order to

determine the performance under the first type of process change, it may be assumed,

without loss of generality, that uz(O,O,...,O)T, >=1 and p subsequently

new
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considered in the form of u,,, = (?»,O,...,O)T for various values of A. Note that A is

sometimes referred to as the noncentrality parameter (eg., Lowry et al.(1992)). Some
issues of importance regarding the use of A are discussed in the same paper (see also
Pignatiello and Runger (1990)).

In this section, we will consider only the simplest type of process change, namely’,
a persistent change in the process mean vector. The performance of the proposed
techniques are evaluated on the basis éf probability of detection within m =5 successive
observations or subgroups by means of simulation. This is chosen as the performance
criterion instead of the common measure of ARL because, as demonstrated in the
examples using simulated data, the first few observations or subgroups after the change
are the critical ones. If the mean shift is not detected within the first few observations or
subgroups after its occurrence, it is even more unlikely that this will be 'picked up' by
subsequent observations or subgroups because of the 'diluting' effect. In addition, the run
length distributions for the techniques with some unknown parameters are not geometric,
so ARL is not a suitable performance criterion (see Quesenberry (1993,1995d)).
Furthermore, this paper is particularly concerned with short production runs or low
volume manufacturing and as such early response of the techniques to any process
anomalies or irregularities is a crucial factor.

It should be pointed out that only an upper control limit is used in the simulation.
This approach is used because the control techniques are intended primarily for 'picking
up' changes in the mean vector and it appears that any such change is likely to result in
unusually large values for the control statistics. In practice, however, it might be
preferable to use both lower and upper control limits because the former can provide

protection against occasional changes in the variance-covariance matrix and other
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process disturbances which may cause abnormally small values for the control statistics.
The limit is set at the 99.73th percentage point so that the false alarm rate for the
proposed techniques equates to that of the traditional Shewhart charts with 3-sigma
limits. As a partial check of the simulation, we have included results for those cases with
known parameters.

The results for the individual values control techniques obtained through 10,000
simulation runs are tabulated in Table 3.5 for various combinations of p, A and r. In
Table 3.6, the results for those techniques based on subgroup data are given. Note that
the exact probabilities for techniques (3.3) and (3.7) are obtainable from the noncentral
chi-square distribution tables or standard statistical software packages. The simulation
results for these techniques are found to agree well with the theoretical values. For
instance, the theoretical probabilities for technique (3.3) are 0.0569, 0.3452, 0.8571 and
0.9972 respectively for A =1, 2, 3 and 4 when p=3. These are very close to the
corresponding figures in Table 3.5.

As shown in Table 3.6, the control techniques based on subgroup data for the
cases with at least some unknown parameters can be expected to perform as well as the
technique with known parameters under this type of process change especially when the
noncentrality parameter, A is larger than or equal to 2. For instance, using control
statistic (3.10) and (3.11) with a subgroup size of » = 6 when p =5, the probabilities of
‘picking up' a mean shift of A =2 which occurs after the 10th subgroup, within 5
consecutive subgroups, are respectively 0.9966 and 0.9402. For smaller values of A,
these control techniques can also be expected to perform reasonably well relative to the
technique corresponding to the known parameter case. For example, these probabilities

are 0.3812 and 0.2834 respectively when statistics (3.10) and (3.11) are used, as
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compared to 0.4513 for the known parameter case. As for control based on individual
observations, those techniques with some unknown parameters have poor performance
relative to that based on known parameters when A and r are small and p is large.
However, the performance of these individual values control charts improves with
increasing value of A and r. As shown in Table 3.5, the probability of detecting a shift of
A =5 for a bivariate process within 5 successive observations using statistic (3.6), which
does not assume known values for the process parameters, is 0.8514 if r = 20. Apart
from these, a number of points can be noted from the tables. It is found that except for
control statistic (3.10), the proposed techniques decline in performance according to the
number of unknown parameters on which they are based. Specifically, those based on
known values of the process parameters have the best performance as expected, followed
by those with unknown mean vector p, those with unknown covariance matrix Y. and
those with both process parameters unknown. Note also that, for the same A and r, the
performance of the individual values control techniques become worse as p increases.
Finally, it can be seen from Table 3.6 that using statistic (3.10) is always better or as

good as statistic (3.9) although the former ignores knowledge of p in the estimation of

2.
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TABLE 3.5. Probability of Detection Within m =5 Subsequent Observations.

Control Statistic

A r p (3.3) (3.4) (3.5) (3.6)
1 10 2 0.0720 0.0492 0.0328 0.0245
3 0.0537 0.0399 0.0260 0.0223
5 0.0417 0.0306 0.0197 0.0172
20 2 0.0736 0.0588 0.0437 0.0367
3 0.0545 0.0432 0.0363 0.0304
5 0.0403 0.0345 0.0267 0.0247
2 10 2 0.4430 0.2560 0.0807 0.0541
3 0.3437 0.2033 0.0553 0.0364
5 0.2500 0.1428 0.0342 0.0228
20 2 0.4357 0.3230 0.1660 0.1353
3 0.3456 0.2525 0.1172 0.0925
5 0.2508 0.1830 0.0755 0.0614
3 10 2 0.9153 0.7050 0.1887 0.1325
3 0.8550 0.6014 0.1191 0.0827
5 0.7477 0.4752 0.0570 0.0408
20 2 0.9124 0.8074 0.4011 0.3314
3 0.8533 0.7220 0.2863 0.2333
5 0.7530 0.5920 0.1747 0.1385
4 10 2 0.9993 0.9687 0.3735 0.2728
3 0.9966 0.9354 0.2483 0.1967
5 0.9880 0.8762 0.1026 0.0722
20 2 0.9994 0.9921 0.7040 0.6213
3 0.9960 0.9796 0.5624 0.4837
5 0.9900 0.9456 03576 0.2962
5 10 2 1 0.9996 0.6114 0.4880
3 1 0.9982 0.4292 0.3076
5 1 0.9930 0.1560 0.0984
20 2 1 1 0.9096 0.8514
3 1 1 0.8122 0.7366
5 0.9999 0.9988 0.5866 0.5074
6 10 2 1 1 0.8180 0.6980
3 1 1 0.6304 0.4832
5 1 0.9998 0.2624 0.1568
20 2 1 1 0.9862 0.9702
3 1 1 0.9500 0.9162
5 1 1 0.8094 0.7468
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TABLE 3.6. Probability of Detection Within m =5 Subsequent Subgroups.

Control Statistic

r p n (37 (3.8) (3.9) (3.10) (3.11)
10 2 3 02970 0.1794 0.1670 0.2102 0.1276
3 4 03411 0.1981 0.1918 0.2381 0.1356
5 6 0.4549 0.2692 0.2938 0.3638 0.2063
20 2 3 02925 02128 0.2088 0.2192 0.1712
3 4 03410 0.2521 0.2469 0.2787 0.2025
5 6 04513 0.3256 0.3367 0.3812 0.2834
10 2 3 09864 0.8772 0.7356 0.8680 0.6512
3 4 0.9966 0.9399 0.8637 0.9582 0.7996
5 6 1 0.9908 0.9716 0.9966 0.9402
20 2 3 0.9880 0.9460 0.8992 0.9440 0.8566
3 4 0.996 0.9774 0.9582 0.9816 0.9402
5 6 1 0.9984 0.9952 0.9997 0.9926
10 2 3 1 1 0.9924 0.9990 0.9796
3 4 ] 1 0.9991 1 0.9979
5 6 1 1 1 1 1
20 2 3 1 1 1 1 0.9994
3 4 1 1 1 1 0.9979
5 6 1 1 ] 1 1
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3.6 Detecting Step Shifts and Linear Trends Using A Robust
Estimator of >, and EWMA

As demonstrated by examples 3.4.4 and 3 4.5, when a sustained shift in a process
parameter occurs, the technique presented for the unknown parameter case that is based
on subgroup data will either ‘pick up’ the process change within the first few samples or
it will not signal at all due to the effect of incorporating out-of-control observations in
the estimation of the process variance-covariance matrix, 2. . The latter event is likely to
occur when the shift takes place early in the production and the shift size (as measured
by A) is small. This problem is particularly acute when the corresponding individual
values control technique is used.

Apart from one-step shifts, there are situations where the process mean vector,
u changes linearly with time or with the chronological order of the observations or
samples. A linear trend in the multivariate observations is defined by Chan and Li (1994)

as the event which occurs when there exists a constant p-dimensional vector B such that
B is a linear function of the sample or observation number. As a special case of this, a

linear trend that occurs after the rth observation is represented by

X, =u, +¢;
i i=1...r
where p, = _ _ (3.12)
p+i0 i=r+1...

0 and € 's denote respectively a constant vector characterising the linear trend and the

i1.d N,(0,%) vectors of random errors. This is the model that is considered herein. If

the linear trend occurs soon after the commencement of production, the control

procedures for the unknown Y, case, particularly those based on individual observations
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are likely to be ineffective since the associated sample estimates of Y. appear to be
adversely affected by such systematic process changes.

In order to minimize the effect of step shifts, trends and other types of process
irregularities on the 2 estimates, it is suggested that the estimation procedure
recommended by Holmes et al.(1993) and Scholz et al.(1994) is used. This alternative is
analogous to the use of successive squared differences for the univariate situation. When
k observations are available, the suggested estimator of the process variance-covariance

matrix 1s given by

Z( ~X (X - X"

S = 2(k 1)<

This was shown to be unbiased by Sullivan et al.(1995) for situations where the
observation vectors are 1.i.d.

In this section, we examine the appropriateness of using EWMA computed from
the sequence of normalized T? statistics based on §k estimator and individual

observations as a control procedure, for the case where p is either specified or

unknown. To do this, first note that Scholz et al. approximate the distribution of §k with
[Si < W, (£, X)
where f, =—=——"— In addition, they stated that X, is independent of §k. Thus, it

follows that

* - 1 Q- N
T, = ﬁc—p+(xk+1 _U)Tskl(xkﬂ _u)~FP,fk—P+1

frim SeP
. _k(fy-p+]) v \Tg-1 < ).
and Tk+1:m(xk+l—xk) Sy (xk+1—xk)~Fp,f;-p+1-
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Note also that the 7}:#'5 (and T;'s) are approximately independent when & becomes
large. Thus, as in section 3.3, these statistics can be transformed to sequences of

approximately 1.1.d standard normal variables {Z,:,u} and {Z,:} as follows :
Zku =0 [ p.fia- p+1(T* )]

and [ P Sr1— P+1 ]

It is now possible to form EWMA statistics with Z,’:,u and Z; taken as the inputs. The
resulting techniques for the known and unknown p case are based on the EWMA
statistics, EWMAZ], and EWMAZI1U ,, given respectively by
EWMAZI, =yZ;, +(1-v)EWMAZI],_,
and EWMAZIU, =vyZ; +(1-y)EWMAZI1U, .
For ease of subsequent discussion, these techniques are referred to as EWMAZI1 and

EWMAZI1U respectively. Note that using these procedures, process monitoring begins

with the Ath observation where EWMAZ1, ; and EWMAZI1U,_, are set to 0 and % is

(3p+5)+(p-D(Op-17)
4

the smallest integer greater than . The values of EWMAZI,

and EWMAZIU, are plotted on a chart with control limits at +A,/y/(2—y) where the
smoothing constant y and the control limits factor 4 are chosen to achieve specified in-

control run length performance. Using the results obtained by Quesenberry (1995a),
these design parameters are set to 0.25 and 2.9 respectively to give the control limits at
*£1096. These same EWMA parameters are used in all the work reported subsequently

in this chapter. This combination of y and A gives an in-control ARL of 372.6 and an

ARL of 5.18 for a shift of 1.5 standard deviation in the mean of a normal variable. Since
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the proposed procedures are not based on sequences of exactly i.i.d standard normal

variables, their in-control RL distributions will be generally different from those

expected. However, as shown later, the effect of approximating {Z;’p} and {Z,:} with

sequences of i.i.d N(0,1) variables on the in-control RL performance of the associated

EWMA procedures appears to be insignificant, at least for the first 50 observations, the
selected combination of y and A, and the dimensions considered.

In order td illustrate the use of the proposed EWMA procedures, consider again
the data of Holmes et al.(1993) which are shown in Table 3.3. As before, only the first
two columns of the data, namely, those giving the percentages of large (L) and small (S)

‘grits’, are analysed. As the process mean vector is not specified, the appropriate statistic

to be used for this problem is EWMAZIU, . Since

Bp+35)+J(@-DOP-17) _(3x2+5J2-1)(9x2-17) _
4 4

3

for this situation, the control procedure is initiated at the 4th observation by letting

EWMAZIU, =0. The resulting EWMAZ1U chart is shown in Figure 3.6. As shown in

the figure, this chart issues out-of-control signals at observations 27, 29, 45, 46 and 52.
Note that these observations are removed before calculating the control statistic for their
subsequent observations. To emphasize this, the points corresponding to observations
28, 30, 46, 47 and 53 are disgonnected from the immediately preceding ones. It can also
be seen that observations- 28 and 30 almost trigger a signal. They have

EWMAZI1U,, =1.083 and EWMAZI1U,, =1.081 which are very close to the upper
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control limit of 1.096. In comparison to the use of statistic (3.6) (see Example 3.4.5) and
the retrospective tests of Holmes et al. and Sullivan et al.(1995) using the §k estimator,

there are more signals from the EWMAZ1U chart for this set of data. These findings are
not surprising since it was found by Sullivan et al. that the difference between the mean
vectors of the first 24 and the last 32 observations are statistically significant (an
evidence of a shift in the process mean vector following the 24th observation), while the
‘within” variance-covarince matrices are not statistically different.

Next, to see how the proposed procedures respond to linear trends, 50 bivariate

observations have been generated from the process model (3.12) with k = 1, u=0,

=1 and 6=(0.3,0)". Besides EWMAZ1 and EWMAZIU charts, M charts

specifically designed by Chan et al.(1994) for detecting such process changes have also
been constructed based on the same data. These are all shown in Figure 3.7. The latter
procedures are developed based on projection pursuit and linear regression techniques.
These procedures involve charting the values of certain statistics based on moving
samples of d observations. In this example, the size of the moving samples used is d = 7.

If u is specified, the sequence of control statistics involved is given by

WG, U/'GW
“wiw-w'G, Ul W’

k=d d+1,...

: : 2i-d-1
where W is a d-dimensional vector with the ith element being 1—2— ,
G, =(Xk_d+1 -u, - X, - u)T, U, =G,G, and d>p. The values of M, are

plotted on a chart with upper control limit at F the upper 100ath percentile of an

p.d-p,a>

F distribution with p and d-p degrees of freedom. If the process mean vector is
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unknown, the procedure is similar except that p and F, should be replaced by the

,d—p,a
mean vector of the current moving sample,
k
< 1
Xd,k —E’ E X,
i=k=d+1

and F,,_,1, respectively, with the condition that d>p+1. As shown in the figure,

although the process trend begins at the 2nd observation, no signal is generated by both
the M charts with known and unknown p when a 1% significance level is used. In
contrast, EWMAZ]1 and EWMAZI1U control procedures ‘pick up’ the trend at
observations 11 and 17 respectively. In addition, the upward trends of the charted points
for these EWMA charts provide very strong visual evidence of process troubles. This
point pattern is typical for processes affected by linear trends. Note that since d =7,
both the M charts have been started from the 7th observation. Note also that the values
of the M chart with specified u are generally lower than the corresponding values for

the 1 unknown case. As will be seen later, this technique is very ineffective. This is due,

in part, to the effect of estimating the in-control value of 2. based on

Uk = GZGk
k

= Z(Xi - U)(Xi _U)T,

i=k-d+1
which apparently incorporates both the ‘local’ and the ‘long term’ variabilities in the
presence of systematic process changes.
In order to provide n;ore insight into the relative performance of the proposed
and other procedures including the M charts, some simulation results for the RL

probabilities, Pr(RL < k), are presented. These are all based on 2000 replications, giving
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: 0.5(1-0.5) : .
a maximum standard error of o000 - 0.0112 which occurs when the probability

being estimated is actually 0.5. For the case where p is assumed known, two other
procedures similar to EWMAZ]1, abbreviated hereafter as EWMAZ2 and EWMAZ3
respectively are considered. The first uses the EWMA computed from the Z,'s of (3.5)

whereas the other is based on the EWMA computed from the following sequence of

statistics :

Z, = q"{Fp,k-l—p[(/;(_kl—_—;;)(Xk —1) S (X, - u)ﬂ, k=p+2,.... (3.13)

As for the case with unknown p, a similar EWMA procedure with the Z,'s of (3.6)
taken as inputs is also considered. For convenience, this technique is referred to as
EWMAZ2U.

For a linear trend that occurs immediately (i.e. » = 1), the simulated run length

probabilities are shown graphically in Figures 3.8 to 3.13 for £=1(1)50 and various

combinations of p and the trend parameter A, , =07 X710 . In fact, using the similar

arguments as that for a step shift, it can be shown that the statistical performance of all

the control procedures considered above depend on A,,,, under linear trend conditions

as specified in (3.12). Note that the run lengths here are measured from the Ist
observation although several observations are necessary for initiating the stated
procedures. Note also that statistical comparison of various control techniques can be
musleading if their in-control RL distributions differ considerably. However, as shown in
Figures 3.8(a) to 3.10(a), the difference between the in-control RL distributions for

EWMAZ1, EWMAZ2 and EWMAZ3 are practically insignificant for £ =1(1)50 and p =

2,3 and 5. The same is true for EWMAZI1U and EWMAZ2U (see Figures 3.11(a) to
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3.13(a)). This is found to be generally the case for any dimension, p. For the M charts,
the significance level, o, used in each case was ‘tuned’ to give approximately the same
or slightly worse in-control RL performance than that for the proposed procedure. For
the case with specified or known g, the values of o used in the simulation are 0.03,
0.02 and 0.005 respectively for p =2, 3 and 5. For the unknown p case, these are 0.02,

0.01 and 0.005.

As shown in Figures 3.8 to 3.10, EWMAZ1 is far superior to EWMAZ?2 and the
M charting technique for all the cases considered. It is also seen to be better than
EWMAZ3 except when £ is small in which case the difference in their RL probabilities is
marginal. In general, these procedures rank in performance in the order of EWMAZI1,
EWMAZ3, EWMAZ?2 and the M charting technique. EWMAZ2 performs much better

than the M chart especially when p is small and A is large. Apart from these, it can

trend

be seen from the figures that the RL probability, Pr(RL<k), of the M charting

technique decreases as the trend parameter, A increases ! This counter-intuitive

trend

phenomenon suggests that the technique is of little value. For the unknown p case,
Figures 3.11 to 3.13 reveal that EWMAZI1U has much better RL performance than
EWMAZ2U irrespective of p and A,,,,. It is also observed that the proposed procedure
is considerably better than the corresponding M charting technique except when both p
and A,,,, are large in which case no definitive conclusion can be made. Limited
simulation using other values ;)f d, o and A, , yields similar conclusion. For instance,

when p=35 and A =0.5, the run length probability, Pr(RL<k), of the former

trend

method is relatively higher for k£ >16 but is smaller for k£ from 9 to 15. However, the

observed inferiority of the proposed technique for small values of 4 is compensated for
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by its lower likelihood of false alarms. Another interesting point that can be noticed from

the figures is that the RL probabilities for the M chart are higher for the unknown p case
than for the known p case. Thus, if process changes are anticipated to be in the form of

linear trends and an M chart is to be used, it is advisable to use that which does not

assume known value of p even though w is specified or known.

In the comparison above, it is assumed that the trends occur immediately after the
process set-up. This is, however, not always the case in practice. For deferred trends, the
EWMA procedures : EWMAZ1, EWMAZ2, EWMAZ3, EWMAZ1U and EWMAZ2U
can be expected to improve in performance since the sample covariance estimate used
with each 1s based on some in-control observations and has greater degrees of freedom.
However, it is readily seen that this deferral of trends has no effect on the RL properties
of the M charting techniques. Thus, it appears that the proposed procedures outperform
the M charting techniques for most circumstances.

The results for step shifts are shown in Figures 3.14 to 3.19 for various
combinations of p,  and A . As shown in Figures 3.14 to 3.16, EWMAZ1 is far superior
to EWMAZ?2 and is as good as or significantly better than EWMAZ3. For =10 and
A =2 or 3, the RL probabilities of EWMAZ]1 within short runs are slightly lower than
those for the other two procedures. For the case with unknown parameters, it is evident
from Figures 3.17 to 3.19 that EWMAZIU is more likely to ‘pick up’ the shift

irrespective of p,  and A .
Although Z/:,w Z,: and similarly transformed variables as given by (3.5), (3.6)

and (3.13) can be used in their own rights, some limited simulations not reported here
indicate that using the associated EWMA procedures results in significantly better RL

performance for step shift and linear trend conditions. However, control charts based on
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statistics (3.5) and (3.6) are good as the filters to isolate outliers and they will exhibit
various discernible point patterns for other erroneous processes. Thus, it is
recommended that in practice these charts be used and supplemented by EWMAZ]1 and
EWMAZI1U respectively.

Note that, EWMAZI1 and EWMAZI1U are also sensitive to other process
disturbances including changes in the variance-covariance structure of the measured
variables. To distinguish between location and scale changes, a reasonable approach is to
construct maximum likelihood ratio or Schwarz information criterion (SIC) statistics for
the respective out-of-control models (see Chen and Gupta (1994, 1995)) and use the p-
value as an indicator of the most probable type of change. This is an interesting problem

which needs further investigation and it will not be considered further here.

3.7 Computational Requirements

In this work, evaluation of the standard normal distribution, its inverse, chi-
square and F' distribution ﬁmctions are required in order to compute the trasformed Z,
statistics. In addition, computation of the argument statistics 7,'s involve matrix
multiplication and inversion. To implement the proposed control scheme, therefore,
requires some fairly complex algorithms. Fortunately, these are widely available and have
been built into most of the commercial statistical software packages. The simulated data
and the charts in this and the next chapter were generated and made by the authour using

programs written in S-plus.
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CHAPTER 4
DISPERSION CONTROL FOR MULTIVARIATE
NORMAL PROCESSES !

4.1 Introduction

Over the last decade, the problem of multivariate quality control has received
considerable attention in the literature (see for eg., Woodall and Ncube (1985), Murphy
(1987), Healy (1987), Crosier (1988), Pignatiello et al.(1990), Doganaksoy et al.(1991),
Sparks (1992), Tracy et al.(1992), Lowry et al.(1992), Hawkins (1991,1993), Hayter et
al.(1994), Chan et al.(1994) and Mason, Tracy and Young (1995)). This work has
focussed on the detection of parameter changes, departures from distributional
assumptions, and the identification of out-of-control variables. Most of the work is based

on the assumption that the observation vectors, X,'s are independently and identically

distributed (i.i.d) multivariate normal variables and that the true values of the process
parameters, in particular the process variance-covariance matrix, 2., are known. In
chapter 3, a control procedure for monitoring the mean level of multivariate normal
processes for situations where prior information about the in-control process parameters
is unavailable has been presented. It was demonstrated that the procedure is particularly
useful when subgroup data are used.

Whilst substantial work has been devoted to the control of the process mean

vector, W, very little emphasis has been placed on the importance of monitoring and

controlling .. In fact, the issue is a formidable one due to the complexity of the

! This chapter is based on the papers entitled ‘Dispersion Control for Multivariate Processes’, Australian Journal
of Statistics 38 (3), pp.235-251, 1996 and ‘Dispersion Control for Multivariate Processes - Some Comparisons’,
Australian Journal of Statistics 38 (3), pp.253-273, 1996.
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distribution theory involved. One exception is the paper by Alt et al.(1986) who
proposed two control techniques for 3 ; one based on the likelihood ratio principle and
the other that makes use of the sample generalized variance, which is sometimes taken as
a measure of dispersion or spread of multivariate processes. Although traditional
multivariate control charts such as the Hotelling x2 or T* charts may signal certain
shifts in 2. (see Hawkins (1991)), other particular changes in Y. will remain undetected.
This is also true for the technique based on generalized variance. For instance, if Y.
shifts in such a way that the resulting process region (i.e the ellipsoidal region in which
almost all observations fall) is contained completely within the undisturbed one, this
‘shrunken’ process is unlikely to be detected by a x? chart, especially when the sample
size is small. In addition, Hawkins (1991) stated that ‘measures based on quadratic forms
(ike 7?) also confound mean shifts with variance shifts and require quite extensive
analysis following a signal to determine the nature of the shift’. Note that the * 72’ term
that he used actually refers to the more commonly called y? statistic which uses
(presumably) the true value of the process covariance matrix. When ‘special’ or
‘assignable’ causes affecting both process parameters are present, it is also possible that
the effect of the mean (vector) shift is masked or ‘diluted’ by the accompanying change
in the variance-covariance matrix.

The purpose of this chapter is to present some control procedures for the
dispersion of multivariate normal processes based on subgroup data. Special attention is
drawn to the situations where prior information about > is not available as is often the
case in situations of short production runs, which have become increasingly prevalent.

When Y is specified or assumed known, the proposed procedure involves the
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decomposition of the sample covariance matrix and uses the resulting independent
components, which have meaningful interpretations, as the bases for checking the
constancy of the process covariance matrix. Another possible approach is also outlined
for this case. As for the case where 3 is unknown in advance of production, the
proposed procedure is adapted from the step-down test of Anderson (1984, p.417)
which is based on the decomposition of the likelihood ratio statistic for testing the
equality of several covariance matrices. When these procedures are used together with
Hotelling ¥ or T 2 -type charts, they supplement the latter by providing independent
information about the stability of the process covariance matrix. Furthermore, these
techniques effectively replace existing procedures to provide enhanced detection of
general shifts in 2.

This chapter is organized into five subsequent sections. In 4.2, the underlying
methodology is presented. In 4.3, appropriate control statistics are given for both the
cases regarding prior knowledge or lack of prior knowledge of the process covariance
matrix. Methods to cope with rank deficient problem which arises from the use of sample
sizes not exceeding the number of quality variables are briefly considered in section 4.4.
Comparisons are made between the proposed techniques and various competing
procedures in section 4.5. In 4.6, an illustrative example is presented. In the last section,
the effect of incorporating independent components from the decomposition to form an
aggregate-type statistic, on the control performance, is examined for the known 2. case.

The total discourse is given in the context of the manufacture of discrete items.

4.2 Methodology

Suppose that the vectors of observations on p correlated product charactenstics,

X,'s follow a multivariate normal N,(u,X) distribution with mean vector p and
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covariance matrix 2. when the process is operating under stable conditions. In practice,
the validity of this assumption should be checked using, for example, a multivariate
normal goodness-of-fit test (Gnanadesikan (1977)). The aim here is to develop control
procedures for monitoring and controlling the dispersion of such a multivariate process
based on rational subgroups where the sample size, » may vary. It is assumed in this and
the next section that » > p so that the suggestion works. When this is not the case, little
adaptation of the proposed procedures as discussed in section 4.4 is required.

In order to provide more flexibility, ease of implementation and better control of
the false alarm rate than existing procedures, as well as to facilitate the interpretation of
out-of-control signals, it is suggested that the sample variance-covariance matrix be
partitioned into various statistically independent components having physical
interpretation and known distributions. These components are then used to indicate the
stability of the process covariance matrix.

It is well known, that under the stable or in-control normality assumption, the

sample covariance matrix, S, multiplied by the factor (n-1) follows the Wishart
distribution with parameters (n—1) and 3, denoted by
(n-DS~W,(n-1%)

Let the sample and population covariance matrices be similarly expressed in partitioned

form as follows :-

: . P T
=[S0 Su). 5 S so(Zn Za) [ 2
S21 S22 S12 SZZ ’ 221 222 le 222

where S7 (62), S;, (Z,;) and S,, (X,,) denote respectively the sample (population)

variance of the 1st variable, the vector of sample (population) covariances between the
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Ist and each of the remaining variables, and the sample (population) covariance matrix

excluding the 1st variable. Next, define

SZZol = Szz - SZISIIISIZ
S12 815

=S, - =~
22 S12 ’

then according to a well-known theorem (see for eg., theorem 6.4.1, p.120, Giri (1977),
Where 2(22) _—2(21) Z(_lll) 2(12) in (C) ShOUId be replaced by Z(l]) _2(12) Z(—zlz) 2(21)

using his notation),

() S,,., is independent of (SIZ,SITZJ :
i) (n=1)S;" ~ o1 %am1>

(iii) (n = 1)S;50, ~ Wp_l(n - 2,222.1) where 2y, = 29 ~ 251 2071 212

T
212212
= Z:22 - 2
G,
Sy .
(iv) The conditional distribution of — , given S% =s2,is N =221
2 1 1 2 2
1 oy (n-Ds

Note that S,,.,, and 2 ,,., here denote respectively the conditional sample and

population covariance matrices of the last (p-1) variables given the 1st. Note also that

Sp, 212 »
K and gy represent respectively the vectors of sample and population regression
1 1

coefficients when each of the last (p-1) variables is regressed on the 1st variable.
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S,
Furthermore, S7, ? and S,,,; may be regarded as independent components following
1

the above decomposition of the sample covariance matrix S. Further, decomposing

S,,. in the same manner yields S;,, (the conditional sample variance of the 2nd

SlZ-l
2
20l

variable given the 1st one), (the vector of regression coefficients when each of the

last (p—2) variables is regressed on the 2nd whilst the 1st variable is held fixed) and
S,4...p12 (the conditional sample covariance matrix of the last (p—2) variables given

the first two) which are independently distributed as

1- 02 )52
21 :(1‘ Rlzz)Szz - ( (npl_zl);fz Xi—z ,

SlZOl 5 ) 2’1\2’01 23 12
Sz.l = 82.1 ~ N T . ’

2 2
Gy (m—1)s5,

1 14 (n—3,23,...,p-1,2)’

and S ~——
3, pel 2 1) 2

where R), and p}, are respectively the squares of the sample and population
correlations between the 1st and the 2nd variables. Repeating the above procedures until
further decomposition is impossible results in p scaled chi-square variables § 2
g2

jel...j—1» J=2,..,p and p-1 conditional (univariate or multivariate) normal

variables which are independent and have meaningful interpretations. S jzl j—1 here

denotes the conditional sample variance of the jth variable given the first j-1 variables.
Note that the ordering of the variables is nof unique. In fact, there are p! possible

permutations each of which results in (2p 1) terms in the decomposition. If all of these
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p! x (2p—1) variables are used as the control statistics, there will be a multitude of
control charts even when p is quite small. For instance, when p=3, there will be
p!(2p—1)=30 terms in total that can be obtained from the various decompositions.
When p =38, this number increases to p!(2p—1)= 604800 which clearly renders the
approach impractical ! Furthermore, there are component variables in common to the
various partitionings and terms that reflect essentially the same information. Therefore,
one particular arrangement of the variables is deemed to be adequate for the purpose of
decomposition. It is suggested that the choice of this should reflect the relative
importance of the variables involved. In particular, the variables should be arranged in
decreasing order of importance from 1 to p. For the case of a ‘cascade’ process as
described by Hawkins (1993), the variables should be arranged from the most ‘upstream’
(being the 1st) to the most ‘downstream’ one (being the last) so that a shift in a variable
will not be masked by the accompanying change in the downstream variables.

If Y. is specified or assumed known in advance of production, the statistics
obtained in the above manner can of course be used separately to monitor the dispersion
of the multivariate process. However, due to independence, these statistics can be
combined into a single aggregate-type control statistic as considered in the next section.
In practice, if the latter approach is adopted, it is recommended that the values of the
individual statistics be retained for post-signal analysis.

To illustrate the above idea, consider the case of p = 3 product characteristics.
Using conventional notation, the sample covariance matrix of #n observations on these

variables is given by
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Slz R,S,S, Rl3SlS3
S= RlelSz Szz RzaSzSa
RI3SIS3 R23SzS3 Saz

2
Letting Sy, =57, S =(RuSiSy, RsSiSy), Sy, :( : RBS;&] and
RpS,S; S5

proceeding as previously, we have
(n=1)Sy.0 =(n- 1)[822 -S,,848;

S2(1- R2 S.S ~R.R
=(n—l)[ 2( 12 2 3(523 212 13) NVVZ(’?—Z,ZZM)
SZS3(R’Z3 - R12R13) S3 (1 - R13

independently distributed of (S;,,8,,) = (S7, RipS,S,, Ri3S,S5) and

(=18 ~oix*(n-1) . (4.1)
T
- R.,S, RS 2 2
(S Sl S =5 )E( 12 2, 13 3j /S2:S2 NN( 21, 2201]
21 11‘ 1= % S S, 1 =98 o’ (n—1)s?
T
N [01202 91303j Lt
o, o, /) (n-1s}

222-1 = [zzz _ZZI 21-11 ZIZ]

:( 5%(1_9122) 0,03(P3 _912913)j '
0,03(P23 — P12P13) G§(1‘9123)

(4.2)

where

Note that S,,S;) =(R,S,/S;, R3S;/S,)" represents the vector of regression
coefficients when each of the 2nd and 3rd variables is regressed on the 1st variable.

Further, decomposing S,,., in the same manner yields independent components,

(522-1 > R32-152.153.1) = (522(1 - Rlzz ) SzSa(R23 - R12R13))
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and 532-1,2 = 532(1 - R32(1,2))
where

(n-1)$3(1- RS )~ o3 (1-p% X2, 43)

(8,(Ry ~RoRo) A{c (o 2 (1-ple)
! 2 522 1— —s2(1—r2) | ~ 3P 912013) 3 P32y ]
$,(1-R) 1=Re) =02 =ph) * -0i-rd) Y

(n—l)Sf(l— R32(1,2))~ Gg(l_pg(l,z))Xi—s (4.5)

and R%,, and p3,,, denote respectively the sample and population multiple R* when

Sy(Ryy = RyRy)

the 3rd variable is regressed on the first two variables. Note that

unbiased estimate of the slope coefficient for the regression of the 3rd variable on the
2nd variable whilst the first variable is held fixed.
It is suggested that, if Y. is known, the statistics given in (4.1), (4.2), (4.3), (4.4)

and (4.5) should all be used to provide protection against changes in the process

covariance matrix .. It is advocated using all these components instead of only S 2

S3(R'z3 — R12R13)
$,(1- R3)

S2, and 532-1,2 because (Rlez/Sl, R13S3/Sl)T and may reveal

some changes in Y. that may not be reflected by the former statistics. For instance, if the

(P12P13 _923)2 -0
l—pé

b

3rd quality characteristic is independent of others i.e pg(m =ph+

gnew(l - p122new)

2

5 =1, then this change
c,y(1-pi2)

and (,, py,) shifts to (05,05 Pizmes ) Such that °

is unlikely to be detected when only S7, S, and S32,1,2 are used because their
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respective distributions are not distorted under these circumstances. However, this
change induces a shift in the slope coefficient for the regression of the 2nd quality

characteristic on the first. Therefore, it 1s possible to ‘pick up’ such a change if the vector

: . : T . .
of population regression coefficients (plzcs2 /Gy, P1305/ cl) is also monitored based
on the corresponding vector of sample regression coefficients (R;S, /S, R;3S;/ SI)T
which is known to be bivariate normal for fixed S? under the in-control and normality

assumption (see (4.2)). If the traditional Hotelling Xz chart based on these coeflicient

vectors is used, it is readily seen that its statistical performance depends on the

noncentrality parameter

2

o E T R e
A=

2_2
oio;y(1-pp)
where the +ve sign is used when p,,,., >0 and the —ve sign otherwise. Thus, whilst the

use of the control statistics S7, S4, and S32,1’2 are unlikely to register the change, it is

clear that the probability of detection by the Hotelling X2 chart may increase depending
on the value of S, for the current subgroup, the sample size, , as well as the dispersion

parameters. The same is true if the aggregate-type control statistic as given in the next
section is used.

As an alternative, the following method of decomposition may be employed. Let

S, and X, be the upper left-hand square submatrices of S and 2. respectively, of

order j. Also, let S[ h and'zm denote respectively the sample and population
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covariance matrices of the jth, 1st, 2nd, ... and (j-1)th variable in the order indicated. In

addition, let S, and o ; be such that

T T
S Sy 8, 5 Sy 9y
4= ~ and 1= -, j=2,...,p.
[j] Sj S<j—l> [j] Gj Z<j_1>

where §,; =S 12 and o :GJZ-. Repeatedly applying theorem 6.4.1 of Giri (1977) to
S[ I starting with j = p and decreasing in steps of 1, results in the following 2p—1

(conditionally) independent statistics :

2

(0}
2 _]Ol i
A =1

L..,j-1" J e D

Jj® J— (n—l) Xn > >

02
1 ~ -1 Jel,...;-1 -1 -
S<j S Nj_l <j-1> 0, —(n D S<j_1> , Jj=2,...,p.
2 T Q-1 2 _ TS -1

where S5, = S ;895-8, and o), o ,=0,-0,2 0, are

J
respectively the conditional sample and population variances of the jth variable given the

first j—1 variables. Note that S7; /'S

~

is the (j—1) dimensional vector estimating the

regression coefficients of the jth variable regressed on the first (j—1) variables (see

Mason et al.(1995)). Note also that S, and o, are taken to be S} and o’

respectively.

The hypothesis HO:Z‘.zzo may be tested based on these statistics for each

subgroup in a sequential or step-down manner. At the jth step, the component hypothesis

2

GCel,. = (c? joi,..j—1)o 1s tested at the a ; significance level by means of a chi-square

test based on
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S
# _ (4.6)
(G Jel,...j-1 )0

If there is failure to reject this sub-hypothesis, then o :[c J (or
0

J
~~

<-1>YJ

~ 0

Lo = (ZZ}_b)O(c J ) 1s tested at significance level & ; on the assumption that

Y Gors = (Z <- 1>)0 . The test statistic,

T S
SiosEa(o) ) G gl () o
0 / =), 0

Jeol,..,j~

isa xf_l variable if the component hypothesis is true. If there is failure to reject this

component hypothesis, then the (j+1)th step is taken. The hypothesis Hy: > =2, is
accepted provided there is failure to reject all the 2p—1 component hypotheses. The

overall significance level of this test for each subgroup is then given by
p p
I-[Ja-ap]Ja-8,).
J=1 J=2

Anderson (1984, p.417-418) has presented such an approach for testing the
equality of covariance matrices as an alternative to the standard maximum likelihood
ratio procedure, with the unknown parameters replaced by appropriate estimates based
on previous subgroups and other suitable adjustments made. The resulting statistics for
all successive subgroups follow Snedecor-F distributions and were shown by this author
to be stochastically independent (Anderson (1984), theorem 10.4.2, p.414). Although
this method is not proposed in the context of SPC, it can be used for monitoring the
stability of the process covariance matrix for which the true in-control value is unknown

and cannot be reliably estimated. Following the conventional approach, however, a
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single control chart based on all these statistics is considered instead of using them
separately. This control technique, which is particularly useful for short production runs

and low volume manufacturing, is discussed in detail in the next section.

4.3 Monitoring the Dispersion of Multivariate Processes

The techniques now presented involve use of the probability integral
transformation in order to produce sequences of independent chi-square variables (see
Quesenberry (1991a)). The suggested approach permits the monitoring of various

components resulting from the decomposition of the covariance matrix on a single chart.

For uniformity of notation and ease of presentation, define S., (2.,) and S, .

~

(o,, ) respectively as the sample (population) covariance matrix of the last k variables

~

and the vector of sample (population) covariances between the vth variable and each of
the first u variables. Accordingly, the sample and population covariance matrices are

expressible as

[ \ / [
/S<j"‘l> :Sjj—l esvy Spj—l Z(]—l) :ij—l gerey Gpj_lw
o Lol I S i
T ] T I
S, -1 ! Cj-1 |
— i = —~ I
S= : E S and )= : | Z
S *p—j+l ) *p—j+l
T T
Sp,f—l : Cp-1 i
where S, (2. ;») denotes’ the sample (population) covariance matrix of the first j
variables and S, =S, (o,,,=0,) as defined in the preceding section. The

~ ~ L~ ~

conditional sample variance of the jth variable given the first j—1 variables, is then given

by
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2 _ Q2 T -1
Sj-l,...,j—l - Sj - S{i_l S<j—l> Sj,j—l : (48)
Similarly, the corresponding population parameter is
2 _ 2 T -1
O jol,jm1 =0 ; =0 ;i 1 2ic; 150, - (4.9)

In terms of variances and multiple correlation coefficients, these are expressible as

2 2 2 2 2 2 .
Siat, o1 =5 (1-Rj, . ,-1y) and Cjel,..j-1 =0 ;(1=pja ;-y). The conditional sample

and population covariance matrices of the last p— j+1 variables given the remaining

Jj —1 variables are respectively

T
_ -1
Zj,.‘.,p-l,...,j—l—Z*p—jﬂ “("m—l cp,j—lj Z<,_l>[o,,,~_1 O ,1—1] (4.11)

~ ~ ~ ~

Apart from these, let d and 6 (j=2,.., p) denote respectively the vectors of sample
~J ~J

and population regression coefficients when each of the last p-j+1 variables is regressed
on the (j-1)th variable whilst the remaining ;-2 variables are held fixed. Then, these are

given by the following expressions :-

T
’ T -1
{(S i) =Sy [SN SNZJ}
d = (4.12)

J S

T -1
-S J <j-2> Sj—l,j—2

-1,j-2
~/ ~/

j-1,j-1

and
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T
(c - © ) ~c’ 2
J=LJ J=Lp J=1Lj=2 &< j-2> cj,j—2 cp,j—2

7~/ ~ 7~/
0 = T — (4.13)
/ c/'—l,j—l - cj—l,j—Z <j-2> cj—l,j—2
~ 7~/

Note that d and € should be interpreted as the vectors of unconditional sample and
~2 ~2

population regression coefficients when each of the last p-1 variables is regressed on the

Ist variable and these are given by

:(Slz Slp)T and @ (012 CIP)T

2 Si ~2 Oy

respectively.

In addition to the above, the following notation will be used -

(D‘I(O) : inverse of the standard normal distribution function

xf(O) . distribution function of a chi-square variable with v degrees of
freedom

F,i0(e) : distribution function of an F variable with v1 numerator and v2

denominator degrees of freedom

In the following subsections, control statistics for monitoring the stability of the
process covariance matrix are presented for the case where either Y. is known or

unknown. In order to specify the chronological order of the subgroups, the sample

statistics are indexed with an additional subscript enclosed within a bracket.

Case (I) : 3. known
In practice, the process parameters, in particular the true value of the process

covariance matrix 2., is never known exactly. Instead, it is estimated based on a
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presumably large enough set of relevant data that have been collected during the period
in which the production process is assumed to be stable or in control. It will be assumed
for current purposes that > is known precisely prior to production. In this case, the

appropriate control statistic is

2p-1
L,=>.20 k=12,... (4.14)
J=1
where
L) oa | (e =DSE,
Zy =P At ——— | >
G
7 @2 (n, — I)sz'ol,...,j—l(k) .
Jk) — X«”k“f 2 > _]:2,...,p‘
Gj’ol,..,j—l

T
Zpagry = (D_I{X«i—lli(nk - I)S‘%")(gzm_ 22) Z;’{"”"l[&[z(k)— QJ ” ,

T
Zp+j'—1(k) :(I)—I{Xf,_ f{(nk —1)5'12'—1.1,..’ ,_7(,{)[1{ - QJ j_'j.,pOL.., j—l[‘ij - Q ﬂ} , J=3...,p.

7k

It is readily seen from the foregoing discussion, that under the in-control and
normality assumption, {Z j(k)}, Jj=1...,2p—1 are sequences of independently and
identically distributed (7.i.d) standard normal variables, whence the 7,'s are independent
X% o1 variables. Although coritrol charts may be constructed based on the arguments of
Zy's, this is not considered a viable option due to the proliferation of charts that

results even when p is fairly small. Besides, it is found that combining the Z,,,'s in the

proposed manner results in better control performance for certain shifts in - .
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Note that since the arguments of the normalizing transformation are independent
chi-square variables, a single aggregate-type control statistic may be obtained by
summing them. The resulting test is commonly called the sum fest. Similarly, the sum

may be taken over the transformed statistics Z,,,'s giving a sequence of independent

N(0, 2p—-1) variables. In either case, however, certain deviations of the process
covariance matrix from the specified X are likely to be missed by the resulting

techniques. In particular, if > shifts in such a way that the values of some Z joey'S tend

to be larger whilst others tend to be smaller than that attributable to common causes,
then this type of change is unlikely to be detected by the resulting charts. To provide
protection against such changes, it is suggested that the Z ('S be squared before
summation as in formula (4.14), and only an upper control limit is then necessary. It
should be noted that a similar technique can also be developed based on the alternative
partitioning method outlined in the foregoing section. This is, however, not considered

further because it is found that the proposed technique always performs better.

Case (I) : 3° unknown

In the absence of prior information about the process parameters, a natural
solution is to estimate the various components resulting from the decomposition of 3.
sequentially from the data stream of the current production. The resulting estimates,
together with the correspondiﬁg observations from the next sample are then used to test
whether or not ¥ remains constant.

Before proceeding, define the quantities :-

k
Nie=.(n-j),
i=1
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k

Z( ) jol.j=1(i) > J=L...,p.

S_/ k (pooled)

Ik =1
- 2 2
with Sieocy = Siiy»
1 & |
-1 .
—22(’1[ _1) S<_/>(1) > ]=1,...,p—1.
i=1
k
,\'J Z <J 1>(i) jj-—l(i) s J=2,...,p.

These values can be updated respectively through the following recursive equations :-

S_/ Je+1( pooled) = . 1[N ij k (pootedy T (Psy — 1>S_/01 1(k+1)] ,
_/ +
U,.=—— kv H'S
jik+1 = k+1)° ’L,k‘* (Mo = D7 S e
S
and Vj",\15+1 Tt _/k+ <j- 1>(k+1)Sj',j':\15k+l) :

The appropriate control statistic for this case is then given by

2p-1
7;_2 2 k=2,... (4.15)
where
n, -1)8%
Zj(k) =P! Fﬂk-j;N,-,,_l (n, 1) Jjol,....j-1(k) ’ j=1...p
T (ny _J)Sj,k—l (pooled)
and

T -1
-1 Ag-l -1
[ <j-l>(k)Sj,j—l(k)_‘]j,k—lJ [(”k -1 S<j—>1(k)+Uj—1,k—1] [ <j-1>(k) S” 1(k) Vj ]
P+J 1(k) = =0 E‘I'Nk

T U- 1)S2k(pooled)

127



Note that when k = 2, the argument of Z,,  ,, is

T

| = -1Q- -1Q-
[S -1>(2) //4(2) S</ 1S - 1(1)] ((”1 D S</ sy Hp =17 S</ l><2)) (S:}—bc)Sj.j—1(2)_S:j—l>(1)S/'./'—l(l)]

(] 1)S22 ( pooled)

where

( I)Sj.l -1y H (= I)SJOl J=1(2)
(m +ny—27)

S?

J,2( pooled )

This is different from that given by Anderson (1984, p.418, expression (21)) which

apparently contains a typographical error.

When the process covariance matrix is constant, {Z j-(k)}, Jj=1...2p—1 are
independent sequences of 1id N(01) variables (see Theorem 1042, p.414 of
Anderson(1984)). Thus, the T,'s here are again distributed as 3 -1 variables. Note
that although the arguments of the Z,,"s have different degrees of freedom, the control

limit for the resulting technique remains constant for successive subgroups. Note also
that, using this technique, process monitoring can begin with the second subgroup
without having to wait until considerable process performance data have been
accumulated for computation of the unknown 2. .

It should be pointed out that the proposal in this chapter is not the only method
for combining the information in independent tests. In fact, many other procedures have

been presented in the literature. The most widely discussed method is attributed to Fisher

q
(1950). Using this technique, the overall null hypothesis, Hy: ﬂHO ; is rejected at o
J=1

level of significance if
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q
-2y InP, > xgq,l_a
J=1

where P's denote the p-values of the independent tests for the g sub-hypotheses

Hy,'s. Another common procedure is based on the minimum significance level of the

independent tests as suggested by Tippett (1931). For this method, H, is rejected at o
level of significance if
min{P,...,P.}<1-(1-a)"?.

We note that our procedure of forming a single control statistic is actually a special case
of Lancaster’s (1961) method which rejects H,, at o level of significance if

q
_1 _
g (1 ) - qu:vj , -a
J=l

where I” ;1(0) and I, , denote respectively the inverse and the 100ath percentile of a

Gamma distribution with parameters (v, 1/2). This is so when v, =1/2 for j=1, .9 A

;
review of these and other test combination procedures is given in Folks (1984). Previous
studies indicate that Fisher and Tippett methods are good omnibus procedures if the test
statistics for the sub-hypotheses are independent chi-square or /" variables. However, the
results of these studies do not apply in the present context since the problem here does
not involve non-central chi-square or F variables under the alternative hypothesis.

In this chapter, no aftempt has been made to determine the optimal choice of
combination method except for the simulation study of the relative performance of
Fisher, Tippett and the proposéd procedures as reported in section 4.5. Other methods

such as the weighted average of normal scores obtained from independent statistics and

the weighted version of Fisher’s method are not considered due to the arbitrary choice of
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the weighting constants. If equal weights are used, the former is equivalent to the
commoly called Inverse Normal procedure. This technique, which is based on the sum,
2p-1

ZZ iy for the problem under consideration, is expected to be ineffective for the
Jj=1

reason given earlier. Similarly, the Bayes or likelihood ratio procedures derived by
Koziol and Perlman (1978) and Marden (1982) for combining independent noncentral
chi-square and F statistics respectively are inappropriate since the alternative hypotheses
in question do not fit the specified models. Even if the models are appropriate,
determination of critical values for the resulting techniques can be quite involved. The
same is true for the other techniques not considered here including those based on the

sum of chi statistics (see Koziol et al.(1978)).

4.4 Rank-Deficient Problem

As stated earlier, the proposed techniques are applicable only if the sample size
exceeds the number of jointly monitored variables or the sample covariance matrix is of
full rank. However, these techniques can be adapted to the rank-deficient situations as
described below.

For mathematical convenience, suppose that samples of equal size n are used

where n< p. In this case, simply transform the sample covariance matrices, S,,'s to
matrices of reduced dimension, W,;'s as follows :
_ T
Wi = AS,HA
where A is a full rank (n-1)xp matrix of constants. By theorem 3.3.7 of Srivastava et

al.(1979),

130



(n-1)W,, ~ WH(n—l,AzAT).
Following this transformation, the problem becomes one that checks the constancy of the
variance-covariance matrix, 3. through AY A" The same methods of decomposition
and combination of the resulting independent statistics can then be applied to the full

rank matrices, W,y's and the associated likelihood ratio statistics for the known and

unknown 2, cases respectively. Although dimensional reduction inevitably leads to some
loss in information and the choice of A is somewhat arbitrary, this approach can be used
irrespective of the sample size (provided n>2) and valid control limits can be easily
located.

Notice that as a special case of the transformation, W,) becomes the sample
covariance matrix of the first n-1 quality characteristics if

A= (I(n—l)x(n—l)’ O(n—l)xp) '

This choice of A is undesirable since it sacrifices the information regarding the last

p-n+1 variables. If ¥ is known, a reasonable choice of A is that whose rows consist of
the normalized eigenvectors corresponding to the largest n-1 eigenvalues, A,,...,A,_;, of

Y. Under this transformation, W, becomes the sample covariance matrix of the first »-

1 principal components and AX A" = A = diag(r,,...,A,;).

Other methods that can be used for the known > case include those which are
based on all the principal components, any set of linearly independent combinations of

the quality variables and the union-intersection principle (Srivastava et al. (1979)).
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4.5 Comparisons

In this section, the relative performance of the proposed techniques are tested
against some competing procedures. For the case where Y is assumed known,

comparison is made between the proposed technique, the associated Fisher’s and

Tippett’s procedures, the modified likelihood ratio test (MLRT), the |S|V2 charting

technique as well as a possible method based on principal components. MLRT and |§|"*

charting procedure appear to be the most widely discussed techniques for monitoring the
dispersion of multivariate normal processes (see for eg., Alt et al.(1986, 1990)). The last
method is included merely because it appears to be a reasonable technique in situations
where principal components possess meaningful physical interpretations. In fact, as
stated in Jackson (1989), this phenomenon is very common in industrial situations. In
addition, Crosier (1988) has identified situations where °....... if the mean shifts, it does
so along the major axis.....”. Under these circumstances, it is expected that changes in
may well occur along some of the principal axes, namely the variances of some principal
components may shift. As for the unknown 2 case, the decomposition methods
(Tippett, Fisher and the proposed techniques) are compared with the modified likelihood
ratio test for the equality of covariance matrices (MLRTECM) as given, for eg., in
Anderson (1984, p.405). For clarity of subsequent discussion, these techniques are
briefly reviewed.

MLRT is an unbiased version of the likelihood ratio test of Hj:2 = 2, against
H, > #3, with the sample size, n, replaced by the number of degrees of freedom,

n—1. This test rejects the null hypothesis H, and suggests a departure of the process
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covariance matrix from the standard or the known value 2o when the test or control

.. * *
statistic, W~ exceeds W, , , where

W' =-p(n-1)—(n~1)InfS|+(n - 1)In|T|+(n- 1)tr(z;; s) C(4.16)
o and W; . denote respectively the false signal rate and the upper 100 & th percentage

point of W™ which depends on p and n. The distributional theory involved with this
technique is prohibitively complicated thus limiting its practicality. Although W' can be

approximated by a chi-square distribution with p(i;l—) degrees of freedom when # is

large, and the exact upper 1% and 5% percentage points of ¥~ have been tabulated, for
example, in Anderson (1984), for p = 2(1)10 and various values of n, these may be of
little value in the context of control charting. In practice, the control or monitoring
procedures are likely to be based on samples not sufficiently large to justify the use of the
chi-square approximation. Besides, it may be preferable to have a control technique with
false signal rates considerably smaller than 1% or 5%. Although MLRT is admissible
(Giri (1977), p.186), it will be seen later that this technique is inferior to the proposed
technique for all of the cases considered.

The other competing procedure is based on the use of the square root of the

: : : V2 :
generalized sample covariance matrix, |S| . The resulting chart can be regarded as a

V2 . ...
S| 1s distributed as a

multivariate analogue of the univariate S chart. When p = 2,

scaled chi-square variable under the stable or in-control multivariate normality

assumption (Anderson (1984), b.264). Thus, control limits may be set at

’Zo |1/2 Xg(n—Z),a/2

2(n-1)

LCL =
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IZO‘I/ng
and UCL = (n=2),1~a/2 )
2(n-1) ’ (4.17)

where X3,5 denotes the 1006 th percentage point of the chi-square distribution with v

degrees of freedom. For higher dimensions, Alt et al. (1986) suggested the use of the 3-

sigma limits as given by the following formulae :
LCL = (b; - 35| %,| "

and UCL = (b, +38])Z,[" (4.18)

where

NN e

and B, = — ]:[(n—i)—z{ﬁ{r(”_;lj/r(’:ijﬂz. (4.20)

(n - 1)p i=1

The use of this charting technique is ill-advised because :-

(1) it is incapable of detecting changes in 2. such that |Z[ remains constant.

(i) the formula (4.18) above yields negative values for the lower control limit for most
practical values of p and n. If LCL is thus set to zero as suggested by Alt et al.(1990),
this means no protection is provided by the resulting ISIV2 chart against a decreasing
value in |Z|

(i) the associated false alarm rate is considerably larger than the nominal value of

0.0027 especially when »n is relatively small. Refer to Table 4.1 for the false signal

rates for various practical combinations of p and »n. These figures are obtained based

on 10,000 simulation runs except when p = 3 or 4 in which case the entries are
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found by numerical integration. Note that, in some cases, the false signal rate is as

large as 2%.

Table 4.1. False Signal Rate of |S|U2 Chart with ‘3-sigma’ Limits

p
n 3 4 5 6 7 8 9 10
4 0.0203
5 0.0174 0.0206
6 0.0154 0.0188 0.0203
7 0.0139 0.0172 0.0187 0.0219
8 0.0128 0.0159 0.0191 0.0197 0.0202
9 0.0118 0.0149 0.0141 0.0191 0.0199 0.0203
10 0.0111 0.0140 0.0178 0.0192 0.0207 0.0220 0.0205
15 0.0087 0.0110 0.0130 0.0143 0.0157 0.0170 0.0204 0.0180
20 0.0085 0.0093 0.0108 0.0121 0.0148 0.0166 0.0164 0.0140
25 0.0071 0.0079 0.0108 0.0123 0.0125 0.0121 0.0124 0.0169
30 0.0056 0.0075 0.0106 0.0111 0.0098 0.0119 0.0137 0.0114

To illustrate the first two points, consider the case of a trivariate process. In this case,

the population generalized variance is expressible as

IZ| = 0120%-10;1,2

= chg(l - pfz )Gg (1- p§(1,2))

(P =P12P13)’
R
LV

subject to the constraint
1-p2 —p% —pZ +2 0
— P12 ~ P13 TP T 2P1P13P23 > V-
Thus, it is readily seen that, theoretically, it is possible for |Z] to remain constant or even

decrease in the presence of process troubles. For example, suppose that

6,=0,=06,=1, p;, =01, p;3=07 and py; =05 are specified as the in-control
values, but in fact o is 3 times as large as that specified and p,; is 0.7553, then |2

remains at the value 0.32. If o, doubles instead, then this results in a smaller value of
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[Z|. In either case, the departure is unlikely to be ‘picked up’ by the |S|"” charts
presented by Alt et al.(1986).
It is perhaps worth noting that, for p = 3 or 4, control limits for the |S|V2 chart

can be obtained numerically at any desired o level. In this case, the control limits are

given by
LCL = —Fa2 = and  UCL=—fian N 421
2P_2.(n_1)P/2 0 - 2p—2(n_1)p/2 0| ( ' )
where k5 is a numerical solution to the integral equation,
| oty (5 /X7 2)8 oz ey (0) =5 (4.22)
0

The notation g,(¢) and G,(e) here denote respectively the probability density and the
distribution function of a chi-square variable with v degrees of freedom. k; is obtained in
this manner using Mathematica version 2.2 (Wolfram (1991)) and is given to 4
significant digits in Table 4.2 for p =3 and 4, and various combinations of § and .

The last technique considered for the known X case is aimed at changes of X
along the principal axes. It involves charting the sum of the standardized variances for
the principal components, abbreviated hereafter as SSVPC, which is known to be
distributed as a scaled chi-square variable under the multivariate normal assumption with

the hypothesized .. The value of SSVPC may be calculated from the familiar equivalent

statistic (n—l)tr(Szgl) (see Appendix A.6). Note that, unlike all other control

procedures considered in this' section, this technique is applicable even in situations

where n< p. It has also been shown by Kiefer and Schwartz (1965) that it is admissible.

Although separate monitoring of the variances for the different principal components is
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possible, this is not considered due to the large number of charts to be kept when p is
large. It is also for meaningful comparison with other techniques involving a single chart
that separate monitoring of the variances is not considered. However, in practice, it is the
recommendation that these individual variances be retained in order to facilitate the

interpretation of out-of-control signals from the SSVPC charts.

Table 4.2JS\1/2 Control Chart Factor, k;

o)

p 0.00135 0.0025 0.005 0.995 0.9975  0.99865

3 4 .0034 .0063 0126 20.98 24.48 27.73
5 1513 2082 2994 34.48 38.87 43.18
6 6842 8573 1.112 48.15 53.81 58.90
7 1.673 2.007 2.473 62.25 68.86 74.70
8 3.117 3.652 4.367 76.85 84.35 91.01
9 5.050 5.780 6.770 91.92 100.3 107.7
10 7.417 8.375 9.659 107.5 116.7 124.8
15 25.39 27.76 30.73 191.7 204.9 216.5
20 52.80 56.65 61.51 285.6 302.6 317.4

4 5 .0108 .0200 .0401 90.46 108.0 124.5
6 5297 7308 1.055 169.3 1959 220.5
7 2.620 3.303 4318 260.4 296.2 329.1
8 6.981 8.427 10.49 3643 409.6 450.4
9 14.10 16.60 20.03 480.6 535.7 585.0
10 2436 28.13 33.30 609.1 674.2 732.7
15 132.1 146.0 164.1 1427 1546 1652
20 350.0 379.1 416.6 2522 2703 2862

In the absence of prior information about 2., Alt et al.(1990) suggested using the

MLRT and [Slm control charts with the unknown process dispersion parameters in

(4.16) and (4.18) being replaced by some unbiased estimates based on current
production data. Under these circumstances, the data used for estimating the unknown
parameters are likely to be either small or moderate data sets. Accordingly, the false
signal rates of the resulting techniques are not fixed but instead vary stochastically with

the parameter estimates. This causes some difficulties when a comparison is to be made
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between these and the proposed technique. Thus only MLRTECM, which was originally
proposed in the context of hypotheses testing, is considered.

The criterion for MLRTECM is

-i(n, ~1)ln[S,,, (4.23)

i=1

q
i=1

where Sy, n; and S,,,,.;, denote respectively the ith sample covariance matrix, its

associated sample size and the pooled covariance matrix based on the g samples. It was

shown by Anderson (1984) that it is an admissible test if n, >2p—1, i=1,...,q. For
equal sample sizes 1, = 7, this test rejects the null hypothesis that all the g samples are

drawn from populations with the same covariance matrix if W > W, , . where Wy pna

denotes the critical value at the 100a % significance level. The upper 5% points of W
have been tabulated, for example, in Anderson (1984) for various combinations of p, g
and n. There are two problems with the use of MLRTECM in the context of SPC. The
existing tables for the percentiles of W are incomplete in regard to other values of p, g, n
and o which are required for SPC applications. Besides, successive values of W are
correlated and thus the in-control behaviour of the resulting technique is somewhat
unpredictable. However, it is found that ignoring this issue does not appear to have any
remarkable effect on the overall false signal rate. Therefore, a reasonable comparison can
still be made between this and the decomposition procedures by using the same a value
for all the methods.

It is shown in Appendices A4, A.6 and A.7 respectively that the statistical

performance of MLRT, SSVPC and MLRTECM (for a step shift in 2. from >, to ;)

_1 -1 . _
depend on the eigenvalues, A,,...,A, of Zoi >, 2%, or equivalently, of Y53, or
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%, 25!, whereas that of the |S|"” charting technique depends on Y, and ¥, only
through the product of these eigenvalues, A A,...A, (see A.5). Note that AMAg..A,

represents the ratio of the ‘equal-content’ volumes of the process ellipsoids
corresponding to X, and ., respectively. In addition, Nagao (1967) and Das Gupta
(1969) independently showed that the power function of the MLRT is monotonically

increasing with respect to |A,—1 Vi. Furthermore, note that the MLRT, SSVPC,
MLRTECM and |S|1/2 charting procedures are invariant w.rt. the transformation

X '=I'X+un where I' is any nonsingular matrix. This is not true with the
decomposition techniques except when I' is diagonal. By letting I" = diag(c%l,...,ci), it
P

1s readily seen that the values of Fisher, Tippett and the proposed statistics are the same
whether they are computed from the covariance or correlation matrix (see A.8 and A.9),
and this is also true for the other invariant procedures considered above. However,
difficulties arise when an attempt is made to compare their operating characteristics,

since the statistical properties of the decomposition techniques do not appear to be

B

L -
completely determined by the eigenvalues of 2,22,2,?. To provide a ‘sensible’
comparison, it is therefore necessary to consider several possible combinations of 2.,
and Y, which yield the same eigenvalues A,,...,A, (and thus the same eigenproduct

AjA,...A,) and determine the ‘average’ performance of the decomposition techniques

relative to that of the competing procedures. Note, however, that only 2.,'s in the form

of correlation matrix need to be considered.
A somewhat systematic way of studying the relative performance of the various

competing techniques is to use several arbitrary orthonormal matrices I'’s that
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diagonalize Y;Y2¥,X;Y? giving the same diagonal matrix of eigenvalues,
A =diag()\y,...,A ). Foragiven 23, A and I', %, is then determined from
T, =2 TTAr ).

Amongst others, the orthonormal matrix that diagonalizes X, I' =T, is used. This
corresponds to situations where the shift is along the principal axes, namely, the
variances of some principal components either increase or decrease. Under these
circumstances, the eigenvalues of Y3”?3, ¥5Y? are the ratios of variances for the
principal components, after and before the shift, and hence the control performance of

MLRT, MLRTECM, SSVPC and |8 depend on them (see A 10). Note that if the

eigenvalues of Y3Y2 Y, >;"2 are identical, then ¥, is the same irrespective of T'. In
this case, >, =A X, where A is the common eigenvalue. This situation may occur in
practice as a consequence of all variances increasing proportionally and the correlational
structure of the variables remaining the same (see Healy (1987)).

The techniques considered for the known 2. case above are compared on the
basis of the probability of detecting a persistent shift in the process covariance matrix
from ¥, to X, It is assumed that this change, as well as the shift in the process mean
vector if any, occurs somewhere during the time interval between the sampling of two
adjacent subgroups. Accordingly, the covariance matrices for samples or subgroups
taken after the shift are characterized by a common distribution and the mean shift has no
effect on this distribution. Of course, if desired, the average run lengths (ARLs) of the
various techniques can be determined as the reciprocals of their corresponding
probabilities of detection. As for the unknown Y. case, a more complete profile of the

run length (RL) properties is required. This is because the out-of-control RL
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distributions of all techniques under consideration are not geometric so that the ARL is
not a suitable performance criterion (see Quesenberry (1993,1995d)). Furthermore, since
these techniques estimate the in-control dispersion parameters sequentially from the
current data stream and the efficiency of these estimates increases as more data are
incorporated into the computations, it can be expected that their RL performance
depends on when the shift takes place. As such, the relative performance of MLRTECM,
Fisher, Tippett and the proposed techniques are evaluated based on Pr(RL<k) for a
step change in 3 after the rth subgroup, for various combinations of r and %.

The results for the known ). case are tabulated in Tables 4.3, 4.4 and 4.5
respectively for the cases where (p =3, n=4), (p =4, n=5)and (p =5, n = 8). These

are based on simulations consisting of 5000 iterations each. Thus, the estimated

. . /f> 1-P .
maximum standard error of the results is %)Wr) ~ 0.0071 which occurs when the

estimated probability, Pr=0.5. For the unknown Y, case, the results are based on 2000
simulation runs each (with maximum standard error ~ 0.0112) and these are shown in
Tables 4.6, 4.7 and 4.8 respectively for (p =2, n=3),(p=3,n=4)and (p =4, n=5).
Here, it is assumed that the control procedures are based on subgroups of equal size, n.
The false signal rate associated with each of the control schemes is fixed at 0.0027, in
line with the tradional control charting approach. Note that the control limits for MLRT

and MLRTECM are obtained-to sufficient accuracy using the work of Davis and Field
(1971). The control limits for the |S|V2 chart are determined from Table 4.2 for p = 3, 4

and by means of simulation consisting of 100,000 iterations for p = 5 and n = 8. Note
also that 2-sided control limits with equal significance level on each side are used with

SSVPC.
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Table 4.3. Power Comparison of MLRT, |S|1/2, SSVPC and Decomposition (Proposed,
Fisher and Tippett) Techniques for p =3, n =4 and o = 0.0027.

Eigenvalues Power
of 55's, | MLRT | s SSVPC * Decomposition Methods
Max Med Min
4, 1, 1 0.0226 0.0206 0.1668 *  0.1820; 0.1286; 0.1254;
0.1660; 0.1494  0.1202; 0.0968  0.1074; 0.0832
T 0.1622; 0.1474; 0.1346;
0.1314;0.1138 0.1230;0.1100 0.1222;0.1034
I 0.1390; 0.1334; 0.1262;
0.1416; 0.1216 0.1152;0.1044  0.1118;0.1036
6.25,1,1 0.0888 0.0340 0.3374 0.3490; 0.3060; 0.2926;
0.3336; 0.3210 0.3168; 0.2868  0.2842; 0.2476
0.3174; 0.3122; 0.2874;
0.3092; 0.2786  0.2906; 0.2540  0.2694; 0.2508
0.3010; 0.2976; 0.2936;
0.2988; 0.2754 0.2832;0.2452  0.2768; 0.2356
2.25,2.25,2.25| 0.0102 0.0862 02140 |  ——mmememeee 0.1688; 0.1546; 0.1148 —-—uvv
4, 4, 4 0.1326 0.3182 0.6674 -———— 0.6014; 0.6006; 0.4622 —-——-
6.25, 6.25,6.25| 0.4276 0.5234 08944 | —  0.8664; 0.8524;,0.7634 ———-
b (1,025, 4) 0.0342 0.0030 0.1298 | e 0.1704; 0.1510;,0.1824 ——————

--------- —  0.0886; 0.1044; 0.0998 e
--------- ~  0.1306; 0.1182; 0.1190  ~—ermemmmmme
(1,0.16,6.25) | 0.1046 | 0.0028 02890 | —oeeee 0.3324; 0.3148; 0.3366 -————
— 0.2786; 0.2522; 0.2358 —— e
----------- —  0.2732; 0.2744; 0.2706 ——mcreeeeeme
(1,0.1, 10) 0.3026 |  0.0040 0.5036 | e —  0.5622; 0.5580; 0.5826 --me-e— —
—— 0.4610; 0.4838; 0.4522  —eememm
—— 0.4846; 0.4542; 0.4538  wor—emere.
(1,0.05,20) | 0.6062 | 0.0042 (1o ZS 1o E— 0.8066; 0.7702; 0.8008 —-————
----------- 0.7528; 0.7526; 0.7214 e
--------- —  0.7430; 0.7376; 0.7290  ————mmr

075 1 09

a .

1 Q75 045 is used.

o=
045 09 1

The entries for the decomposition methods are for the particular permutations of eigenvalues enclosed within the brackets.

* The entries in 1st block are for shifts along the principal axes.

T The entries in 2nd block are for shifts determined by Qe ”‘Bl .

r=

w2 U2 o
s 11fs s

044 085 027 }

T The entries in 3rd block are for shifts determined by

r=(078 -052 035

044 006 -050
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Table 4.4. Power Comparison of MLRT, |S|

172

Fisher and Tippett) Techniques for p =4, n=5 and a = 0.0027.

Eigenvalues Power
of ¥3'%, MLRT |S|”2 SSVPC * Decomposition Methods
Max Med Min
4,1,1,1 | 00154 | 00214 0.1712 * 0.1782; 0.1664; 0.1452;
0.1622; 0.2084 0.1514;0.1665  0.1390; 0.1538
1 0.1850; 0.1530; 0.1326;
0.1726; 0.1876 0.1482; 0.1511  0.1226; 0.1258
I 0.1656; 0.1480; 0.1350;
0.1712,0.1416 0.1331;0.1292  0.1138; 0.1004
6.25,1,1,1 0.0688 0.0346 0.3812 0.3996; 0.3790; 0.3502;
0.3838;, 04270 0.3546;0.3653  0.3428; 0.3570
0.4010; 0.3373; 0.3320;
0.3602; 0.4076 0.3370;0.3312  0.3228; 0.2942
0.3850; 0.3448; 0.3280;
0.3584; 0.3380 0.3158;0.3276  0.3008; 0.26%94
2252252252258 0.0110 0.1358 0.3802 e 0.2970; 0.2762; 0.1686  -—-—-—-—-
4,4, 4.4 0.1914 0.4480 0.8846 |  -——-—- —  0.8300; 0.8528; 0.6470  --—-——v-
6.25,6.25,6.25,6.25 0.6144 0.6968 0.9842 e 0.9746; 0.9680; 0.9186 ——-—---- -
b0.25,0.25,4,4)| 0.0810 | 0.0040 0.3218 — 0.4116; 0.4088; 0.3726 ——ee——
S 0.4150; 0.3664; 0.3478 -~
S— 0.4466; 0.4352; 0.3434  ——-——nev -
(1,1,0.16,6.25) | 0.0932 0.0012 0.3114 e 0.3616; 0.3570; 0.3778  —--meeee—-
—_——- 0.3742; 0.3622; 0.3454 ————- —
————e 0.3380; 0.3074;, 0.3754  -—-re-———
(0.16,0.16,6.25,6.25)| 0.3412 0.0038 0.6570 ————— e 0.7208; 0.7122; 0.6816  -——--——--
e 0.7358; 0.6858; 0.6602  er-mmev -
J— — 0.7587; 0.7552; 0.6340  —meeemmemm -
(1,1,0.1,10) 0.3040 0.0036 0.5662 | - 0.6116; 0.5972; 0.5984 —
——- 0.6064; 0.5990; 0.5902 ——-mmmv
------- 0.5868; 0.5440; 0.6006 —~——-—m-
a 1 05 09 06
5, = 05 1 02 07| isused.

09 02 1 04,
06 07 04 1J

b . . . » .
The entries for the decomposition methods are for the particular permutations of eigenvalues enclosed within the brackets.

* The entries in 1st block are for shifts along the principal axes.
V2 12
+ The entries in 2nd block are for shifts determined by 12 -1
Tlids 1146
vz 1z

099 007
-011 010
-008 071
006 015

1 The entries in 3rd block are for shifts determined by

V2 vz
0 0

21 0

v a2

009 006

098 015
-019 004

068 -0.72

» SSVPC and Decomposition (Proposed,
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Table 4.5. Power Comparison of MLRT, |S|1/2, SSYPC and Decomposition (Proposed,

Fisher and Tippett) Techniques for p =5, n =8 and o = 0.0027.

\
Eigenvalues ‘ Power
of 55'S, MLRT | |s|" SSVPC * Decomposition Methods
- Max Med Min
4,1,1,1,1 0.0946 0.0320 0.2604 * (.2356; 0.2206; 0.1926;
0.2052, 02174 0.2004; 0.1702 0.1838; 0.1550
+ 0.2788; 0.2450; 0.2206;
0.2674; 02474 0.2182; 0.2302 0.2048; 0.2040
I 03174; 0.2362; 0.2176;
0.3020;, 02472 0.2224;,0.1834 0.1896; 0.1768
91,1, 1,1 0.5336 0.0844 0.7406 0.7456; 0.7256; 0.7188;
0.7306; 0.7058 0.7124; 0.6722 0.6872; 0.6370
0.7708; 0.7626; 0.7262;
0.7694;,0.7476 0.7342; 0.7208 0.7220;, 0.7042
0.7838; 0.7350; 0.7174;
0.8050; 0.7202 0.7478; 0.6902 0.7006; 0.6784
225225225225,2.25 0.1356 0.4694 0.7560 ———— 0.5792; 0.5738; 0.3152  ~=-=-mme——-
4,4,4,4 4 0.8440 0.9232 0.9954 | e —  0.9926; 0.9882; 0.8998 -—--—m-rer—-
b(1, 1,1,025,4) 0.1332 0.0026 0.1766 |  —mmmemeae- 0.1866; 0.1740, 0.1702 —-————
---------- 0.2990; 0.2932; 0.2414  —~—-—me——
---------- 0.2766; 0.2850; 0.2486  -———-mmee-—
t(1,4,025,0.25,4) 0.4620 0.0008 0.4624 e 0.5422; 0.5576; 0.3652  —--—emm—-
e 0.6694; 0.6672; 0.4354  ——-——ememmm-
------------ 0.6244; 0.6160; 04072 ——--——--—-
(1,6.25,0.16,0.16,6.25) | 0.8692 0.0040 0.8156 |  ~=memm——-- 0.9006; 0.9052; 0.7574  —----———-
----------- 0.9344; 0.9398; 0.7618 -——-—-——-
——— 0.9396; 0.9410; 0.7854 e
(1,1,1,0.1, 10) 0.7622 0.0042 0.7398 | ———- 0.7780; 0.7758; 0.7098  -——-—-—-
———- 0.8642; 0.8502; 0.7676  -—-—-—-—-
——————— 0.8532; 0.8360; 0.7972 ————-—
a i 058 051 039 0.46
058 1 06 039 032| isused.
To=]051 06 1 044 043
039 039 044 1 052
046 032 043 052 1

b -
The entries for the decomposition methods are for the particular permutations of eigenvalues enclosed within brackets.

* The entries in 1st block are for shifts along the principal axes.

s v b
2 -t o
T=\1/y6 /6 -2//6
v viz v
1/ 11420 1140

¥ The entries in 2nd block are for shifts determined by

088 -048 000
047 087 011
r=(-007 -013 052
-002 -0.03 085

nAan nnn nna

1 The entries in 3rd block are for shifts determined by

s S
0 o |’
0 0

32 o

V20 -ar o,

000 000 .
008 007
059 039
-034 041

LEL] n<&o
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Table 4.6. Pr(RL < k) for a Change in Y. after the rth Subgroup, by MLRTECM and
Decomposition (Proposed, Fisher and Tippett) Techniques for p =2, n =3

and o = 0.0027.

Eigenvalues ? Decomposition Methods
of 261 E:l r k MLRTECM Max Min
4, 1 10 5 0.0110 *(.1215(0.1230) 0.1315  0.0955 (0.0945) 0.0705
t0.1675(0.1745) 0.1925  0.1040 (0.1185) 0.0990
10.1610(0.1725)0.1730  0.0895 (0.0930) 0.0800
10 0.0205 0.1830(0.1840) 0.1835  0.1350 (0.1370) 0.0965
0.2025(0.2185)0.2490  0.1505 (0.1605) 0.1210
: 0.1955 (0.2060)0.1985  0.1390 (0.1385)0.1150
20 5 0.0125 0.2265 (0.2480) 0.2415  0.1965 (0.1950) 0.1475
0.2515(0.2775) 0.3050  0.1935(0.2045)0.1870
0.2180(0.2370) 0.2320  0.1975(0.1915)0.1480
10 0.0165 0.3315(0.3345) 0.3285  0.2810(0.2845) 0.2400
0.3290 (0.3490) 0.3675  0.2950 (0.2955) 0.2715
0.3270(0.3545)0.3720  0.3035 (0.3050) 0.2530
Q] 10 5 0.0360 0.4730 (0.4915) 0.4960  0.3445 (0.3470) 0.2445
0.4635 (0.5055) 0.5450  0.2990 (0.3035) 0.2490
0.4445 (0.4670) 0.5225  0.3120 (0.3140)0.2270
10 0.0525 0.5360 (0.5675)0.5780  0.3920 (0.3855) 0.2855
0.5360 (0.5740) 0.6150  0.4065 (0.4065) 0.3270
0.5355 (0.5620) 0.5940  0.4090 (0.4045) 0.3240
20 5 0.0485 0.6510(0.6675) 0.6760  0.5475 (0.5490) 0.4175
0.7210(0.7425) 0.7680  0.5800 (0.5845) 0.5130
0.6565 (0.6805) 0.7105  0.5685 (0.5640) 0.4530
10 0.0970 0.7760 (0.7980) 0.8085  0.7030 (0.6955) 0.5535
0.8055 (0.8245)0.8490  0.7190 (0.7205) 0.6295
0.7765 (0.8045) 0.8090  0.6955 (0.6920) 0.5730
4, 4 10 5 0.0265 e 0.3540 (0.3575) 0.3200 -——-me-mmmm-
10 0.0425 ————mm 0.4055 (0.4160) 0.3815 -
20 5 0.0330 e 0.5035(0.5135) 0.4730 ----—mememm——
10 0.0645 et - 0.6510(0.6705) 0.6340 -—-----—- --
6.25, 6.25 10 5 0.0675 | = --emm———- —~ 0.5950(0.6110) 0.5445 --=--m--mmmen -~
10 0.1090 - 0.6635 (0.6820) 0.6265 ---------—— —
20 S 0.0940 ————eme 0.8275 (0.8405) 0.7810 —----vm-mm--
10 0.1905 | e 0.9240 (0.9320) 0.8865 ——---—-—- -
9, 9 10 5 0.1465 ————————e 0.8025 (0.8100) 0.7370 --——-m-mv
10 0.2270 | - 0.8370 (0.8535) 0.7930 ———-----—-
20 5 0.2365 e 0.9660 (0.9725) 0.9450 -—-er—-—--
10 0.4120 e — 0.9745 (0.9785) 0.9780 --—-——z-mememm-
: 2o =(Ol‘5 Oisj is used.
* The entries in Ist row are for shifts along the principal axes.

_ . . —09% 00%4
T The entries in 2nd row are for shifts determined by I'=

0139 0982
I The entries in 3rd row are for shifis determined by I' =

0982 0189/

0094 —09%,)
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Table 4.7. Pr(RL <k) for a Change in X after the rth Subgroup, by MLRTECM and
Decomposition (Proposed, Fisher and Tippett) Techniques for p = 3, » = 4 and

o = 0.0027.
Eigenvalues * Decomposition Methods
Lof DI r| k |MLRTECM Max Med Min
4,1,1 10 5 0.0100 *0.1560 (0.1685) 0.1605 0.1470 (0.1545) 0.1160 0.0935 (0.0940) 0.1040

%0.1465 (0.1740) 0.2160 0.1235 (0.1335)0.1380 0.0605 (0.0575) 0.0495
$0.1575 (0.1750) 0.1670 0.1305 (0.1460) 0.1500 0.0755 (0.0745) 0.0580
10 | 0.0170 | 0.2010(0.2175) 0.1915 0.1755 (0.1815) 0.1325 0.1130 (0.1175) 0.1220
0.1880 (0.2145) 0.2780 0.1635 (0.1770) 0.2085 0.1160 (0.1240) 0.0895
_ 0.2375 (0.2510) 0.2740 0.1725 (0.2035) 0.2530 0.1180 (0.1205) 0.0845
20 5 0.0135 | 0.2975 (0.3130) 0.2555 0.2540 (0.2590) 0.1965 0.1810 (0.1935) 0.1930
0.2595 (0.2935) 0.3515 0.1065 (0.2210) 0.1990 0.1435 (0.1445) 0.1060
0.2440 (0.2665) 0.2900 0.1970 (0.2235) 0.2575 0.1450 (0.1440) 0.1205
10 | 0.0145 | 0.3665 (0.3760) 0.3405 0.3560 (0.3705) 0.2905 0.2565 (0.2765) 0.2805
0.3270 (0.3575) 0.4685 0.3075 (0.3410) 0.3230 0.2280 (0.2335) 0.1705
0.3705 (0.3990) 0.3970 0.3010 (0.3305) 0.3640 0.2055 (0.2185) 0.1640
9,1,1 10| 5 0.0300 | 0.5560 (0.5895) 0.5840 0.5270 (0.5405) 0.3990 0.2575 (0.2670) 0.2350
0.5455 (0.6040) 0.7005 0.4225 (0.4535) 0.4360 0.2710 (0.2695) 0.1550
0.4990 (0.5385) 0.6120 0.4760 (0.5360) 0.5500 0.3110 (0.3065) 0.2325
10 | 00495 | 0.6065 (0.6480) 0.6410 0.5740 (0.5935) 0.4795 0.3260 (0.3505) 0.3290
0.6325 (0.6855) 0.7940 0.4920 (0.5220) 0.5320 0.3615 (0.3640) 0.2305
0.5340 (0.5955) 0.6825 0.5310 (0.5795) 0.5970 0.3630 (0.3760) 0.2785
20| 5 0.0335 | 0.7570 (0.7865) 0.7705 0.7450 (0.7565) 0.6230 0.5455 (0.5770) 0.5240
0.7255 (0.7780) 0.8590 0.6825 (0.7055) 0.6680 0.5350 (0.5275) 0.3250
0.7630 (0.8035) 0.7915 0.6885 (0.7440) 0.7875 0.5155 (0.5235) 0.3615
10 | 00785 | 0.8560 (0.8785) 0.8440 0.8465 (0.8545) 0.7500 0.6270 (0.6590) 0.6485
0.8460 (0.8915) 0.9480 0.7860 (0.8175) 0.7855 0.6810 (0.6785) 0.4700
0.8415 (0.8650) 0.8910 0.7870 (0.8255) 0.8775 0.6595 (0.6560) 0.5130

4,44 10 5 0.0420 0.5945 (0.6125) 0.4750
10 0.0690 0.6740 (0.6840) 0.5365
20 5 0.0450 0.8220 (0.8245) 0.6780
10 0.0810 0.9055 (0.9230) 0.8310
9,9,9 10 5 0.3090 0.9810 (0.9845) 0.9500
10 0.4460 0.9890 (0.9895) 0.9540
20 5 0.4768 1.0000 (1.0000) 0.9955
10 0.7655 1.0000 (1.0000) 1.0000
N [ L 075 0'45} is used.
To0=/075 1 09
045 09 1

* The entries in 1st row are for shifts along the principal axes.

-036 -031 088
034 092 -0I19

085 004 0.53}

o . o 087 023 044
} The entries in 2nd row are for shifts determined by r= [ } .

031 -085 -043|’

1 The entries in 3rd row are for shifts determined by r= [
-043 -0.53 073
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Table 4.8. Pr(RL < k) for a Change in ¥ after the rth Subgroup, by MLRTECM and
Decomposition (Proposed, Fisher and Tippett) Techniques for p =4, n =5 and

o = 0.0027.
Eigenvalues Decomposition Methods
of 5 I r| k |MLRTECM Max Med Min
4,1,1,1 10| 5 0.0055  *0.1800 (0.2005) 0.2730 0.1565 (0.1710) 0.1695 0.0580 (0.0575) 0.0570
70.1705 (0.1940) 0.2530 0.1315 (0.1415) 0.1475 0.0690 (0.0630) 0.0650
$£0.1675 (0.1885) 0.2340 0.1015 (0.1125) 0.1080 0.0650 (0.0635) 0.0265
10 0.0205 0.2305 (0.2585) 0.3340 0.2020 (0.2200) 0.2295 0.0900 (0.0925) 0.0950
0.2080 (0.2420) 0.3095 0.1895 (0.1985) 0.1850 0.1030 (0.1060) 0.0895
0.2040 (0.2435) 0.3140 0.1430 (0.1465) 0.1745 0.0950 (0.1005) 0.0690
20| S 0.0130 0.3130 (0.3365) 0.4245 0.2700 (0.3055) 0.3130 0./325 (0.1350) 0.1350
0.2635(0.3130) 0.3960 0.2295 (0.2515) 0.2550 0.1320 (0.1405) 0.0955
0.2745 (0.3175) 0.4150  0.2210 (0.2415) 0.2555 0.1315 (0.1435) 0.1080
10 0.0225 0.4150 (0.4650) 0.5305 0.3670 (0.4015) 0.4220 0.1675 (0.1835) 0.2100
0.3515 (0.3925) 0.5030 0.3210 (0.3460) 0.3585 0.2060 (0.2160) 0.1755
0.3545(0.4015) 0.5145 0.3145(0.3380) 0.3415 0.2090 (0.2145) 0.1690
9,1, 1,1 10, 5 0.0300 0.6220 (0.6895) 0.7910 0.5180 (0.5640) 0.5335 0.1915 (0.1990) 0.1665
0.6085 (0.6740) 0.8425 0.4955 (0.5355) 0.5080 0.2560 (0.2765) 0.2360
0.5825 (0.6540) 0.7995 0.4710 (0.5020) 0.4895 0.2590 (0.2655) 0.1770
10 0.0465 0.6800 (0.7465) 0.8670 0.5975 (0.6395) 0.6275 0.2755 (0.2830) 0.2480
0.6415 (0.7105) 0.8240 0.5370 (0.5840) 0.5515 0.3355 (0.3450) 0.2575
0.6625 (0.7390) 0.8450 0.5330 (0.5765) 0.5530 0.3190 (0.3295) 0.2460
20| 5 0.0370 0.8205 (0.8820) 0.9175 0.7895 (0.8210) 0.8110 0.4965 (0.5185) 0.4660
0.7980 (0.8565) 0.9095 0.7545 (0.7870) 0.7510 0.5290 (0.5400) 0.4025
0.7940 (0.8735) 0.9185 0.7325 (0.7685) 0.7425 0.5215 (0.5335) 0.3760
10 0.0745 0.9040 (0.9285) 0.9555 0.8535 (0.9015) 0.8930 0.5845 (0.6100) 0.5675
0.8625 (0.9090) 0.9610 0.8365 (0.8625) 0.8355 0.6445 (0.6715) 0.5200
0.8740 (0.8980) 0.9475 0.8115 (0.8505) 0.8345 0.6245 (0.6320) 0.4960
4,4,4,4 0] 5 0.0585 0.8190 (0.8305) 0.6405
10 0.1125 0.8595 (0.9030) 0.6985
20| 5 0.0750 0.9690 (0.9690) 0.8380
10 0.1675 0.9960 (0.9965) 0.9200
9,9,9,9 10| 5 0.5755 1.0000 (1.0000) 0.9865
10 0.7580 1.0000 (1.0000) 0.9980
20 5 0.7500 1.0000 (1.0000) 1.0000
10 0.9535 1.0000 (1.0000) 1.0000

05 09

a 1
05 1
To=
105 02 1
06 07 04

0.6
02 07
0.4

1

] is used.

* The entries in Lst row are for shifls along the principal axes.

T The entries in 2nd row are for shifts determined by { 0.96
r=

1 The entries in 3rd row are for shifts determined by { 0.96
r =

011
0.11
-0.66
0.74

-0.27
0.04
-0.06

022 -072
0.02 -067

0047
-0.33
066

-0.67,

026 003)
094 017

012
-0.23
0.62
-0.74

0.26
-0.87
-0.42
~0.04

0.28
001
0.07
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For every set of eigenvalues A,,...,A, not enclosed within a bracket, the

probabilities for the decomposition techniques are simulated for all possible permutations
and the maximum, median and minimum values are tabulated, except for p = 2 in which
case the median is not applicable. The results for the other control procedures are
unaffected by these permutations. Note that for the cases where the eigenvalues are
identical, the results for each of the decomposition techniques are theoretically the same

irrespective of 2, (see section 4.7). As shown in Tables 4.3, 4.4 and 4.5, the proposed

technique is far more sensitive to all the shifts considered than the MLRT and [§|"

charting procedures. Note that even its worst performance in each case is significantly

better than these procedures. For instance, when p = 5, n = 8 and the standard deviation
of a principal component trebles, the results for the MLRT and |S]V2 techniques are

respectively 0.5336 and 0.0844 whereas the smallest probability of detection for the
proposed procedure is 0.7188. It is also observed that the proposed technique is
generally better than Fisher’s and Tippett’s procedures. As compared to SSVPC, the
proposed technique is seen to be marginally worst in most cases where one of the
eigenvalues are greater than 1 whilst others are 1. However, in cases where some
eigenvalues are greater and others are smaller than 1 (a situation which typically occurs
as a result of some but not all of the variances increasing), the proposed technique is
almost always superior. Particularly notable is the situation when p is large. For instance,
when p = 5, n = 8 and the eigenvalues are (1, 1, 1, 0.1, 10), the result for SSVPC is
0.7398 whereas those for the proposed technique are 0.7780, 0.8642 and 0.8532

respectively for the different I' considered. Note that the exact probabilities for SSVPC

and |S|V2 charting technique (for p = 3, 4) are obtainable using a published program and
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standard statistical software. The program of Davies (1980) can be used for finding the
cumulative probability of SSVPC since the latter is distributed as a linear combination of

independent chi-square variables with coefficients A,,...,A, (see A.11). If A,...,A p are

identical, resulting in a scaled chi-square distribution, then many of the statistical

software packages currently available can be used. If p = 3 or 4, the cumulative
probability of |S|1/2 can be determined by means of numerical integration. However, as a

partial check of the simulation, the simulation results for these techniques are included.

They are found to agree well with the theoretical values. For instance, the theoretical
probabilities for |S|1/2 and SSVPC are (0.1333, 0.3828), (0.4575, 0.8873) and (0.7020,

0.9866) for p = 4, n = 5, =0.0027 and A,,...,A, all equal to 2.25, 4 and 625

p
respectively. These are very close to the corresponding figures in Table 4.4

As for the comparison for the unknown 2. case, Tables 4.6, 4.7 and 4.8 clearly
reveal that the proposed technique and the associated Fisher’s and Tippett’s procedures
are far superior to MLRTECM irrespective of the dimension p, the change point r, the

eigenvalues A,,...,A , and the direction of the shift as specified by I'. It can also be seen

that the proposed technique is as good as or significantly better than Fisher’s procedure.
As compared to Tippett’s procedure, the proposed technique is generally worse in terms
of ‘maximum performance’. However, the opposite is true when comparison is based on
the ‘medium’ and the ‘minimum performance’. Furthermore, the proposed technique is

consistenly better than Tippett’s procedure when the eigenvalues A,,...,A, are all equal.
Like the known 3, case, limited comparisons using other values of p, n, r, 2., and some

arbitrarily chosen I'’s yielded similar conclusions.
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It is perhaps worth noting that Calvin (1994) has developed a one-sided test of
covariance matrix with a known null value. However, no attempt has been made to
compare the operating characteristics of this and the proposed technique. A reasonable
comparison cannot be made since the former is specifically designed for situations where
the deviations take the form of 2 =3 ,+B (B is a symmetric positive definite matrix)
whereas the proposed technique is not meant for any specific shifts. If the shift is

anticipated to be of the form 2. =21, +B, then the recommendation is to use the former

technique.

4.6 An Example

In order to illustrate the behaviour of the proposed techniques and to compare
them with previously proposed procedures, consider the hypothetical bomb
manufacturing data analysed by Alt et al. (1986). The data consist of m = 15 samples of

n = 10 observations on the overall length of the bomb base (X,) and the depth to
shoulder of bomb heads (X,). The specified values of the dispersion parameters are
¢, = 000216, o, =000384 and p=-06. Note that the values for samples 12, 13, 14

and 15 have been generated from an out-of-control process where both the process

standard deviations, o, and o, were increased by 25%, 50%, 75% and 100%

respectively. The sample values of the dispersion parameters are reproduced in Table

4.9. The authors found that sémples 14 and 15 provide out-of-control indications when
MLRT is used with oo =0.01. For the |S|V2 technique using either exact control limits

given by (4.17) with o = 0.02 or 3-sigma limits given by (4.18), it was found that only

the 15th sample produces a signal.
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Since the dispersion parameters are specified in this example, control statistic
(4.14) can be used. The computed values of this statistic for all of the 15 samples are
given in the same table and the associated control chart is shown in Figure 4.1(a). At
o =0.0027, UCL = 14.16. Thus, this technique ‘picks up’ the increased process
variability at both the 14th and the 15th sample, as the MLRT does. Note particularly the
impact of increased variability on the 14th sample. For this sample, the value of the
control statistic is infinity giving a very strong indication of process troubles !

Next, suppose that the in-control process variance-covariance matrix is unknown
as in the retrospective stage of the two-stage control procedure considered by Alt et al.

(1990). In this case, the authors suggested replacing the unknown parameters |ZO| and

3.5} in expression (4.16) for the MLRT statistic, ¥/ *. by the unbiased estimates

(n=p-22 8
Vj==L—  and A= =l
' mb; m(n—1)

p
respectively where b =(n—1)"7 H(n ~ i) and treating the resulting values of " as the

=1
true values. If W~ exceeds appropriate percentage point or the control limit for any of

the m samples, that sample is discarded and W " are recalculated for the remaining

samples using the revised value of m, |V| and A . This procedure is repeated until there

are no other samples with W™ beyond the control limit. Similarly, for the 3-sigma |S|U2

L V2. :
charts, they suggested substituting the unknown parameter |ZOI with the unbiased

estimate
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>[50
i=1

mb;,
in expression (4.18) for the control limits where &; is given by (4.19). If any of the m

samples give out-of-control signal, that sample is deleted and control limits are

recomputed using the remaining samples. This procedure is continued until none of the
V2 . : ,
values of |S| exceed the control limits. Unlike these methods, the technique presented

for the unknown X case may be used as soon as the 2nd sample is available. Besides, the
proposed technique does not involve recalculation of the control statistic and the revision
of the control limits. The results for the respective techniques are provided in Table 4.9.
In addition, the control chart associated with the proposed technique is shown in Figure
4.1(b). Note that for the same value of a, this control chart has the same control limit as
that for the known Y case. As shown in the figure, the out-of-control condition causes a

spike on the control chart at the 14th sample. This out-of-control sample is removed

before control statistic (4.15) is computed for the next sample. For the 3-sigma |S|l/2

chart, the estimated control limits are respectively LCL =0 and UCL = 3.41x 107 . Note
that LCL is set to O because its calculated value is negative. As shown in Table 4.9, this
technique also reveals that sample 14 is affected by some special causes. After leaving

out this sample and recalculating, the control limits become LCL=0 and

UCL =149 x 10~ where again LCL here is set to zero for the same reason. No further
g

sample triggers out-of-control signal based on these revised limits. As for MLRT, the

values of W~ with the ‘plug in’ estimates are larger than the upper 1% point of 12.38
(see Anderson (1984), p.641) for all of the 15 samples ! This is an unusual phenomenon

that is likely to cause misinterpretation about the process status. However, it is seen from
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Table 4.9 that the problem might be due in part to sample 14 since its W~ value of

2581.67 is unusually large. If this sample is dropped and W~ is recalculated for the
remaining samples, then there is an evidence that the last sample is affected by some
special causes since its W value of 12.65 is slightly larger than 12.38. No further out-
of-control samples are found when this procedure is repeated. Note that the revised

values of W™ are negative for a few samples. This is due to the use of the sample

estimates in place of the unknown parameters in the expression for W .

Table 4.9. Alt and Bedewi (1986)'s Data and Values of Control Statistic (4.14),
(4.15), MLRT statistic (unknown Y ) and |S|""*.

Sample S S; S, Statistic  Statistic Revised  |S
No. (x107®) (x107°) (x107%) (4.14) (4.15) MLRT MLRT (x107%)

A
|

1 3.71 1.94 -4.40 2.65 NA 2825 -0.40 724
2 3.59 1.46 -2.82 1.20 0.25 2861 -0.11 6.67
3 5.56 1.31 -2.56 2.11 0.02 29.11 0.53 8.16
4 3.26 1.11 -2.96 0.93 1.98 29.76 0.84 524
5 6.70 1.94 -10.44 3.89 4.61 35.38 6.39 4.57
6 8.85 3.26 -14.13 4.40 0.89 30.77 2.20 9.41
7 7.93 2.04 -11.04 2.60 1.05 32.27 3.37 6.33
8 4.50 1.79 -6.29 0.13 0.10 2831 -0.03 6.42
9 471 1.68 -3.26 1.95 1.13 28.18 -0.39 8.28
10 1.25 0.99 -1.60 532 1.30 35.35 6.32 3.13
11 4.89 2.54 -8.28 1.59 0.52 29.01 0.35 7.48
12 4.71 1.38 ‘0.33 6.19 4.53 31.70 3.37 8.06
13 4.71 1.38 0.33 6.19 3.61 31.70 3.37 8.06
14 7.82  390.30 94.44 ) 00 2581.70 NA 147.00
15 10.93 1.38 128 19.85 7.71 4031 12,65 1222

153



'ewbig umouun ‘eleq s,(9861) Imepag pue )|y 10} Ley) |onuo) uoisiadsid *(q) L4 eanbig

Ioqump dnoigqng

91 ¢1I I €1 21 11 O 6 8 L

9 ¢ v ¢ T 1 0

01

(L700°0 = ®=ydre 18) 91y 1=10N

0¢

0¢

"ewbig umouy) “ereq s,(9861) Imepag pue Jy 4o} Ley jo5uo) uoisiadsiq *(e) |y eanbig

I_quny droidqng

91 ¢I ¥#I €L 21 11 Ol 6 8 L

e

9 ¢ v € T 1 0

01

~ (Lzo0'0 = ®udre1®) 91 1=1D0N

0t

0t

ONSNEIS [OTU0D)

onSnEelS [0NU0)

154



4.7 Effect of Aggregation on Control Performance

As presented earlier, the proposed techniques involve the charting of some
aggregate-type statistics formed using independent components resulting from the
partitioning of the covariance matrices. Certainly, if the use of such a statistic incurs
some Joss in control performance, then it is preferable to chart the individual components
separately though the improved performance is gained at the expense of increasing the
charting effort. In this section, the effect of such ‘aggregation’ on the control
performance, is briefly considered for the known 3 case. This effect is examined by
comparing the probabilities of detection by the proposed technique with that based on
the use of the individual components for certain shifts in ) having equated first their
false signal rates. Note that the latter technique, abbreviated hereafter as the /C

technique, involves the plotting of the following statistics :-

(n, - 1)S12(k)

5 (4.24)
Gy
n, —1S? —
(71 2) sl )10 j=2,...,p. (4.25)
o-j-I,...,j—l
T
(n-0Sto(d -0 ) i (4 -0 (426)
~uky T2 e ~2k) 772

and

T
(nk - 1)sz—l-1,...,j—2(k)(i e 0}) Z;}...,P-]—l(d - QJ .] =3,.. »D- (427)

ey =

It may also be of some value to study the control performance of the technique

based on the use of principal components. In the presence of X, it is reasonable to chart
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the standardized variances of the principal components (multiplied by (n-1) each)
separately. These are given by the diagonal elements of (7 - l)A—O%I“OSI“OA-O% where A,

and T’y denote respectively the diagonal matrix containing the eigenvalues of 2. and
the matrix of the corresponding eigenvectors. For ease of subsequent discussion, this
technique is referred to as ISVPC.

Following a shift in the process covariance matrix Y, the statistics (4.24) and
(4.25) are readily seen to follow some scaled chi-square distribution whereas the
Hotelling Xz-type statistics in (4.26) and (4.27) can be shown to be generally distributed
as linear combinations of independent noncentral chi-square variables (see A.11).
Furthermore, note that the (conditional) independence of these statistics is preserved.
Thus, given the program of Davies (1980), it is possible to determine the overall
probability of ‘picking up’ any given shift in 2 by the use of these statistics. However,
for mathematical convenience, only a special case is considered, namely, when the shifts
take the form -

=22y,

a situation which has been noted earlier. Note that under these circumstances, all the
above statistics are chi-square except for the scalar multiple A. The same is true for the
ISVPC technique. Thus, the statistical performance of these and the proposed technique
depends on A (besides p and ») irrespective of 2. .

For reasonable comparison, suppose that the significance levels associated with
the control charts for the IC and ISVPC techniques are set to be equal to o so that the

overall false signal rate, o, for each control scheme is the same as that of the proposed

technique. Accordingly, the o” for both techniques are respectively given by
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. S . 1
a =1-(1-a)*"' and a =1-(1-a)”.

Furthermore, both the lower and upper control limits are used with each chart and these

* *

o o4 . ,
are set at - and 1- - probability levels respectively. Note that under this condition,

the former technique is equivalent to Tippett’s combination procedure as considered
earlier. The power of these and the proposed technique are given to 4 decimal places in
Table 4.10 for various combinations of p, »n, A and o. Note that the results for the
proposed technique are obtained by means of 5000 simulation runs. Note also the
proximity of the exact probabilities and the corresponding simulation results for the IC
technique as given in Tables 4.3, 4.4 and 4.5 In all these cases, it is observed that the
proposed technique is significantly better than the IC and ISVPC techniques. It is also
seen that ISVPC ranks between the proposed and the IC technique in performance for all
the given shifts. Although no attempt has been made to study their relative performance
thoroughly, the results provide an indication that incorporating the individual
components into a composite statistic in the suggested manner may well result in

improved control performance.
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Table 4.10. Power Comparison of Proposed, IC and ISVPC Charting Technique
for Shifts in the Formof 3, =13 ,.

Power

P n o A Proposed IC ISVPC
3 4 0.0027 2.25 0.1688 0.1149 0.1334
4.00 0.6014 0.4666 0.5134

6.25 0.8664 0.7596 0.7965

0.01 2.25 0.2604 0.1995 0.2238

4.00 0.6818 0.5928 0.6342

6.25 0.8912 0.8404 0.8662

4 5 0.0027 2.25 0.2970 0.1669 0.2017
4.00 0.8300 0.6468 0.7097

6.25 0.9746 0.9127 0.9390

0.01 225 0.4050 02781 0.3216

4.00 0.8792 0.7672 0.8145

6.25 0.9822 0.9542 0.9686

5 8 0.0027 2.25 0.5792 0.3078 0.3877
4.00 0.9926 0.9036 0.9459

6.25 1.0000 0.9962 0.9986

0.01 2.25 0.7132 0.4648 0.5495

4.00 0.9938 0.9566 0.9772

6.25 1.0000 0.9989 0.9996
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CHAPTER 5
CAPABILITY INDICES FOR MULTIVARIATE
PROCESSES !

5.1 Introduction

Since the pioneering work of Kane (1986), there have been many articles
published dealing- with process capability indices. Some developments in process
capability analysis are outlined by Rodriguez (1992) in a special issue of the Journal of
Quality Technology, entirely devoted to the topic. In Marcucci and Beazley (1988), it
was noted that 'an index for multidimensional situations.....is another outstanding
problem.....". Most of the relevant work to date has focussed on the developments of
process capability indices for single product characteristics. In many manufacturing
situations, the quality of a manufactured product is more often than not determined by
reference to more than one product characteristic. Invariably manufacturing conditions
are such that there is an inter-dependency in the development of these product
characteristics. To discuss process capability under these circumstances then, requires a
method that acknowledges this inter-dependency and constructs an index that
incorporates knowledge of the covariance structure of the quality characteristics.

The most commonly used univariate capability indices are the C,, C,, and C,,

indices which are defined as :-‘

U-L

! This chapter is based on the paper entitled ‘Capabilitity Indices for Multivariate Processes’, Technical Report 49
EQRM 14, Department of Computer and Mathematical Sciences, Victoria University of Technology, December
1994.
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2

Cor :min{U_Ll u—L}
3o 3c

_ U-L
6ot +(u-T)

and C

where n,0, U, L and T=4fL denote the process mean, standard deviation, upper

and lower specification limits, and target respectively. The first is strictly concerned with
process potential in that it makes no reference to the process mean, u. However, they all
essentially reflect process potential in that they implicitly assume a perfectly controlled
process. For meaningful use of these indices to describe actual process behaviour
consideration of their sampling distributions is necessary. Statistical issues of estimation
and hypothesis testing and practical matters such as the use and interpretation of these
indices have been extensively discussed in the literature (see for eg., Kushler and Hurley
(1992), Franklin and Wasserman (1992), Pearn, Kotz and Johnson (1992), Bamett
(1990) and Boyles (1991)). These indices are applicable for situations involving two-
sided specifications but some adaptations for one-sided specifications can also be found
in the literature.

After reviewing existing work on multivariate process capability indices, this
chapter explores further the possibility of assessing multivariate process performance by
using a single composite measure and describes three approaches for doing so. In
particular, three bivariate process capability indices are proposed and some simple rules
provided for interpreting the v;alues they take. The relative effectiveness of the proposed
indices as a comprehensive summary of process performance, with respect to all of the
measured characteristics, is also provided. An approximate test for one of the proposed
indices is developed. Possible methods of developing robust capability indices are also

considered. The paper focuses on the commonly encountered situations in which the
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measured characteristics of a process or a product have two-sided specifications forming
a rectagular specification region. The extension of this work to situations involving
unilateral or a mixture of unilateral and bilateral tolerances is a straightforward matter.

The total discourse is given in the context of discrete item manufacturing.

5.2 A Review of Multivariate Capability Indices

Chan, Cheng and Spiring (1991) introduced a so-called multivariate version of

the C,,, index which is defined as :

_ hp
Com =

-~ YEX,-DTANX, -T)

i=1

To do this, they made the assumption that the specification requirements for a v-variate

process or product are prescribed in the form of an ellipsoidal region given by
(X-T)' A (X-T)<c?

where X, T, A and C are respectively the v-dimensional random observation vector,

some specified v x1 vector, a v xv positive definite matrix and a constant. These may

either be the actual engineering requirements or that created from various forms of

specifications in the suggested manner. For the latter case, it generally imposes more

stringent requirements than actually needed.

As the definition of C,,, involves the sample observations rather than being based

~

on the process parameters (i.e the mean vector W\ and the covariance matrix 2 ), Pearn

et al.(1992) stated, quite correctly, that it should be taken as an estimator (denoted C,,

~

) of the following revised index :
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C = v
7 \[ E[(X-T)TA(X-T)]

Much of the discussion of Chan et al.(1990) was devoted to the test of C m =1 based

~

on the univarniate statistic,
D= (X,-T)'A™ Xx,-T)
i=1
which 1s distributed as a chi-square variable with nv degrees of freedom under the

multinormal assumption, with =T and Y =A. Note that the quadratic form

(X—T)TA'I(X—T) and D are distributed as linear combinations of independent

noncentral chi-square variables (see Appendix A.11) under the alternative hypothesis.
Thus, using the program of Davies (1980), it is possible to determine the power of the
test and relate it to the expected proportion of items satisfying the ellipsoidal
specification requirements. It is also worth noting that this work is more concerned with
'process capability analysis' rather than with the design of a unitless capability measure.
As in Chan et al (1990), Pearn et al.(1992) considered a v-variate process with
specification requirements formulated as an ellipsoidal region and proposed the following

capability indices,
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as generalizations of the univariate C,, and C,, indices. If p=T and ¥ = A, then ¢’

in the above definitions is equated to x3,0_9973, the 99.73th percentile of the chi-square

distribution with v degrees of freedom, otherwise, it is computed such that
Pri(X-T)" A7 (X-T) < c}=09973
Note that both indices have the same value if i =T. These indices correctly reflect

process capability in the sense that their values decrease with declining process
performance. However, as noted in their paper, the essential problem with these indices
lies in the estimation of them.

In view of the fact that it is unlikely to have specifications given as ellipsoids,
Rodriguez (1992) suggested the direct estimation of the proportion of nonconforming
items by integration of the multivariate normal density function over the rectangular
specification region. Boyles (1994) also considered this alternative of estimating process
capability and discussed its statistical and practical merits over a competing procedure
which is based on simple binomial estimates. The total discussion is in the context of
repeated lattice-structured measurements.

Unlike others, Hubele, Shahriari and Cheng (1991) proposed a capability vecfor
for a bivariate normal process which consists of three components. The first is the ratio
of the area of the specification rectangle to that of the projected process rectangle,

giving an analogue of the univariate C, index. The second component, is defined as the

significance level computed from a T'%-type statistic which measures the relative location
of the process centre and the target. The last component is designed to capture situations
where one or more of the process limits fall beyond the corresponding specification

limits. Although some efforts were made to demonstrate the usefulness of this capability
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vector as a summary measure of the process performance, interpretation is sometimes
difficult.

Other contributions come from Taam, Subbaiah and Liddy (1993) who proposed
a multivariate capability index defined as

MC. = Volume of R,
P Volume of R, ’

where R, and R, represent respectively the modified tolerance region (modified

according to the process distribution) and the scaled 99.73% process region (scaled by

the mean squared error, ¥, = E[(X -TY(X-T )T]). If the process follows a multivariate

normal distribution, then the modified tolerance region here is the largest ellipsoid

inscribing the original specification region and the scaled process region, R,, is an
ellipsoidal region represented by (X - )" S (X - )< xf,ogm. Thus, under normality

assumptions, this index becomes

_ Vol.(Ry) y 1
" Vol (Ry) [[+@-D)T = (u-1)]
— MCP
Dy

where R; is the natural process ellipsoid containing 99.73% of items, MC, = :Z;gg; 18

an analogue of the univariate C, (squared) index which measures the process potential

and Dy =1+(u-T)" 7' (L—T) is a measure of process mean deviation from target.

As stated by Taam et al.(1993), this is an analogue of the univariate C,, (squared)

index. Note also that this index is similar to ,C?,, except in the manner in which the

v pm:>
process potential and the deviation of mean from target are quantified. In terms of its

ease of computation and general applicability, it is superior to the latter. Besides the fact
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that it can be used for different types of specification region (see the example on
geometric dimensioning and tolerancing (GDT) in the same paper), this index can be
extended to non-normal processes provided the specifications are two-sided. This,
however, entails the determination of the proper process and modified tolerance region
and the resulting computations are likely to be complex. In the same paper, Taam et
al.(1993) considered the estimation of this capability index. However, they simply

replace the unknown mean vector L and the covariance matrix 3. in the expression for

the proposed index with the usual unbiased estimates and use xf,o‘ggm as the boundary of

the process ellipsoid without taking into consideration issues such as unbiasedness,
efficiency and uncertainty of the resulting capability index estimate. They also highlighted

some similarities and differences between the proposed index (MC,,), C,, and the

—~

bivariate capability vector proposed by Hubele et al.(1991). A major problem with this
index is its potential to provide misleading conclusions. For instance, if the measured
characteristics are not independent and the index value is 1 (as a result of the process
being on-target and the volume of the process ellipsoid being the same as that of the
modified tolerance region), there is no assurance that the process under consideration is
capable of meeting the specifications consistently or can be expected to produce 99.73%

of conforming items. This is in conflict with the statement made by Taam et al (1993)

indicates 99.73% of the process values lie inside the tolerance region.' The deficiency in

this comment is illustrated in Figure 5.1 for a bivariate normal process.
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Natural Process Ellipse
centered at target having
the same area as MTR

Specification rectangle

Out of Specs. Modified Tolerance reégion (MTR)

Figure 5.1. Graphical Illustration of An Incapable Bivariate Normal Process with

MC,,, =1

Boyles (1996) introduced the concept of exploratory capability analysis (ECA)
which is aimed at capability improvement rather than assessment. This should be
distinguished from the so-called confirmatory capability analysis (CCA) which involves
formally assessing whether the process under consideration is capable of meeting the
given specifications or not. ECA, essentially utilizes exploratory graphical data analysis
techniques, such as boxplots, to reveal or to assist in identifying new opportunities for
process improvement. Three real examples involving repeated measurements with lattice
structure were used to illustrate the usefulness of the concept.

In another paper, Boyles (1994) proposed an expository technique of analyzing
multivariate data using repeated measurements with a lattice structure where the number
of measurements for the same\ characteristic on each part or product, v, may possibly
exceed the number of inspected parts or products, n. He developed a class of Direct

Covariance (DC) models corresponding to a general class of lattices and obtained some

166



positive definite estimates of the covariance matrix denoted by iDc even when n<v.
This property of positive definiteness for the estimated covariance matrix permits the
computations of multivariate capability indices and estimated process yields which
depend on ™' when n<v or when » is not much greater than v, in which case the
usual sample covariance is ill-conditioned with respect to matrix inversion. He made
some efforts to justify the use of the proposed model for process capability analysis. In
particular, he demonstrated the superiority of employing iDc to provide an estimate of
the proportion of nonconforming units over the use of sample covariance and the

empirical approach of simple binomial estimates. To do this he used sets of data from

Boyles (1996) along with some simulation results.

5.3 Constructing A Multivariate Capability Index

With the assumption that the process under focus follows a multivariate normal
distribution, consider the following approaches to the design of a multivariate process
capability index. Before proceeding, it should be pointed out that, although these
approaches have been widely discussed in simultaneous interval estimation problems
(see, for example, Johnson et al. (1988) and Nickerson (1994)), they are used here in a
different context.

The first approach entails the construction of a conservative p-dimensional
process rectangle from the pro]ection of an exact ellipsoid (ellipse if bivariate) containing
a specified proportion of items on to its component axes. The edges of the resulting
process rectangle (the process limits) are then compared with their corresponding
specification limits. The associated index is defined in such a way that it is 1 if the

process rectangle is contained within the p-dimensional specification rectangle with at
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least one edge coinciding with its corresponding upper or lower specification limits,
greater than 1 if the process rectangle is completely contained within the specification
rectangle and less than 1 otherwise. A bivariate capability index developed using this
approach is presented in the next section.

The second approach is based on the well known Bonferroni inequality. Unlike
the first one, this approach actually requires only the weaker assumption of normality for
each individual product characteristic. The capability index using this approach is defined
in the same manner as above. The resulting process rectangular region having at least a
specified proportion of conforming items is compared with the specification rectangle.
The value of the proposed capability index reflects conservatively the process capability
of meeting the specifications consistently. In fact, the assessment of process performance
based on the Bonferroni inequality has been perceived by Boyles (1994) but it is used in
a different way and context. It should also be pointed out, despite his statement to the
contrary, that the given inequality

T+, 2T
where

1—n=Pr(—D,SXjSDu, 13]-<-P|H>Z) s
1_n1=Pr(ij—D1 , 1£j£p|u,2),
1—nu:Pr(stDu : ISJSP?M,Z) ,

is not generally true.
Another approach utilizes the multivariate normal probability inequality given by

Sidak (1967). It will be seen later, that a capability index constructed based on this
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inequality and using arguments similar to the above, provides the best measure among all

those proposed in this paper.

5.4 Three Bivariate Capability Indices

Suppose that the vector of the p product characteristics, X = (X . CT. ¢ p)T

. e . T
follows a multivariate normal distribution with mean vector p.:(ul,uz,..., 0 p) and

covariance matrix 2. . Further, suppose that a manufactured product is considered usable
if all its measured product characteristics are within their corresponding specification
limits ie L, < X; <U; for j=1,...,p. Let § denote the proportion of unusable items
produced that can be tolerated. Our aim is to obtain the relationship between the
component means, the elements of the covariance matrix, & and the specification limits

of all the measured characteristics by solving the following integral equation :

U, U,y
I..._IIf(xl,xz,...,xp).dxlcbcz...dxp:1—6,
L, L

so that an index can be defined that reliably reflects the actual process capability. Directly
attempting to solve this equation is generally inadvisable due to computational

difficulties, so some approximations are presented.
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5.4.1 Projection of Exact Ellipsoid Containing a Specified Proportion of Products

It is known, for eg., Johnson et al.(1988) that, if X ~ N p(u,Z), the quadratic

form (X - ;,L)T > 7'(X-n)~ x> Thus, a region containing 100(1-8)% of the products

is the solid ellipsoid given by

T -
(X-p) = (X-p)<xiis
As given by Nickerson (1994), the projection of the above ellipsoid on to each of its

component axes is given by :

‘xj - Ll,'} < 1/)(;1_5 [jth diagonal element of Z]Lz

or

H —w/X;,l—a C,<Xx;<U; +,/x2p,1_5 C,; j=12...,p. (5.1

Note that rewriting (5.1) yields the well known 100(1-8 )% simultaneous confidence

) T .
interval for HZ(Hl,Hz,---,Up) based on a sample of size n=1 when ¢,,0,,...,0,

are known (Johnson et al.(1988)). As a special case, consider developing a capability

index for bivariate processes, though it can easily be extended to the more general case.

Note that, for p=2, Xi,l—& =-2Ind. Thus, we have from (5.1) that, the 'bivariate

process limits' (i.e the limits beyond which at most 1006 % of items are expected to be

produced) are,

It follows, that for

U,U,
J. J.f(xl,xz)dxldx2 >1-9,

L L

the following conditions need to be simultaneously satisfied :-
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U, 2“1‘”51\/—‘21—“5,
L, <y, -0,v/-2n§,
U, 2p, +02m,
L, <, -0,v-2Ind,

or equivalently,

Ul_Ll

U2 _L2

2{52\/——21n5 A

and

Accordingly, the bivariate process capability index, Cﬁ) , 15 defined as :-

C C
CY) = Min T AL
3v-2Ind + “;cl‘ 3V-2Ind + “3622 J

where C, and T, (j=12) are respectively the univariate process capability indices
(C,)and the target values for the two product characteristics. Note that if the process is

on-targetie u; =T and p, =T, ,

) Min{C,,,C,,}
P 1J-2ln§

which can be taken as a measure of the process potential. Although this capability index
IS conservative by nature and thus must be carefully interpreted, it does provide some
insight into the practical capability of the process. A value of 1 or greater can safely be
interpreted as the process producing at a satisfactory level provided there is no serious
departure from normality. Héwever, if it has a value smaller than 1, it does not
necessarily indicate that the expected proportion of usable items produced is less than

-3, unless it is significantly different from 1. In this case, perhaps some simple
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guidelines or ad hoc rules would help to determine if the process capability is adequate.
Note the interesting fact that, although the covariance structure of the product
characteristics is considered in the development of the above, the proposed bivariate

capability index does not involve the correlation coefficient p of the two characteristics.

It is also noted that the proposed index has some similarity to the bivariate capability
vector proposed by Hubele et al (1991). It differs from the latter, however, in that it
incorporates both the process potential and the deviation of the process mean from target
into a unitless measure. Hubele et al's capability index consists of three components, one
for measuring the process location, one for process dispersion (potential) and the other
for indicating whether any of the process limits is beyond its corresponding specification
limit(s). Whilst it may be argued that using separate indicators for each of the above
factors to reflect the process status may make the interpretation clearer, this process
capability vector involves more calculation and does not have any clear advantages over

the proposed index.

5.4.2 Bonferroni-Type Process Rectangular Region

According to the Bonferroni inequality, for a p-variate process for which the
marginal distributions are normal, the p-dimensional centered process rectangle

containing at least 100(1-8)% of items is given by :

uj-:—zzicjngSuj+zz_5_oj, j=12,..... D
P P

where Zspp denotes the upper 100(3/2p)th percentile of a standard normal

distribution. By replacing p by 2 in the above, the bivariate process limits are obtained.

Proceeding as previously, another bivariate capability index is obtained and defined as,
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50 - pfin|—Co! Crz
pk 1, +|!»11—T1}’l +|!»12‘T2[ ’
3“5/4 30, 325/4 30,

which has a similar interpretation. If p =1, 8 = 0.0027 and the process is on-target, this

type of multivariate capability index reduces to the univariate C,, C,, and C,,, indices,

It should be noted that this method of developing capability indices can be extended to

non-normal processes by replacing -z, and zg, by the appropriate quantiles of the

process distribution.

5.4.3 Process Rectangular Region based on Sidak's Probability Inequality

As given by Sidak (1967), the multivariate normal probability inequality is :-

Pr{ﬁ'Zjl < cj} > ] Pr{)Zj‘ < cj.} ,
Jj=1

j=1
where Z,'s are standard normal variables and c,'s denote some specified constants. For
¢;=c (j=12..., p), this inequality becomes
Pr{ﬁ{zj‘ < c} >[20(c)-1]",
j=1
where CD(O) denotes the cumulative distribution function of the standard normal variable.
Setting the lower bound, [2@(0)—1]p of the joint probability above, equal to -3,

results in a p-dimensional process rectangle containing at least 100( —3)% of items
given by :-

- qu)—l(%[H(l—S)”"]) <x; S|y +cj.®'l(%[1+(1-5)””]), Tt e 7
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where (D—I(O) represents the inverse of the standard normal distribution function. A

bivariate capability index is obtainable by replacing p with 2 and comparing the resulting
bivariate process limits with the corresponding specification limits. This index is defined

as .-

| C, C,2
B P e e e

In the devélopment of the above indices, it has been assumed that the tolerances
are bilateral and that the target or nominal specification is the midpoint of the
specification band, this, of course, is not always the case in practice. Under these
circumstances, redefinition of the indices using similar arguments is straightforward and
will not be discussed further.

As all of the above are of similar form, it is preferable to choose the one which is
least conservative or that best reflects the actual process capability. In the following

section, some comparisons between the three are provided in order to resolve this issue.

174



5.5 Some Comparisons of the Projected, Bonferroni and Sidak-type
Capability Indices

Following conventional practice, the relative merits of the proposed capability

indices can be evaluated based on the following ratios :

_ Widthof 100(1 - 8)% projected Interval for jth characteristic

BP — .
Width of 100(1 - 8)% Bonferroni Interval for jth characteristic
2
_ Xp,l—ﬁ
ZS/Zp
and
_ Width of 100(1 - 6)% projected Interval for jth characteristic
S-F Width of 100(1 - 6)% Sidak Interval for jth characteristic
2
X p,1-8

) o~ (H[1+1-8)""])
Note that the expressions for Iz, and /., remain the same irrespective of the product
characteristic being considered. One capability index is said to be less conservative than
the other if its construction is based on a shorter interval for the same 6 . Thus, according
to the definitions above, if I, is greater than 1, the Bonferroni-type capability index is
better (less conservative) than that which is based on projections. Similarly, a value of
I;.» greater than 1 implies that the Sidak-type index is superior to the projected one. As
for the relative effectiveness of the Bonferroni and Sidak-type indices, this is measured
by the relative magnitude of ‘their corresponding /5, and Isp values. The values of
these indices are tabulated in Table 5.1 for some selected values of p and § . It can be
seen from this table that, in all the realistic cases considered, both the capability indices

based on the Bonferroni and Sidak inequalities provide better measures than the
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Projection-type capability index. The table also shows that, as the number of measured

characteristics, p increases, the better the Bonferroni or Sidak-type capability indices

become. Furthermore, as shown in the table, the Sidak-type capability index is marginally

better than that based on the Bonferroni inequality. The following section is devoted to

the development of a test concerning process capability based on the Sidak-type index.

Table 5.1. Relative Conservativeness of Projected, Bonferroni and Sidak-type

Capability Indices.
P 0 Tgp = Z5/2p Isp = o"(g[n(l—s)”" )
2 0.0025 1.0726 1.0727
0.005 1.0767 1.0768
0.01 1.0811 1.0815
0.02 1.0859 1.0867
0.05 1.0921 1.0945
3 0.0025 1.1325 1.1326
0.005 1.1397 1.1398
0.01 1.1475 1.1479
0.02 1.1561 1.1570
0.05 1.1677 1.1708
5 0.0025 1.2319 1.2320
0.005 1.2438 1.2440
0.01 1.2569 1.2574
0.02 1.2713 1.2724
0.05 1.2917 1.2953
10 0.0025 1.4218 14219
0.005 1.4419 1.4421
0.01 1.4641 1.4646
0.02 1.4886 1.4899
0.05 1.5243 1.5283
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5.6 Testing the Capability of a Bivariate Process

In practice, the assessment of process performance is often based on sample
estimates of some capability indices which are subject to uncertainty. Unless the sample
size is reasonably large, it is inappropriate to draw definite conclusions from these
process capability estimates. Of course, the need for process stability before computation
should also be emphasized, otherwise the interpretation of these indices is distorted,
regardless of how large the sample is. If meaningful interpretation of the estimated
capability i1s sought, it 1s important to take the sampling fluctuations of these estimates
into consideration. A common approach is to employ confidence intervals. If point
estimates are to be used, it is desirable that estimation is unbiased and that the minimum
sample size required for an acceptable margin of estimation error is adhered to. Another
approach is based on testing hypotheses. Either approach generally requires knowledge
of the sampling distributions which are complicated. To circumvent this problem, we

(2)
pk )

develop an approximate test for the Sidak-type index (°C
Consider the problem of testing the following hypotheses :
Hy: SCﬁ) >1 vs. H,: SCSC) <1
Under the null hypothesis, H,, the process is capable and the worst scenario is when
both the Sidak-type process and specification rectangles coincide, in which case
SC[(,? =1. On the other hand, the alternative hypothesis, H, corresponds to situations
where at least one edge of the process rectangle is beyond its corresponding specification

limit. The test proposed here is designed to capture such a situation.

A reasonable choice of the test statistic for this problem is,
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Sél(,i) :Min{ L liel 5 U,-L, }’

2¢S, +2|X, ~T,| 2¢S, + 3 X, - T,

where
c= (D'l(%[l +w/1_—§})

and, X ; and S denote respectively the mean and standard deviation of the jth product

characteristic based on a sample of size n. The decision rule is to reject H, in favor of
5P
S (2
Clalk
P ’
where k is some positive constant depending on the significance level of the test (o) and

is determined from
MaxPr{SC;Z) <k|Hyis true} — @5,
The maximum value on the left-hand side of the above equation occurs when p, =T,

and U, —L, =2co; for j=12 (the worst situation under H ). Thus, we have,

. CO'] (:0'2
= = <kp=o
PI{MI}’I{CS] +|X1"H1| X CSz+|X2“H2|} }

2 —= 2
1 (""1)512' 1 (XJ'_“J') Gelleom
Pr ﬂ = ;‘} 52 + | <7 =1l-a (5.2)
= '

According to the Bonferroni inequality,

2 o 2 : B
(1S} 4 X/‘PJJ 1 3 1 [(DS; g (XJ‘—P'J) ll
Pr{n[&l?l = +c&\[(cj/& <y 21 Zj_ 1Pr | A T 4 L e kJ'
j= =

(5.3)

or
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A conservative test of the hypotheses stipulated above may now be obtained by replacing

the left-hand side of (5.2) by the right-hand side of (5.3) giving,

2 - 2
1 f("‘l)sjz‘ 1 (X,—u, 1
Z;PI' -1 0'3 +c\/; cj/\/; 27 =Q.
J:
- 2
. f(n—l)sf. ) (Xj_p]) .
- Nn-1 o? T cn cj/J;z_ ? Jj=12

are identically distributed, it follows that,

- 2
1 /(”‘1)512' 1 (Xj‘“jj Ss1(_%
Pr Jn-1 oi +C\/; GJ/J; Tk _2-

As

~-1)S? ¥ —u)
If y :(n_lz)_f and w = X, =R , the problem reduces to finding the (l—%)th
c; c; /\n

quantile of

1 _1
\/n——lﬁ+c\/;\/W’

which is a linear combination of the square root of two independent chi-square variables
with n-1 and 1 degrees of freedom respectively. A closed-form representation of the
probability density of this linear combination is not available. However, it is possible to
obtain the approximate values of the required quantiles and thus the critical values, £,
using Cornish-Fisher expansigns. Johnson and Kotz (1970) outlined the method of
obtaining these expansions and provided a formula which expresses the standardized
quantiles of any distribution in terms of its standardized cumulants and the corresponding

standard normal quantiles. However, it is found that there are some inconsistencies in the
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results obtained by using the expression provided by these authors. As an alternative,

numerical solutions are obtained from the following integral equation :-

E

of [(n l(l/k J—/cf) ]fl(w)dw:p%,

where f,(¢) and F(e) respectively denote the probability density and the cumulative

distribution function of a chi-square variable with v degrees of freedom. The approximate

critical value, £, is-obtained in this way using Mathematica version 2.2 (Wolfram (1991))

and given to 4 significant digits in Table 5.2 for various combinations of tolerable

proportion of unusable items (8 ), sample size () and significance level (o).

Table 5.2. Critical Values for Testing SC(?)

n 0.01 0.025 0.05 0.1

10 * 0.5763 0.6093 06397  0.6770
+(0.5636) (0.5960) (0.6258)  (0.6624)

15 0.6284 0.6590 0.6869  0.7206
(0.6158) (0.6461) (0.6737)  (0.7070)

20 0.6630 0.6918 0.7178  0.7490
(0.6507) (0.6794) (0.7052)  (0.7362)

25 0.6884 0.7158 07403  0.7695
(0.6765) (0.7038) (0.7283)  (0.7574)

50 0.7594 0.7820 0.8020  0.8254
(0.7489) (0.7717) (0.7918)  (0.8154)

100 0.8178 0.8359 0.8516  0.8698
(0.8091) (0.8275) (0.8434)  (0.8619)

* unbracketed values correspond to § = 0.01.
T bracketed values correspond to & = 0.05.
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5.7 Robustness to Departures From Normality --- Some
Considerations

Various attempts have been made to extend the definitions of the standard
univariate capability indices to situations where the process distribution is non-normal
and corresponding estimation procedures have been proposed. These are intended to
correctly reflect the proportion of items out of specification irrespective of the form of
the process distribution. No attempts have appeared in the literature, however, to
develop multivariate capability indices which are insensitive to departures from
multivariate normality. Some robust univariate capability indices and procedures for
assessing process performance currently available are briefly reviewed and an approach
outlined for designing robust multivariate capability indices.

Chan, Cheng and Spiring (1988) suggested the use of a folerance interval
approach to estimate, with a certain level of confidence, the interval within which at least
a specified proportion of items is contained. This estimated interval is then used in place

of the normal-theory based interval (some multiple of &) in the expressions for C,,, C
and C,,,. The 100(1-at)% confidence {3 -content tolerance interval is designed to capture

at least 1003 % of the process distribution, 100(1-o)% of the time by using appropriate

order statistics. However, it was found by Chan et al. (1988) that the natural choice of

B, 0.9973 and o, 0.05, results in the requirement of taking sample sizes, » of 1000 or

larger. To circumvent this problem, they proposed the use of a tolerance interval with

smaller B, specifically, with B=09546 and B=06826 in place of 4c and 2o
respectively in the expressions for C,, C,, and C,,, and provided the corresponding

95% confidence estimators for sample sizes less than 300. Although this modification
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greatly reduces the minimum sample size required, Pearn et al. (1992) pointed out that it
depends on the (somewhat doubtful) assumption that the ratios of distribution-free

tolerance interval lengths for different B are always approximately the same as that for

normal tolerance intervals'. Furthermore, the proposed extensions retain the process

mean, W in the original definitions of C,, and C »m Tather than replacing it by the

median. This complicates the interpretation of the resulting indices since the median may
differ considerably from the process mean for heavily skewed distributions.

Another approach to analysing process capability for non-normal processes
(especially unimodal and fairly smooth distributions) is based on systems or families of

distributions. Having redefined the standard C, and C,, indices as

Cp _ U-L
PO.99865 - PO.00135
and
b
c. :Mm{ U-M__M-L Jg
PO.99865 -M M- PO.00135

:M,.n{ U-Rs _Rs-L }
PO.99865 - PO.5 PO.S - P0.00135

where £ denotes the 1008 th percentile of the distribution, Clement (1989) proposed
fitting a Pearson-type curve to the observed data using the method of moments and the
percentiles required for compptation of these indices are then obtained from the fitted
distribution. The required ‘standardized percentiles were tabulated for various
combinations of the coefficients of skewness and kurtosis. Some potential difficulties
with this approach were given by Rodriguez (1992). In view of the complexity and

difficulty of interpreting the equations for fitted Pearson and Johnson-type curves,
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Rodriguez (1992) suggested the fitting of a particular parametric family of distributions
such as the Gamma, Lognormal or Weibull distribution to the process data. For checking
the adequacy of the distributional model, he recommended the use of statistical methods
based on the empirical distribution function (EDF) including the Kolmogorov-Smirnov
test, the Cramer Von Mises test and the Anderson-Darling test. As for the graphical
checking of distributional adequacy, he stated that this can be accomplished by means of
quantile-quantile plots or probability plots. In the same paper, he also briefly described
the use of kernel density estimates for process capability analysis, especially for non-
normal distributions.

Pearn et al. (1992) suggested a possible approach to obtain a robust capability

index by defining an index

where O is chosen such that
B =Prfu-60 < X <p+60],
is as insensitive as possible to the form of the distribution of X. He showed that, for

Fy =099 the choice of 6 =515 is quite adequate for a wide range of distributions.

For non-normal multivariate processes, it seems reasonable to use capability
indices constructed based on multivariate Chebyshev-type inequalities (see Johnson and
Kotz (1972), p.25) to reﬂect_ the process performance as no normality assumption is
required. The most basic ty;)e of these inequalities is obtained by combining the
Bonferroni and Chebyshev inequalities as follows :-

For our purpose here, the Bonferroni inequality is given by
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2 k) (5.4)

Pr{ﬂ <k}>1_ZPr{

Upon applying the Chebyshev inequality to each term in the summation on the right-hand

side of (5.4), the following is obtained :-

P P
ﬂ el “J <k >1 _12_
i1 (5.5)
1P
k2

Note that, for the same k, the lower bound for (5.5) is smaller than that for (5.4).
However, this does not imply that the capability index constructed based on inequality
(5.5) is less conservative than that which is based on (5.4). For the same lower bound, 1-
d, the process rectangle based on the multivariate Chebyshev-type inequality (5.5) is
always larger (as a result of larger k) than that of (5.4) irrespective of the underlying
distribution. Note, however, that the Bonferroni-type capability index proposed in this
chapter is obtained by imposing a normality condition on the marginal distributions of the
process and thus it can be either too liberal or too stringent as a performance measure for
non-normal processes. For instance, a value greater than 1 for this index does not
guarantee that the expected proportion of non-defective items is more than 1-6 if the
process distribution is heavy-tailed (such as a multivariate-# distribution) unless it is
significantly different from 1.

There are some improvements to the above multivariate Chebyshev-type
inequality, however, the expressions involved are complicated, causing the construction
of multivariate capability indices based on them to be difficult except for situations where

there are relatively few variables. It is also found that these capability indices are only
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marginall I i
ginally better than that based on inequality (5.5). Thus, it is reasonable to use (5.5)

whenever the use of distribution-free capability indices is warranted
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CHAPTER 6
A COMPARISON OF MEAN AND RANGE CHARTS
WITH THE METHOD OF PRE-CONTROL :

6.1 Introduction

In 1924 Dr. Walter Shewhart first introduced the X and R charting technique
for the statistical monitoring and control of industrial processes. Now, after many
decades of use, they have become the core around which has been built a body of
statistical techniques expressly designed for the purpose of controlling the quality of
manufactured products.

A competing procedure, employing a different strategy and known as 'pre-
control' (p.c.), was proposed by Shainin (1954) as a replacement for various special
purpose plans for quality control and, in particular, as an improvement to the then 30
year old technique of X and R control. 'Pre-control' focuses directly on preventing non-
conforming units from occurring, rather than on maintaining a process in a state of
statistical control, which is the strategy underpinning the use of X and R charts.

When assessing the merits and shortcomings of competing industrial control
procedures, the issue of statistical efficiency and more practical matters such as cost
effectiveness, extent and ease_of use should all be considered. In fact these factors, to
varying degrees, play major roles in determining the overall success of quality

monitoring, maintenance and improvement efforts.

1 This chapter is based on the paper entitled ‘A comparison of mean and range charts with pre-control having
particular reference to short-run production’, Quality and Reliability Engineering International, Vol.10, pp.477-
485, 1994.
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After giving a brief outline of 'pre-control' and re-iterating its claimed practical
benefits, this chapter provides a rationale for making a statistical comparison between the
technique and that of traditional X and R charts. Special attention is drawn to the
application of both techniques to the short run manufacturing environment where, for the
use of X and R charts, parameter estimation is a problem. The total discussion in this

chapter is in the context of the manufacture of discrete items.

6.2 A Review of Pre-Control

The basic principles underlying the 'pre-control' technique are illustrated in Figure

6.1.

Lower Spec. LPCL UPCL Upper Spec.

Target Area

12/14 (86%)

red zone yellow  zone green zone yellow  zone red zone

1/4 x 12x 14 x

Figure 6.1. Pre-Control Scheme.

Suppose that the quality characteristic of interest is of the variable type such as a

physical dimension. The tolerance (or specification band) is divided into four equal
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sections and the boundaries of the outer two are called 'pre-control’ lines. The area
between these lines is described as the 'target area' or the green zone. The remaining
areas between the two specification limits, L and U, are labelled the yellow zones and
those beyond the specification limits, the red zones. Assuming that the measurements on
the product characteristic are normally distributed, correctly centered and that the
process is just capable of meeting the specifications, then approximately 1 in 14 times an
observation will fall in either yellow zone by chance alone. A barely capable process is

one having C, =1 where C, =(U-L)/6c, o being the process standard deviation. A

single observation falling in these zones is not deemed an indication of the presence of a
process disruption. Two consecutive values in these zones, however, or one in the red
zone, is considered adequate evidence of trouble and grounds for process adjustment.
"Pre-Control' operating rules are developed around these fundamental notions. In
a slightly different version (Bhote (1980) and Logothetis (1990)), the decision for
approval of set-up and resumption of a corrected process is based on the following rule :
.. If five consecutive units are within the target area before the occurrence
of a red or a yellow, the set-up is qualified and full production can begin ..."
The reason is that this occurrence indicates that the process is well centered and highly
likely to be producing at a satisfactory quality level. The probabilities of approving a set-

up which is centered at the nominal dimension, for various process capabilities, C_, and

using the above rule, are given in Table 6.1.

Table 6.1. Probability of Set-up Approval for Pre-Control
C 0.50 0.75 1.00 1.25 1.33 1.50

Prob. 0.0489 0.2210 0.4882 0.7308 0.7919 0.8838
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If five consecutive greens prove difficult to obtain, then this is an indication that
the process is either incorrectly centered and requires adjustment, or that the process is
not capable of consistently meeting the specifications. This check rule is useful for short
production runs for which the 'set-up' is a crucial factor affecting the quality of the
subsequent process output.

Once the process has passed the initial set-up stage, periodically two
consecutively produced items are examined to monitor performance. Having items in
either of the yellow zones is acceptable, except when two occur consecutively. Two
successive yellows on the same side of the target, signal the departure of the process
mean from the target value. If they occur on different sides of the target, the process
spread has most likely increased beyond its acceptable limit. In this manner, 'pre-control'
enables corrective action to be taken usually before unacceptable work is produced and,
hopefully, avoids repeated minor, and unnecessary corrections. In the event of getting an
item in either part of the red zone, the process is stopped immediately, as it is already
producing defectives. Variations in this 'pre-control' plan, applicable to less common
situations are given by Shainin (1954) and Putnam (1962).

In order to justify his recommendation for 'pre-control’, Shainin (1965, 1984) made
some efforts to discuss its statistical power. These included consideration of the long run
expected proportion of nonconforming units produced resulting from the ongoing use of
'pre-control' based on a particular sampling rule. He showed that the maximum value of
this quality measure, termed the average produced quality limit (APQL), does not exceed
2% for normally distributed processes if 6 inspection checks, on average, are made

between typical process adjustments (Shainin (1984)). Some very general discussion
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about the sampling frequency appeared in Satterthwaite (1973), Shainin (1990) and
Traver (1985). Without previous knowledge of the average time between process
adjustments, Shainin (1984) suggested that a 20-minute sampling interval should first be
used and adjusted subsequently.

As pointed out by Cook (1989), some of the expressed doubts about 'pre-
control' relate to the normality assumption. The general consensus amongst practitioners
is that even for stable processes it is doubtful that the fit to normality in the distribution
tails is particularly close. Sinibaldi (1985) used simulation techniques to examine the
effect of non-normality on the appropriateness of ‘pre-control’. In addition, he evaluated
the relative performance of 'pre-control' and X and R control on normal and skewed
distributed processes with frequently changing means. The results of the comparison

indicate that X control causes fewer incorrect mean shift signals and has better control

to target (as measured by the overall average, X and the average distance of all items
produced from the process target) than 'pre-control'. However, using the R chart to
detect deterioration in the process spread results in more false alarms than using 'pre-
éontrol' for the same purpose.

Bhote (1980) attempted to illustrate some 'weaknesses' in X and R control
charting, using two case studies. Taking a more complete view, Logothetis (1990)
argued effectively that, despite its simplicity, 'pre-control' cannot be considered a serious
technique of statistical process control (SPC). He, in fact, used the same case studies as
Bhote (who used them to illustrate the ‘weaknesses’ of X and R control charts) to
demonstrate the usefulness of SPC as a whole and the weaknesses of 'pre-control'
However, no comparison has been made between 'pre-control' and X and R charts on

the basis of average run length (ARL). This is due to the fact that, ‘pre-control' lines are
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derived from specification limits, causing the ARL for a given mean shift to vary

according to the actual process capability (C,).

6.3 The Practical Merits of Pre-Control

There is little mention of 'pre-control' in many standard text books on statistical
process control, despite it having certain practical advantages over X and R charts. This
could indicate a. belief that a reasonable statistical comparison between the two
techniques is not legitimate, that there is a reluctance to forsake X and R charting since
the method has proven useful over many years and in many industries or indicate a view
aligned with that of Logothetis (1990) that 'pre-control' is too limited in its perspective.

With the unique setup rule of ‘pre-control’, the first five consecutively
manufactured units are all that is required to determine whether any process-tolerance
incompatibilities exist before full production is allowed to commence. There is, of
course, no definite knowledge of how many units will have to be checked before five
consecutive good ones are obtained. In comparison, when using X and R charts, it is
necessary to have fairly long process trial runs in order to collect sufficient sample data
to establish the existence of a state of statistical control, and subsequently, to estimate
the process standard deviation so as to correctly locate the control lines.

Following setup approval, 'pre-control' provides for the occasional sampling of two
consecutively produced items; in order to monitor on-going process performance, in
contrast to the routine sample size of four or five often recommended for use of
X and R charts. No calculations need to be performed for 'pre-control' operation except

for the extremely simple initial setting of 'pre-control' lines, whereas continual routine
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computations are involved with use of X and R charts. For these latter, it is not only
necessary to calculate the control statistics for subgroups, but also necessary to estimate
and revise the control limits from time to time.

For ‘pre-control’, measurements can be observed and compared to specification
limits in a way that is easily understood by operators without much likelihood of
misinterpretation. Additional worker participation in decision making and problem
solving may be gained through operators having a better appreciation of the techniques
in use.

Whilst, in practice, determination of the sampling interval for X and R charts is
arbitrary, 'pre-control' provides a simple and flexible rule of six inspection checks per
trouble indication which, on a long term basis, results in a maximum average fraction
defective of less than 2% for a normally distributed process (Shainin (1984)). A
successful application of 'pre-control' in a 'zero defects' environment has been reported
by Brown (1966). Regulating sampling on the basis of recent process performance,
seems a more reasonable and efficient approach to adopt than sampling at fixed intervals,
as it entails more frequent sampling when the process is unsatisfactory.

Such eventualities as tool wear do not cause a premature reaction from 'pre-
control'. It will only issue warning signals at times when the process is soon likely to
produce defective products. What can be considered un-necessary process adjustments,
which have the potential to make production performance worse, are, therefore, avoided.

Since 'pre-control' does not require exact measurements but only needs to note
the zone into which the measurements fall, complex and expensive measuring equipment

may be replaced by 'go/no-go' colour coded gauges. Furthermore, electronic gauging can
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be considerably simplified if it is only required to distinguish between a few measurement
bands. As a result, there can be a reduction in capital investment and calibration costs

Another important feature of 'pre-control' is its ready applicability to a variety of
situations including the short production run manufacturing environment which has
become increasingly preval.ent following the general move into Just-In-Time (JIT)
production and flexible manufacturing.

Despite its many years of existence and its apparent practical merits, given in
brief here, 'pre-control' has not been widely adopted as a replacement for traditional
X and R charts. Logothetis (1990) extensively criticised adoption of 'pre-control' over
the use of X and R charts on a number of grounds. It is intended that the material
contained in this chapter will provide some additional, statistically based arguments that
will help facilitate a rational judgement on which of the two techniques to adopt in any

given situation.

6.4 Short Runs and Pre-Control

There is no universally agreed definition of a 'short run', however, the term is
often used to describe production processes with typically fewer than 50 items made
within a single machine set-up. Short runs, therefore, at a first glance, do not readily lend
themselves to the use of Shewhart X and R charts.

The essential problem that obstructs the application of standard control charting
techniques in short production run situations is the inability to estimate the process
variability, because of insufﬁcieﬁt data. The problem is further aggravated by problems of

process 'warm up'. Using data from the ‘warm up’ period to obtain control limits can
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lead to erroneous conclusions regarding past, current and future states of the process
(see Murray et al.(1988).

Unlike X and R charts, 'pre-control' is a control technique which predetermines
its control limits by reference to product specifications only, rather than requiring an
accumulation of data for computation of them. It is also capable of handling the problem
of process 'warm up'. It is, therefore, highly suitable for application to short production

runs.

6.5 A Statistical Comparison Between Pre-Control and X-bar and R
Charts

For short production runs, when there is insufficient previous data available to
obtain the control limits for X and R charts, a number of authors (see, for example,
Sealy (1954) and Bayer (1957) have proposed setting control limits on the assumption

that the process is just capable of meeting specifications (ie. C, =1) and assuming that

the mean level of the process is equal to the nominal or target value. This adaptation
provides a basis for a statistical comparison between ‘pre-control' and X and R charts.

In the following comparison, a subgroup size of four is chosen for the application
of X and R charts because this is chmonly recommended. It is also assumed that the
quality characteristic under consideration is normally distributed or approximately so and
that no supplementary run rules are used with the X chart. First, consider the
probabilities of detection by the sample immediately following a process mean shift,
using an X chart and a 'pre-coﬁtrol' chart. These probabilities are provided in Tables 6.2

and 6.3 for various combinations of process capability (C,) and mean shifts in multiples

(k) of the standard deviation (o). In both tables, the entries are the probabilities of
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issuing a correct signal of the mean shift except when k = 0, in which case the values
tabulated are the probabilities of a false warning. Signals from 'pre-control' that we
employ here as indication of a process mean shift, are 2 consecutive items in the same
yellow zone, or 1 in the red zone and the other not falling beyond the 'pre-control' line on
the opposite side of the nominal value. Furthermore, it should be noted that the control
limits for the X and R charts are set using conventional control chart factors with the

additional assumptions that,

U+L U-L
/'t:

and o= ——.

The entries in Table 6.3, other than those corresponding to C, = , are the probabilities
of detecting a mean shift of the indicated magnitudes when the C, has been assumed 1

but is in fact the value indicated. It has been adequately demonstrated in the literature
that the X chart is tardy in registering small changes in the process mean. Where the
'speedy’ detection of small mean shifts is required, additional control rules or alternative
charting techniques are necessary. Thus the tables provide, for comparison, probabilities
for a number of realistic mean shifts; realistic in the sense that they reflect situations
where X (with no additional rules) and 'pre-control' can conceivably be considered
competing techniques. Besides having a lower likelihood of a false signal, the X chart
possesses a higher probability of 'picking up' the mean shift irrespective of the actual
process capability, except where indicated by * when the difference between
corresponding entries in the two tables is marginal. In one sense, a more reasonable
comparison can be accomplished through adjusting the control limits for the X chart in

such a way that the resulting probability of issuing a false signal, when C, =1, is the

same as that of 'pre-control'. This involves moving the control lines nearer to the nominal
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or target value. Following such a modification, the corresponding probabilities of
immediate detection are given in Table 6.4. Tables 6.2 and 6.4 clearly illustrate the

superiority of the X chart in terms of sensitivity to process mean shifts.

Table 6.2. Power of Pre-Control-Mean Shift

c, \ k 0 +1.0 1.5 | £20 [ %25
0.50 | 02488 | 0.5814 | 0.8125 | 09418 | 09879
0.75 | 00701 | 03153 | 05759 | 0.8072 | 09391
100 [ 00136 | 01264 | 03166 | 0.5759 | 08057
125 | 00022 | 00412 | 01410 | 03383 | 05950
133 [ 00012 | 00279 | 01051 | 02752 | 05223
150 | 0.0003 | 0.0116 | 00534 | 01685 | 03767

Table 6.3. Power of X Chart with 3¢ Limits (assumed C »=1)

C, \ k[ o0 +1.0 +1.5 +2.0 +2.5
0.50 | 0.1336 | 06915 | 09332 | 09938 | 0.9998
0.75 | 0.0244 | 04013 | 07734 | 09599 | 0.9970
100 | 00027 | 0.1587 | 05000 | 0.8413 | 09773
125 | 00002 | 0.0401* | 02266 | 0.5987 | 0.8944
133 | 00001 | 00232* | 0.1611 | 0.5040 | 0.8438
1.50 | 0.0000 | 0.0062* | 0.0668 | 03085 | 0.6915
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Table 6.4. Power of X Chart with Adjusted Limits (assumed C ,=1)

C, \ k| 0 £1.0 £15 £20 | £25
0.50 | 02173 | 07782 | 09613 | 09972 | 0.9999
0.75 | 00642 | 05594 | 08748 | 09842 | 09992
100 | 00136 | 03201 | 07028 | 09373 | 09943
125 | 00020 | 01391 | 04664 | 08201 | 09723
133 | 00010 | 0.0985 | 03890 | 07637 | 0.9571
150 | 0.0002 | 00444 | 02416 | 06174 | 0.9030

It is also of value to study the probabilistic behaviour of these two control

techniques in relation to how quickly they respond to an increase in process dispersion.

For 'pre-control’, two successive measurements beyond different 'pre-control' lines

constitute a warning signal that the process spread is worse than the one implicitly

assumed. However, the occurrence of this event does not only depend upon the process

capability, it is also affected by the deviation of the process mean from target. As

reflected in Table 6.5, for a given level of process capability, the larger the deviation, the

smaller the chance of getting such a signal. The corresponding probabilities of a signal

from the R chart are given in Tables 6.6 and 6.7 for cases where conventional and

adjusted control limits are used. Control lines are adjusted in the sense that they equate

the probabilities of false alarms for the two methods. As shown in these tables, an R

chart clearly provides better protection against a worsening process capability.
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Table 6.5. Power of Pre-Control - Increase in Dispersion

G 0 +1.0 +15 | 20 [ =225
0.50 | 0.1027 | 0.0480 | 0.0189 | 00053 | 0.0011
0.65 | 0.0543 | 0.0246 | 0.0093 | 0.0025 | 0.0005
0.75 | 0.0340 | 0.0151 | 0.0056 | 0.0014 | 0.0003
0.85 | 0.0205 | 0.0090 | 0.0033 | 0.0008 | 0.0001
1.00 | 0.0089 | 0.0038 | 0.0014 | 0.0003 | 0.0001

Table 6.6. Power of R Chart-Conventional Limits (assumed C, =1)

C

P

0.50

0.65

k)

0.85

1.00

Prob.

0.3445

0.1349

0.0613

0.0246

0.0049

Table 6.7. Power of R Chart-Adjusted Limits (assumed C,=1)

C

P

0.50

0.65

0.75

0.85

1.00

Prob.

0.3940

0.1715

0.0850

0.0376

0.0089

Tables 6.8 and 6.9 provide average run lengths for detection of a mean shift using 'pre-
control' and an X chart respectively, based on the probabilities contained in Tables 6.2

and 6.3.
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Table 6.8. Average Run Lengths for Pre-Control

C, \ K 0 +1.0 *1.5 2.0 2.5
0.50 4.02 1.72 1.23 1.06 1.01
0.75 14.27 3.17 1.74 1.24 1.06
1.00 73.53 7.91 3.16 1.74 1.24
1.25 454.55 24.27 7.09 2.96 1.68
1.33 833.33 35.84 9.51 3.63 1.91
1.SQ 3333.33 86.21 18.73 5.93 2.65

Table 6.9. Average Run Lengths for X Chart - Adjusted Limits (assumed C »=1)

C, \ B 0 +1.0 +1.5 +2.0 +2.5
0.50 7.49 1.45 1.07 1.00 1.00
0.75 40.98 2.49 1.29 1.04 1.00
1.00 370.37 6.30 2.00 1.19 1.02
1.25 5000 24.94 4.41 1.67 1.12
1.33 10000 | 42.92 6.21 1.98 1.19
1.50 - 161.29 | 1497 3.24 1.45

It can be seen that if C, is correctly taken to be 1, then the X chart is superior in terms
of ARL. This is the case even if the true value of C, is aslow as 0.5 or as high as 1.25.

Of course an ARL comparison is particularly meaningful if it is assumed that the
sampling interval is common for the two methods. This further raises the matter of
sampling effort, since ‘pre-control' has an implied sample size of 2 and the X and R
charts being used here for comparison, have a sample size of 4. This latter issue will be
discussed later.

Tables 6.10, 6.11 and 6.12 are extensions to Table 6.3 where different C, values

are assumed at the outset. From these it can be seen that if Cp is taken to be 0.75 then
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there is little difference in the two methods even if the C , value is in fact 0.5. 'Pre-
control' has less likelihood of false alarms, however. When C , 18 assumed to be 1.25,

even if the actual value is as low as 0.5 or as high as 1.50 the X chart is superior for

detecting all the given mean shifts. Similarly for the assumption of C, =1.50, except

here, 'pre-control' is marginally superior with respect to false alarms. Tables 6.13 and

6.14 are similar extensions to Table 6.6.

Table 6.10. Power of X Chart (assumed C, = 0.75)

C, \ k| o0 +1.0 £15 +2.0 £2.5
0.50 | 0.0455 | 05000 | 0.8413 | 09773 | 0.9987
0.75 | 0.0027 | 0.1587 | 0.5000 | 0.8413 | 0.9773
100 | 00001 | 00228 | 0.1587 | 05000 | 0.8413
125 | 00000 | 00014 | 00228 | 01587 | 0.5000
133 [ 00000 | 0.0005 | 0.0102 | 0.0934 | 03745
150 | 0.0000 | 00000 | 0.0014 | 00228 | 0.1587

Table 6.11. Power of X Chart (assumed C,=125)

C, \ &k 0 +1.0 +15 +2.0 2.5
0.50 0.2301 0.7881 0.9641 0.9974 0.9999
0.75 0.0719 0.5793 0.8849 0.9861 0.9993
1.00 0.0164 0.3446 0.7258 0.9452 0.9953
1.25 0.0027 0.1587 0.5000 0.8413 0.9773
1.33 0.0014 0.1166 0.4239 0.7905 0.9647
1.50 0.0003 0.0548 0.2743 0.6554 0.9192
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Table 6.12. Power of X Chart (assumed C,=1.50)

C, A\ 0 +1.0 1.5 +2.0 +2.5
0.50 0.3173 0.8413 0.9773 0.9987 1.0000
0.75 0.1336 0.6915 0.9332 0.9938 0.9998
1.00 0.0455 0.5000 0.8413 0.9773 0.9987
1.25 0.0124 0.3085 0.6915 0.9332 0.9938
1.33 0.0078 0.2546 0.6331 0.9099 0.9904
1.50 0.0027 0.1587 0.5000 0.8413 0.9773

Table 6.13. Power of R Chart (assumed C, = 1.25)

C, 0.50 0.65 0.75 0.85 1.00 1.25
Prob. 0.5445 0.3093 0.1904 0.1078 0.0393 0.0049
Table 6.14. Power of R Chart (assumed C, =1.50)
C, 0.50 0.65 0.75 0.85 1.00 1.25 1.50
Prob. | 0.6851 | 0.4745 | 0.3445 | 0.2355 | 0.1192 | 0.0289 | 0.004%

If the X and R charts are for use with short production runs, it may not make a
great deal of sense to compare their effectiveness with 'pre-control' on the basis of
average run length. This is the case when the total production time is less than the time
taken to collect enough samples to match the ARL. As an alternative, we consider the
probability of detection within 5 successive samples following a given mean shift. This
probability is plotted against;process mean shift in standard deviation units for 'pre-
control' and X charts with both conventional and adjusted control limits in figures 6.2(a)

to 6.2(f) where the X chart is constructed under the assumption that C, is 1. As shown,

there is no remarkable difference between 'pre-control and X charts with either
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conventional or adjusted control limits if C,=0.50r 0.75 . However, considerable

differences exist between these techniques if the process is more than capable, especially

for mean shifts ranging from 1o to 2c.
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Figure 6.2. Probability of Detection Within 5 Successive Samples (P) vs Mean Shift
in Multiples of Standard Deviation (k). A, B and C denote respectively

Pre-Control, X Chart with Coventional and Adjusted Limits.
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6.6 Egquating Sampling Effort

In our discussion so far, the total sampling effort has not been taken into
consideration; the assumption being made that the time and cost of sampling,
measurement or testing are not significant. This may, however, be unrealistic in certain

circumstances. If it is, no useful comparison can be made unless the relative sampling

frequency of 'pre-control' and X and R control is first set in such a way that use of both
methods involves the same sampling effort.

To compensate for the smaller sample size of 2 for ‘pre-control’, we assume that
process checks are made twice as often as X and R control with a sample size of 4. This
being the case, we focus on the average number of items required to detect a change in
the process mean or process dispersion, using the two methods.

In Tables 6.15 and 6.16, the average number of units sampled before 'picking up'
various mean shifts under different process capability levels are given for 'pre-control’

and X chart control (control lines fixed on the basis that C » =1). To facilitate the

comparison, we have computed the following index :

ANIws®C) e 4 = 0
ANII(X)
Tys =19
_ANICY) o L)
\ANIIMS(PC)

where ANII,s(PC) and ANII(X) denote the average number of items inspected before

detecting the mean shift using 'pre-control' and conventional X chart (control based on

C, =1) respectively except when 4 = 0, in which case they are the average number of

items inspected prior to the occurrence of a false signal.
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If /,s > 1 when £ = 0 then 'pre-control' performs better than the X chart in the

sense that, on average, it 'picks up' the mean shift with fewer sampled items. Similarly,

when k=0 and ;5 > 1 then 'pre-control' takes longer, on average, before issuing a false

signal. The values of this index for various combinations of mean shift (in multiples of o)

and actual process capability are tabulated in Table 6.17. As shown, although it is

superior in detecting mean shifts of all the given magnitudes, irrespective of the actual

process capability,' 'pre-control' is far worse than the X chart with regard to false alarms,

a factor alluded to by Logothetis (1990).

Table 6.15. ANII,(PC)

c, \ A 0 +0.5 +1.0 +1.5 +2.0 +2.5 +3.0
0.50 8.04 6.30 3.44 2.46 2.12 2.02 2.00
075 | 2853 | 1595 6.34 3.47 2.48 2.13 2.03
1.00 | 147.01 | 56.60 | 15.83 6.32 3.47 2.48 2.13
125 | 91736 | 24397 | 4853 | 14.19 5.91 3.36 2.45
133 | 1686.06 | 400.16 | 71.69 | 19.03 7.27 3.83 2.63
1.50 | 6407.56 | 1200.90 | 172.74 | 37.42 | 1187 531 3.18

Table 6.16. ANII(X) (sample size 4, Control based on C, =1)

C, \ k| 0 +0.5 +1.0 +1.5 +2.0 +2.5 +3.0
0.50 30 13.0 5.79 4.29 4.03 4.00 4.00
0.75 164 37.9 9.97 5.17 4.17 4.01 4.00
1.00 1481 175.8 | 2521 8.00 4.75 4.09 4.00
125 | 22611 | 13424 | 9985 | 17.65 6.68 4.47 4.05
133 | 60458 | 2867.5 | 171.71 | 24.83 7.94 4.74 4.09
1.50 | 588674 | 17189.8 | 644.16 | 59.87 | 12.96 5.78 4.29

205



Table 6.17. Iy

C, \ 0 +0.5 1.0 +1.5 +2.0 +2.5 +3.0
0.50 0.27 2.06 1.68 1.74 1.90 1.98 2.00
0.75 0.17 237 1.57 1.49 1.68 1.88 1.97
1.00 0.10 3.11 1.59 1.27 1.37 1.65 1.88
1.25 0.04 5.50 2.06 1.24 1.13 1.33 1.65
1.33 0.03 7.17 2.40 1.30 1.09 1.24 1.56
1.50 0.01 14.31 3.73 1.60 1.09 1.09 1.35

A similar comparison between 'pre-control' and use of the R chart (control based

on C, =1) with respect to detection of increase in process variance can also be made.

Let

Iy =3

[ ANII,;, (PC)
ANII(R)

ANII(R)
| ANIIL,(PC)

if C

<1

where ANII;(PC) and ANII(R) denote the average number of items inspected prior to

a signal from 'pre-control' and a conventional R chart (control based on C,=1)

respectively.

The values of ANII,;(PC), ANII(R) and Iy; are provided in Tables 6.18, 6.19

and 6.20 respectively. The R chart can be seen to be more sensitive to increase in process

spread except where marked by *.
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Table 6.18. ANIILy, (PC)

C, \ K 0 +0.5 1.0 +1.5 2.0 +2.5 +3.0

0.50 19.47 23.59 41.70 105.77 | 37523 | 1805.10 | 11445

0.65 36.83 44 .94 81.25 214.38 | 805.58 | 4180.40 | 29010

0.75 58.90 72.19 132.25 | 357.20 | 1389.97 | 7557.50 | 55637

0.85 97.73 120.23 | 22293 | 615.09 | 2471.39 |14040.90| 109485

1.00 224.05 | 277.05 | 521.94 | 1481.50 | 6215.00 |37483.00| 315409

Table 6.19. ANII(R) (sample size 4, control based on C, =1)

C 0.50 0.65 0.75 0.85 1.00

P

ANII(R) 11.61 29.68 65.39 162.94 811.69

Table 6.20. I,

C, \ k 0 +0.5 +1.0 +1.5 +2.0 +2.5 +3.0

0.50 0.5964 | 0.4923 | 0.2785 | 0.1098 | 0.0309 | 0.0064 | 0.0010
0.65 0.8060 | 0.6605 | 0.3653 | 0.1385 | 0.0369 | 0.0071 | 0.0010
0.75 1.1102* | 0.9059 | 0.4945 | 0.1831 | 0.0471 | 0.0087 | 0.0010
0.85 1.6673* | 1.3552* | 0.7309 | 0.2649 | 0.0659 | 0.0116 | 0.0010
1.00 0.2760 | 0.3413 | 0.6430 | 1.8252 | 7.6569 | 46.1790 [388.5830

In many applications, the cost, effort or time expended to investigate a trouble-free
process only to conclude subsequently that no change has occurred, is high. Under such
circumstances, it seems appr'o‘priate to evaluate the relative effectiveness of competing
control procedures having equated, for the two methods, the average number tested to
produce a false signal. For this reason, the control limits of the X and R charts were
adjusted so that both lead to the same average time elapsed or average number of items

inspected prior to occurrence of a false signal as 'pre-control, when C,=1. The
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resulting ANII(X) and ANII(R) values are shown in Tables 6.21 and 6.22 respectively.
As illustrated in Tables 6.15 and 6.21, if the process capability is correctly assumed (i.e

C,=1)or underestimated (i.e C, > 1), the adjusted X chart requires a much smaller
number of units, on average, to 'pick up' the given mean shift except when C ,=1and k

= 2, in which case the difference is marginal. For C, =05 or C » =0.75, it is found that

in most cases (marked with *), 'pre-control' is marginally better than the adjusted X

chart. It can also be seen that false signals from the adjusted X chart tend to occur after
a longer period of time when the process is incapable. However, if the process is more
than capable, the adjusted X chart will tend to issue a false signal sooner than 'pre-
control' although, due to the large magnitudes, this is of little practical consequence. It
should be noted that we have delibrately omitted those cases where k=2.5 and k=3 .0 in
Table 6.21 because mean shifts as large as these are likely to be detected early anyway
irrespective of method. The R chart is found to be far superior to 'pre-control’ in reacting
to worsening process capability (refer to Tables 6.18 and 6.22). This is especially true

when the process is not on target.
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Table 6.21. ANII(X) (sample size 4, adjusted limits, control based on C »=1)

C, \ k 0 +0.5 +1.0 +1.5 2.0
0.50 14.84 8.72* 491* 4.12%* 4.01*
0.75 40.96 15.64 6.30 4.39* 4.04%*
1.00 147.01 35.27 9.58 5.09 4.15*%
1.25 693.331 | 102.17 17.90 6.73 4.48
1.33 1208.12F | 151.78 22.95 7.62 4.67
1.50 | 4329.057 | 385.80 42.27 10.60 5.30

* these are slightly larger than the corresponding figures for 'pre-control’ in table 6.15.
t these are smaller than the corresponding figures for 'pre-control’ in table 6.15.

Table 6.22. ANII(R) (sample size 4, adjusted limits, control based on C, =1)

C 0.50 0.65 0.75 0.85 1.00

p

ANTI(Adjusted R)| 8.72 | 17.69 | 3228 | 65.13 | 224.05

6.7 Concluding Remarks

On practical considerations and from the perspective of monitoring and control,

proponents of ‘pre-control’ state the method to be superior to X and R charts. Its

simplicity and versatility make it a useful tool for a large variety of applications.
Nevertheless, as shown in the previous sections, X and R control charting still have

merits on statistical grounds.

It is clear that, if sampling effort is of little importance, C, is known and

provides a value of 1, 1.25 or 1.50, then the X chart is superior in ‘picking up’ mean
shifts greater than lo. When o is not known, as is frequently the case in short

production runs, and therefore its value has to be estimated or assumed for use of

Shewhart charts, in many instances X control is seen to still be superior. Specifically, if
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the C p is assumed to be 1.25 but is actually between 0.5 and 1.5 then X control is
superior to ‘pre-control’ in ‘picking up’ shifts in the process mean. If C » 1s assumed to

be 1, yet actually has a value somewhere between 0.5 and 1.50, then an X chart is as
good as or significantly better for detecting mean shifts than ‘pre-control’. For detection
of a deterioration in the process capability we have observed the standard R chart to be
more sensitive than ‘pre-control’. It would seem, therefore, that the advocacy of

Maxwell (1953) and others is sound, that in the absence of knowledge of ¢ we can use,

for construction of standard X and R charts, an assumed C » value of 1. Certainly this is

so in regard to providing a more sensitive instrument for process control than ‘pre-
control’.

When sampling effort is important, a comparison that fairly compares the two

techniques when the sampling effort is the same, reveals that for capable processes, X
and R charts are superior to ‘pre-control’.

The material presented in this chapter has taken a perspective that focuses
narrowly on monitoring and control. Broadening the perspective and perceiving charting
techniques as merely a part in the effort of continuous improvement underscores further
the value of traditional Shewhart charts.

We have sought to create some common ground for X and R control and ‘pre-
control’ in order to examine their performance for monitoring and control on a statistical
basis. It is hoped that the material contained herein will provide more complete grounds
on which to base a comparison between the two techniques and thus to facilitate more

rational judgements on which of the two to use in any given situation.
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CHAPTER 7
CONCLUSIONS AND SOME SUGGESTIONS FOR
FUTURE INVESTIGATION

7.1 Summary and Conclusions

In this thesis, some techniques for monitoring the mean vector of a multivariate
normal process héve been presented. As the proposed techniques involve sequences of
independent or approximately independent standard normal variables, the resulting
control charts can all be plotted in the same scale and with the same control limits
irrespective of product types, thus simplyfying charting administration. Any non-random
patterns on such standardized charts which suggest various process instabilities can also
be readily detected by the use of additional sequence rules. Those techniques presented
for the case with no prior knowledge of process parameters are particularly attractive for
short production runs and low volume manufacturing environments since control can be
initiated essentially with the first units or samples of production. When used in the
context of new or long run processes, this charting approach eliminates the need for a
separate calibration study. Simulation results indicate that the techniques presented for
use with subgroup data have desirable performance whether or not the process
parameters are assumed known in advance of the production run. As for individual
values control techniques, those which do not assume known values of the process
covariance matrix ¥, or both the process parameters, are found to be insensitive to
sustained mean shift. However, the two alternative EWMA procedures (EWMAZ1 and
EWMAZ1U) specifically designed for detecting this type of process change have been

demonstrated to be very effective. In addition, they are found to be far superior to some
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competing techniques including the M charts of Chan et al (1994) for ‘picking up’ linear
trends.

In practice, it is also of value to monitor the process dispersion as measured by
the variance-covariance matrix 2. which may be subject to occasional changes. The
procedures presented for this purpose (which are based on subgroup data) involve use of
independent statistics resulting from the decomposition of the covariance matrix. A
simulation study indicates that the proposed techniques outperform previously proposed
procedures for many sustained shifts in 2. It has also been demonstrated that the
technique presented for the known 2. case is more powerful in ‘picking up’ certain shifts
than that which involves the separate charting of the standardized variances of the
principal components or the individual components resulting from the decomposition of
the covariance matrices. In addition, the proposed methods have some practical
advantages over the existing procedures. Besides providing better control over the false
alarm rate and the ease of locating the control limits, the proposed techniques can help
identify the nature of change in the process dispersion parameters.

In order to satisfactorily describe the capability of multivariate processes, three
multivariate capability indices have been presented. These are based on the relative area
and position of a conservative process rectangle containing at least a specified proportion
of items, and the specification rectangle. The development of the first involves the
projection of a process ellipée containing a specified percentage of products on to its
component axes whereas the other two are based on the Bonferroni and Sidak
inequalities respectively. Although this work is devoted to two-sided rectangular
specifications, it can be extended to unilateral specification situations in a straightforward

manner. Some calculations that fairly compare the three reveal that the latter two are
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superior to the former and that the Sidak-type capability index is marginally better than
that based on the Bonferroni inequality. A reasonable test for the Sidak-type index has
also been proposed and critical values provided for some chosen levels of significance,
sample sizes and acceptable percentages of nonconforming items. The computation of
these indices is easier than other proposed indices and capability analysis methods.
However, as with other multivariate capability indices, it has not yet been possible to
obtain the unbiased estimators and appropriate confidence intervals for the proposed
indices except to note that for large sample sizes, it seems appropriate to replace the
parameters involved with the usual sample estimates. A conservative type of distribution-
free capability index has also been considered. This is obtained by use of multivariate
Chebyshev-type probability inequalities. Although this is no better (more conservative)
than the Bonferroni-type capability index, the process rectangle containing at least a
specified proportion of items used for defining the index can be constructed easily for
any type of process distribution. If the underlying distribution for each quality
characteristic is known to belong to some well-known system or family of distributions
and hence appropriate quantiles may be obtained, it is advisable to consider the use of the
capability index constructed based on the Bonferroni inequality although in some cases,
this might not be practical.

A rationale for making a statistical comparison between the techniques of 'pre-
control' and traditional X and R charts has also been provided in this thesis. Special
attention was drawn to the application of both techniques to the short run manufacturing
environment where, for the use of X and R charts, parameter estimation is a problem.
Despite its many touted practical attributes, the results show that ‘pre-control’ is not as

good as the X and R charting techniques in many circumstances.
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7.2  Suggestions for Future Work

In the following, some suggestions are made for future investigation, building on
the work of this thesis.

1. A study of the robustness of the proposed mean and dispersion control procedures to
departures from the multivariate normality assumptions using run length distributions.
Convenient process models recommended for this purpose include the Elliptically
Contoured distributions (see Johnson (1987), p.106-124) which have the multivariate
normal distributions as special cases.

2. A comparison of the statistical performance of the proposed procedures, including
EWMAZ]1 and EWMAZI1U, with the corresponding nonparametric techniques of
Hawkins (1992) for various distributional models and types of process change.
Performance criteria recommended include the run length probability, Pr(RL <k). A
comparison could also be made between EWMAZ1 and the MEWMA technique of
Lowry et al.(1992).

3. A study of the properties of applying multiple univariate ‘Q’ charts to the principal
components and the individual quality characteristics for the cases with known and

unknown 3. respectively, and similar charts constructed based on independent

variables that result from the decomposition of the x? and T 2 statistics of (3.3) to

(3.11) in a manner similar to that of Mason et al.(1995).

4. Analysis of Pr(RL<k) for the multivariate mean control techniques based on

statistics (3.4), (3.5), (3.6), (3.8), (3.9), (3.10) and (3.11) and the proposed dispersion

control procedures for sustained shifts in p and % respectively.
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5. Develop dispersion control methods based on individual observations for the case
where 2 is unknown and study its RL performance relative to that of the
nonparametric procedure presented by Hawkins (1992). For the case with specified or
known 2., consideration should be made of the use of separate univariate charts
based on the variability of the principal components or some aggregate-type statistic
like those of Chapter 4 with a comparison of the resulting RL performance with that
of Hawkins’s method.

6. Develop exact multivariate capability indices which accurately reflect the process
status (1.e the expected proportion of usable items produced) and the expected costs
incurred. As not all the measured characteristics are equally important in determining
the product quality in some situations, indices which take this factor into

consideration should also be designed.
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Appendices

A.1 Dependence of Statistical Performance on the Noncentrality Parameter, A _

for a Step Shift in Process Mean Vector

Assume that the process variance-covariance matrix, 2, is constant but that the
process mean vector may change from p to u,, at an arbitrary point in time. It is

shown below that for the same change point i.e the observation or subgroup number

after which the shift occurs, the joint distribution of the 7, 's (or equivalently, Z,'s) and

hence the statistical performance of the control techniques presented in section 3.3 of

Chapter 3 depends on p, p,, and > only through the value of the noncentrality

parameter,

A= \/(p'new - p’)T Z:_I(Mrzew - ll)
To establish the proof for the above, use is made of the following lemmas and theorems

which are adapted from Crosier (1988) and Lowry (1989).

Lemma 1
If X;=MX,, XI"=M(X,-p), X,=MX, and Xy=M(X,-p), k=12,..,
j=12,....n where M is a p x p matrix of full rank, then the relevent 7, statistics have

the same values whether they are computed from X,, (X, —u), X,; and (X, —u) or

the corresponding transformed vectors X;, X', X} and X, i.e, the 7, statistics are

invariant with respect to these transformations. In other words, a full rank linear
transformation of the observation vectors or their deviations from target (known mean

vector) has no effect on the 7, statistics.

228



Proof : Immediate.

Lemma 2

If X;=MX,, X;=M(X,-p), X;=MX, and X;=M(X,-n), k=12,...

j=12,...,n where M is a p x p matrix of full rank, then

e IR

new

o b o ° :0 ’kS
M :E(Xk)=E(X@):{i£:M(uw_u) ,k>:

=T, = Zwx, =27 = Dk = Zmexgow = MEIMT

where 7 is the observation or subgroup number after which the process mean vector

changes from p to p,_,. Thus,
(u:m - H:u)TZ*_I(u:m - u:u) = (unew - u)TZ_l(unew - IJ')

(i -ns) =7 (- i) = (-0 27 (1~ )

Proof : Immediate.

This result implies that the noncentrality parameter has the same value whether

computed from the original dependent variables or from some linearly independent

combinations of them (or their deviations from targets or known means).
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Lemma 3
o (= 11) 27 (= 11) = (Mo — 1) S —1ty),  there  exists  a
nonsingular matrix M such that

(1w = 11) = M(py,,, —11y)

MIMT=x

Proof :

First, transform each variable of the form (X aer — X Mm) to Y, principal components
scaled to have unit variances where X, = and X, respectively denote observation
vectors before and after the change in the process mean vector. Let E(Y)=V, by

lemma 2,
-1
V'V, =V, V, where V, =D ?P(i,,., — 1)
_1
V,=D 2P(P-2m - lJ-z)

and P is an orthogonal matrix that diagonalizes Z(XAM_XMM) giving

P'=D.

P2 (X gprer =X Before )

Hence, there exists an orthogonal matrix Q such that

V, =QV,.

L -1 : .
Upon substituting V, =D ’P(_p.lw - “1) and V, =D ZP(uzm - u2) into the equation

above, M is obtainable as follows :
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D *P(u,,. —1,)= QD P, - i)
(Minn —1,)=P'DIQD P, —p1,)
=P'D'QD *P(y,,, —p1,)
M=P'D’QDp.

Now, it is shown that MYXMT =3  We have

M %5y M =P'D'QDPEy . P'DQ'DP

—xBefore
=P'D'QD DD !Q'DP
-~ PTDP

B Z(xAﬁer_xBefore)
= M(2X)M' =23
= MIM' =3 .

(O.ED)

This lemma is also applicable to cases with known p, namely, if

(ul,.,w - H)T Z'l(ulm - u) = (uzm - u)T Z_I(uz,w - u), there exists a nonsingular
matrix M such that
(Him = 1) = M(p3,,. ~ 1)
MIM'=% .
The proof for this is similar to the above except that u, and p, should both be replaced

by .
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Theorem 1

For the cases with unknown L, if

(B = 10) 27 (1 = 10) = (g, —115) 27 (s, —113),

u ,k'Sr ’ks
then f {E“{E(Xk or X,y )= {u‘ ,m} = f(n#E(x,{ or X, )= {ﬁ k}fJ
lnew > Drew >

) H1 ’k—<-r .. .
where f| 7, sE(Xk or ij): " Loy denotes the joint pdf of 7, 's given
’ lnew >
9 N 294
E(X,)=E{X,)=
( k) ( kj) {ulnew ’k>r

uz )k gr - ) .
E(Xk or Xk].) = denotes the joint pdf of 7, 's given
l'1'2r1ew ’k >r

and f[Tk's

Jk<r

E(X,)=E(X,)= {“ :

u2new ’k>r

where r is the change point. This theorem implies equivalent performance of the control

techniques under the two alternative probability densities.

Proof :

Note that the 7,'s of (3.3), (3.6), (3.8) and (3.11) are expressible either in terms of
random vectors of the form (Xp—Xq) for p#gq or (Xp,-—qu-) for p#gq,
i,j=12...,n and p=gq, i%j, i,j=12,...,n. Let pdf 1 refer to the multivariate

normal density specified by

Jk<r

ulnew ’k>r

E(Xk) - B(X, )= {” :

and pdf 2 refer to the multivariate normal density specified by
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E(X,)=E(Xy)= {uz k<r

W HK>T

If pdf 2 is expressed in the transformed variates Z, = MX, (or Z, =MX k]) where
M= PTD%QD_%P is as given in lemma 3, then Var(Z ) = Var(Zk].) =MIXMT =Y and

Ez,-2,)=EzZ,-Z,)
0 ifp,g<rorp,g>r
=M, —Uy  ifp>r g<r
W~ MUy, Hpsr,g>r

It can also easily be shown that the covariance of the transformed variates (Z » —Zq)

and (Z,-Z r) under pdf 2 is the same as the covariance of (X b Xq)
[(Xpi - qu)]and (X, -X,) [(Xsu - X,v)] under pdf 1, i.e

Cof(2,-2,)(Z,-2,)|=Co[(X, - X,).(X. - X))
under pdf 2 under pdf'1
{COV[(Z.D: ~2,).(Z,, —ZN)] = Cov[(Xp, =Xy (X, - XN)]}

under pdf 2 under pdf'1

forallp, g, sand t (p, q, s, 1, i, j, u and v). Hence, pdf 2 expressed in the transformed

variates Z,, ( Z,;) is the same as pdf 1 expressed in X, (X;) variates, 1.

_ U, k<r B ' B 1\’Ip.2 k<Lr ALl
E(X, orxk_,)_{ulw ,k>r]_f(Tk :‘E(Zk orzk_,)_{MuM sy A1D

By lemma 1, the values of the 7,'s are invariant with respect to the transformation from

oo

X, (Xy)t0Z, (Z,,) so that

Mu, k<r

E(xkorxk_,):{“2 ’kgr]=f{Tk'sE(ZkorZ,g)={Mu2 kwj (A12)

W, k>r

f[Tk's
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Combining (A.1.1) and (A.1.2) gives

W, Lk<r
ElX X, )= = 7'
( k 0T k]) {ulnm ,k>rj f[ks

f[Tk's

n, .k Srj

W, k>r

E(X, oer]-):{

Therefore, the joint distribution of 7,'s given u, and u,, (and X)) is the same as the

joint distribution of 7,'s given u, and p, , (and X)) if

(e = 11) " Z7 (s = 11) = (s = 12) 7 (g — 12).

(O.ED))

Theorem 1 can be adapted to cases with known W, namely, if

(Mlm - H)TZ—I(M,W - u) = (l»lz,W - u)T Z_l(uzm - u) , then

E(X, orx,g.):{“ -k Sr] =f[Tk's

uw  Lk<r
W, -k>r

W,.. k>r

f[Tk's E(X, oer].):{

The proof for this is similar to the above except that X, (X, ) and pn,, —u,, i=12

should be replaced by X, —p (X, —p) and p,,, — 1 respectively.
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Theorem 2

For the cases with unknown p, let X, 's (Xy;'s) be independent observation vectors
from pdf 1 and X,,'s (X, 's) be independent observation vectors from pdf 2. Let pdf 1
be multivariate normal with mean vector p, and p, , before and after the change and
variance-covariance matrix 2.,. Let pdf 2 be multivariate normal with mean vector p,
and W, before and after the change and variance-covariance matrix Y,. Denote the
change point by r. T (11,0, = 1) T (i = 1) = (g — 1) 3 (o — 12), then
fi(T.'s)= £,(T,'s) where f£,(Z,'s) and f,(7,'s) represent the joint distribution of 7,'s

given pdf 1 and pdf 2 respectively.

Proof
-1 L L -1
Let X;k = Dl 2P1X1k (X;k] = Dl 2P1X1k]] and X;k = D22P2X2k (X;k] = D22P2X2kjj
where P, and P, are matrices that diagonalize X x _x,) (or Z(lex_xlqj)) and
Z(sz—xzq) (or Z(xz,,,-—xzq,))’ p # q respectively, i.e
1253 P'=D
12(X;,-X;y) F1 = VI
T
P, Z:(xu,—xzq) P, =D,.

Then

bl

D, 7P, (1, ~ 1) P>7 GST

-1
E(X, - Xi,) =i, i, =D Py~ ) pET a7

0 elsewhere
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1

Dzzpz(uzw‘llz) P>T, g<r
]

(X3, = X3, ) =13, ~ 13, =D (s ~ 1) Lp<r, g>r

0 elsewhere

and 2 I.

(xl-p_xl-q) - Z(x;p—x;q) -

By lemma 2,
(5, - qu)T Z(‘,i;p_xl-q)(ufp ~17y) = (i — 1) Z(x,,-x,,) (P = H41)
= (u, - ufq)TI“(u?p ~17y) = 3 (e~ 1) T2 (e —111)
and
(uZP - uéq)T Z(‘,i;p_xaq)(uép - uSq) = (Mo —1t2)" Z(‘,‘(zp_x2q)(uzn,w -1t,)

= (w3, —13,) T (13, - 13g) = 3 = 112) T3 (0 ~ 1)

for p>r, g<r or p<r, qg>r. Because the values of 7,'s are invariant with respect to

the transformations, the condition

(1o =11 27 (B = 11) = (Brew = 12) 25 (M2 — 112)

is equivalent to

TI—I(“;;’ - u;q)

(=) T =) =3 )
for p>r, q<r or p<r,q>r. Since (Xfp—Xl'q) and (XZP—X;q) are principal

components of (le—qu) and (sz—qu) scaled to have the same variance-

covariance matrix, the identity matrix I, by theorem 1, the joint distribution of 7,'s

given pdf 1 is the same as the joint distribution of 7, 's given pdf 2.
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(0.ED.)

This theorem can also be adapted to the cases where p is known, namely, if

(e~ 1) E7 (B = 1) = (R, — 1) T3 (120, — 1),

then

f{Tk‘s

E(Xk oer].):{:'lnm :};i: JZl]zf[Tkl:‘E(Xk oer].):{u' Jk<r ’22]

Ko -K>T

The proof for this is along the same line of argument as above except that X, (X,,) and

ity

W,., — M; should be replaced by X, —p (X;; —u) and y,,, —p respectively for / = 1,2,
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A2 Dependence of Statistical Performance on A,,...,A, for a Change in

Process Covariance Matrix

Suppose that the process under consideration changes in covariance matrix from

Y. to X, after the rth observation, whilst the mean vector | remains constant. It is
shown below that the joint distribution of the 7,'s (or equivalently, Z,'s) for each of the

control techniques (3.3) to (3.11) depends on u, ¥ and 2, through the eigenvalues,

Aok, of 2! Y e OF equivalently, of X >

Lemma 4

>y, =%1 % t3: ., then there exists a full rank matrix D such that

2 new 2new

If 3

Lnew

DZZ DT:ZI a“nd DZZnew DT:ZlneW'

Proof

From}:%

L 1 1 L -1 1 -1 T
Inew Z1_1 Z15mzw = Zénew Z; Z:émzw ’We havezl = [lenew ZZ;ew] 22(Z:lznew ZZ:WJ '
Since DY, DT=3,, D= Z,%m Z;few. It can easily be verified that D = Z%Mw ;i_,w also

satisfies the equation DY, D' =X, ., . Furthermore, it can readily be seen that

D= Z%w Z;iw is of full rank.

(0.ED.)
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Theorem 3

Let pdfl be the probability density function of the independent multivariate normal

observation vectors X,'s (or X, 's) with mean vector u,, covariance matrix 2., and

21w before and after the change. Let pdf2 be the probability density function of the

independent multivariate normal observation vectors X,'s (or Xy 's) with mean vector
Mp, covariance matrix X, and X, before and after the change. If
oe 21" Do = Lo L' L, then (L) = £(T}'s) where £(7,'s) and £,(7;'s)

represent the joint distribution of 7,'s given pdf1 and pdf2 respectively.

Proof

The proof here is similar to that of theorem 1 except that M should be replaced by

1 -1 . .
D=3%: 2.: asgiveninlemma 4.

Theorem 4

If X,'s (or X,'s) are independent random vectors from a multivariate normal

distribution with constant mean p and a step shift in the covariance matrix from Y, to

2w » after the rth observation (or subgroup), then the joint distribution of 7's depend

on the eigenvalues of X7'Y, , or equivalently, of 3., >

Proof

Theorem 3 implies that the joint distribution of 7,'s depend on ¥2,, ¥~ X2,,. Since

T,'s are invariant w.r.t any orthogonal transformation, it is readily seen that 7}'s
k y g
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I gl : . :
depend on the eigenvalues of X2, > X2 . Using the characteristic equation, these

eigenvalues can in turn be shown to be the eigenvalues of ¥7'%,  or % _ %71

(Q.ED.)
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A.3 Dependence of Statistical Performance on 1_and C) for a Change in Mean

vector and Covariance Matrix

Suppose that the process under consideration changes in mean vector from p to
u,., and covariance matrix from X to %, after the rth observation or subgroup. It 1S
shown below that the joint distribution of the 7,'s (or equivalently Z,'s) for each of the

control techniques (3.3) - (3.11) depends on p, 1, 2 and ¥, through

L
n= Z : (u'new - H)
_ which can be interpreted as the vector of noncentrality parameter in the directions of

the principal axes, and the symmetric matrix

Q=37%,,37".

Theorem S

Let pdf1 be the probability density of the independent multivariate normal observation
vectors X,'s (or X,;'s) with parameters (u;,%,) and (K iy Zinew) before and after
the change. Let pdf2 be the probability density of the independent multivariate normal

observation vectors X,'s (or X,'s) with parameters (n,.%,) and (20> 2 2mew )

before and after the change. If

I

z:l_E (ulnew - ul) = Z;% (U'Znew - uZ) and Z;% Zlnew Zl_% = Z;% 22"‘3“’ Z;

[Nt

then f(7,'s)=£,(Z,'s) where £(7,'s) and f,(T's) denote the joint distribution of
T.'s given pdfl and pdf2 respectively. This theorem implies equivalent performance of

the control techniques under the two alternative probability densities.
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Proof

The proof here is similar to that of theorem 2.
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A.4  The Distributional Properties of E’_ Depend on the Eigenvalues of
-1 1
2o' 212’

Note that W~ may be written as

W = —p(n-1)-(n- 1)1n;z;% szt (n-ntr 5 5351

|
where (n-1)Z* S5t ~Wp(n-1 T3P 5,557 ) when £=3,.

-1 -1
Since A=X,% X, X, is positive definite, 3 an orthogonal matrix I' (aTT=r'r=1)

s.t.
(A 0 = 0)
TAT" :A:diag(xl,...,xp)z( O M 5 }
L0 - 0 )\p)
where A,,...,A, are the eigenvalues of A. Due to invariance w.r.t. any orthonormal

i
transformation (upon 2.,* X),

i 1

‘Zai SY,?

AV
(I’l—'l)p ; 14

1 P
i=1

where V,'s are independently distributed as x2_, variables (see Theorem 3.3.8, p.82,

T .
Srivastava et al.(1979)). Similarly, tr[}:oz SZOZJ is distributed as

1 p
(n— 1)ZKIU'

i=1
where U,'s are iid %, variables. Combining these, the distribution of W therefore

depends on the combination of Ay,...,A,. In addition, it is readily shown that the
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-1 1
eigenvalues of 3.,? %, %, are the same as that of ¥;'S, or ¥, 35" by using the
characteristic equation. Note also that the result is not affected by the rotation of the

coordinate axes.

A.5  The Statistical Performance of IS{I/Z Chart Depends on the Product of the

1 1
Eigenvalues of > 23, 3 2

Note that the use of [S|"* charts with control limits of the form k|2, and

3018357 with the

k2]20| is equivalent to charting and comparing the statistic

constants k; and k, . By using similar arguments to those in A .4, it is readily shown that

the statistical performance of this control technique depends on the product of the

=

cigenvalues of X7 X, 557, ie Ay k.

A.6  The Distributional Properties of The Sum of Standardized Variances of The

_1 -1
Principal Components (SSVPC) Depend on The Eigenvalues of >, >, 2.2

The sum of the standardized variances (multiplied by » — 1) of the principal

components 1s given by

t{(n - 1)(A;,%roj s( A;ﬁroj T}

1
- ﬂ‘[(n CD)AJT,SITAY }

where A, and I'y denote respectively the diagonal matrix of the eigenvalues of ¥, and

the matrix with the corresponding normalized eigenvectors. This statistic is invariant
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w.rt. any pxp orthonormal transformation (upon AB%F 0X). In particular, it is

expressible as

tr[(n —DIr; [A},% I,ST; A}ﬁj T, }

- tr_(n - 1)[FOT A;%ro] s[roT A;%roj T}

= trr(n - 1)25% S(Z;%jTJ (see Johnson et al.(1988), p.51)
= tr[(n.—l)Z;% SZE%} Za% is symmetric
=(n-1)tr[zg% szg%].
Note that this implies that the value of the plot statistic remains the same whether it is
computed from the principal components or any other set of linearly independent

combinations of the individual variables obtained in the above manner.

Now, let I be an orthogonal matrix such that

r[zgf 2 z;fer = A=diag(ry,...,\,)

_1 L
where X,,...,A , represent the eigenvalues of 3,23, 3,2 . Since

p
(n—1)tr[zg% sz;ﬂ

= (n- 1)tr[r(zg% szﬁerJ
where r[zg% S z;%]rT ~Wpy(n=1,A) when ==X, it is readily seen that the sum of

the standardized variances of the principal components is distributed as a linear
combination of p independent chi-square variables with n-1 degrees of freedom each and

with coefficients Aj,...,A ,- Thus, the statistical performance of this technique depends

onA,,..., A

p-

245



A.7  Statistical Performance of MLRTECM Depends on the Eigenvalues of
Z(—)I/Z Z] 26—1/2

The MLRTECM criterion is W = —2ln A where

q9
[Ts.

x__

(=1

%(nl+...+nq-q)

{s

pooled

q
Hl(ni - l)S(i)
— C i=1

q9

Z(n,‘ - l)S(i)

=1

1(n,=1)

%(nl+...+nq—q)

and C'is a constant depending on the »,'s . Due to invariance, A may be characterized

by
Ik [BoyD
Qi
A= : Hm+.+n—q) ’
q
\7,
J=1
where
Vv, ~W,(n,-11), j=lor

~W,(n, -1, A), j=r+l...q
r 1s the change point and A denotes a diagonal matrix containing the eigenvalues

Ap..d, of ZSU 2y, > ;Y2 Thus, it is readily seen that the statistical performance of

MLRTECM depends on these eigenvalues.
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A.8  Scale Invariance of Fisher, Tippett and The Proposed Statistic (Known Y _
Case)

Let G:diag(-;—l,...,c—‘p) be the diagonal matrix with ith element being the

reciprocal of the standard deviation of the ith variable. The sample covariance matrix
computed from the variables scaled to have unit variances (i.e the sample correlation
matrix) is then given by

S’ =GSG’

Lo\ st sty df

= ~ oSl ~

. d D]?. Sn)d D'
12 ~

LST+d™S  LST+dTS, (L dT
_ ~ ~12 l~13 ~ ot~
dSl +DS dST +DS,, (d D'

~12 ~T12

S1 /csl ST /Gl d
- DS Dan d DT
~12
(Sz/cl +ST d/c1 (82/c,)dT+ST DT/c1
~12
/01 + 1)s22 d DSnDT
"‘12

S1 /01 D /01

= ~12 T (see p.591, Anderson(1984))
/01 DS,,D

~12

where d denotes the zero vector of (p—1) elements, S,, is the sample covariance

matrix of the last (p-1) variables, D =dia GLGL) and
: 2 p
ST = (R1251Sz RS, 83 -+ R ,S5S p). Similarly, the population correlation matrix is
~12
> =GXG'
1 ¥ D’

oilDZu DY D’
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where 2.,, represents the population covariance matrix of the last (p-1) variables and

T » :
P (0120102 P130103 ... plpolcp). Furthermore, the conditional correlation

matrix of the last (p-1) variables, given the first one, is :-
N 1 -1 1
220 =DXy D' _[—Dzlzj(l) l(—lez DTJ
_ T N TeT (T
=D2,,D —DZIZ(GI) 12D

= D(Zzz ‘212(012)_1 IzJDT

—~ ~

=D2 g DT>

where 2.,,,;, denotes the corresponding quantity calculated from the covariance matrix.

Note that the charting variables of Fisher, Tippett and the proposed procedures

are

functions of, amongst others, the variance ratio of the first variable and the Hotelling chi-

square statistic based on the vector of regression coefficients when each of the last (p-1)

variables is regressed on the first variable (1st off-diagonal vector divided by 1st diagonal

element of the sample covariance matrix). When calculated from S~ and ¥.", these
respectively

$;°_S/ol _ S

o 1 o
and

are
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~7/ ;// S *S// i
2 (n 1)5 S;? o2

/
1T DT _I_ZT DT af L
50,0 win ( DY, DT} 5PS, s oDy
Cstet 1 \websifel

S? /o? 1

sT X} -1 >
2 = ( 2520 ) §12_ 3

Stot \em-nst) (87 o

i.e their values remain the same whether they are calculated from the original or
standardized variables. Note also that the other statistics incorporated into the charting

variables are obtained from S, ., . and X, . o (= 2,...,p) in exactly the

same manner. Thus, to complete the proof, it is only required to show that S: pol.... j—1

and 3

j...pol,. ;-1 are of the same form as S" and X". For this, let

G:[Gll GIZJ and S:(Sll SIZJ ,
G21 G22 SZI SZZ

where G,, and S,, denotes the (j—1)x(j—1) submatrices. Note that G, here

represents the (j—1) x (p— j +1) zero matrix. Thus,

S" — GSGT — {GIISIIG’IFI GllSIZG’;ZJ
GZZSZlG’Irl GZZSZZG’Zrz
and
* -1
Sj,..,p’l,. N GZZSZZGZZ (G22821G11)(GIISIIG’Irl) (GllleGJZ)

-1 _ _
= Gzzszngz - GzzszlGlTl(GlTl) SlllGlllGquzG;z
= Gzzszngz - G22S2ISI—IISI2G;2
= Gzz(szz - S2IS;IISIZ)G;2

T
- G2ZSj,...,pOI,...,j—lG22
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which is clearly of the same form as S =GSG". Likewise, it can be shown that

*

. *
Y. .pol...j-1 is of the same form as 3.

A.9 Scale Invariance of Fisher, Tippett and The Proposed Statistic (Unknown

2. Case)

The proof here is similar to those in A.8.
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A.10 Statistical Performance of MLRT, SSVPC, MLRTECM and ]S|”2 Charting
Technique when > Shifts Along The Principal Axes

~|—

-1 -
The eigenvalues of >,* %, >,* are the solutions (A's) to the following

characteristic equation :

}):;% ¥, 5o —xl} 0
= [Z;-A%,[=0
- ]rlTAlr1 AT AT, ) = 0,
where A, = diag(?»m,...,kop) and A, =dia X“,...,’,\lp) denote the diagonal matrices

containing the eigenvalues of X, and ¥, respectively, FOT and 1"1T are the orthogonal
matrices with the corresponding normalized eigenvectors.

If ¥ changes fiom X, to ¥, in the directions of the principal axes, 2, and 2.,

can be diagonalized by the same orthogonal matrix i.e. I[ =T, Thus,
1 rOT“Al ~MAo|To|=0
= |A;=AAy|=0

Mp

= X:—)ﬁ, h e, —=
)"Ol )"02

Op
Combining this with A.4, A.5, A.6 and A.7 yields the following results :

(i) The statistical performance of MLRT, SSVPC and MLRTECM depend on the ratios

of variances of the principal components when 3. changes along the principal axes.

(i) The statistical performance of the |S|l/2 charts depends on the product of the ratios of

variances of the principal components when 2. changes along the principal axes.
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A.11 The Distributional Properties of Hotelling  *-type Statistic When the
Mean vector and Covariance Matrix are Not As Specified

The Hotelling 7 *-type statistic is of the form
0=(Y-1o)" Zg' (Y1)
where Y denotes a p-dimensional random vector, p, and X, are respectively the

specified population mean vector and covariance matrix of the same dimension. Due to

invariance, Q is expressible as

—_— T —_
0 =[TE5"(Y = no)| [T Z5V(Y - ko)
where I' is any (conformable) orthonormal matrix. Thus, @ 1s a function of

I'5"2(Y-n,) which is distributed as Np(r Yo (- o), TZ 2, 257 rT)
when Y ~ NV » (ul, Z1)~ By letting I' to be the orthonormal matrix that diagonalizes

V23, ZoV2, it is readily seen that Q is distributed as

P
24U,
Jj=1
where A,'s denote the eigenvalues of X3V*X, X" and U,'s are independent

noncentral chi-square variables with one degree of freedom and noncentrality parameters
v,'s given by

2

j

3

e (- wo)]

J }\’j

Vv

where the subscript j in the numerator indicates the jth component of T’ ):5“2(;11 - uo)_
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Simulation Programs
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"PROG1"<-
function(p, r, m, A, noiter)
{
HHHHHH R R R AR AR AR
# This program, which is written in Splus, simulates the probabilities of detecting a sustained shift in #
# the mean vector within m observations by the multivariate control charts (3.3), (3.4), (3.5) and (3.6). #
# Only upper control limit is used. This is set at 0.27% level of significance. p - dimension, r - change #
# point, A - noncentrality parameter, noiter - number of replications. #
R R R R R
noobs <-r +m
resultl <-0
result2 <- 0
result3 <- 0
resultd <-0
stat3sing <- 0
stat4sing <- 0
templ <- rep(0,p)
temp2 <- c( A ,rep(0,p-1))
temp3 <- diag(p)
for(i in 1:noiter){
samp <- rbind(GENERATE (temp1,terhp3, r), GENERATE(temp2,temp3,m))
meanvec2 <- apply(samp[(1:r), ], 2, mean)
meanvec4 <- meanvec2
covmat4 <- var(samp[(l:r), ]
devmat3 <- samp - matrix(templ, noobs, p, T)
sumcrspd3 <- matrix(0, p, p)
for(g in 1:1){
sumcrspd3 <- sumcrspd3 + outer(devmat3[g, ], devmat3[g, ])

}
j<-r+1
repeat {
statl <- samp(j, ] %*% samplj, ]
stat] <- pchisq(statl, p)
if(statl >=0.9973) {
resultl <-resultl + 1
break
¥
j<-jtl
if(j > noobs)
break
- }
j<-r+1
repeat {
stat2 <- ((j - 1)/j) * (samp][j, ] - meanvec2) %*% (samplj, ] - meanvec2)
stat2 <- pchisq(stat2, p)
if((stat2 >=0.9973)) {.
result2 <- result2 + 1
break
¥
meanvec2 <- (((j - 1) * meanvec2) + samp[j, 1)/j
j<-j+1
if(j > noobs){
break
¥
¥
j<-r+1
repeat {
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}

if (qr(sumcrspd3)$rank < p){
stat3sing <- stat3sing + 1

break
} . .
stat3 <- ((G-p) * G- D)/(p * G - 1)) * devmat3[j, ] %*% solve(sumcrspd3) %*%
devmat3[j, |

stat3 <- pf(stat3, p, j - p)
if(stat3 >= 0.9973) {
result3 <- result3 + 1
break
3
sumcrspd3 <- sumcrspd3 + outer(devmat3[j, ], devmat3[j, ])
J<-j+1
if(j > noobs){
break
3

j<-r+1
repeat {

}

if (qr(covmat4)$rank < p){
statdsing <- stat4sing + 1
break
3
statd <- ((G-1-p) * G- D)YG*G-2) *p)) * (samp[j, ] - meanvecd) %*%
solve(covmat4) %*% (samp]j, ] - meanvec4)
stat4 <- pf(stat4, p,j-1-p)
if(statd >= 0.9973){
result4 <- result4 + 1
break
3
meanvecd <- (((j - 1) * meanvec4) + samplj, 1)/j
covmat4 <- var(samp[(1;j), ])
J<J+T
if(j > noobs){
break
3

result3 <- result3 / (noiter - stat3sing)
result4 <- result4 / (noiter - stat4sing)
c(result],result2 result3,result4)
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"PROG2"<-
function(p, n, r, m, A , noiter)
{
AR R R R
# This program, which is written in Splus, simulates the probabilities of detecting a sustained shift in #
# the mean vector within m subgroups of size »n each by the multivariate control charts (3.7), (3.8), #
#(3.9), (3.10) and (3.11). Only upper control limit is used. This is set at 0.27% level of sign’jﬁcan,ce. #
# p - dimension, r - change point, A - noncentrality parameter, noiter - number of replications. #
HHHRHRH R R AR
nosub <-r +m
resultl <-0
result2 <- 0
result3 <- 0
result4 <- 0
result5 <- 0
stat3sing <- 0
stat4sing <- 0
stat5sing <- 0
templ <- rep(0,p)
temp2 <- c( A ,rep(0,p-1))
temp3 <- diag(p)
temp4 <- matrix(0,p,p)
for(i in 1:noiter){
samp <- rtbind(GENERATE (templ, temp3, r*n), GENERATE((temp2, temp3, m*n))
sumcrspd3 <- crossprod(samp[(1:(n * r)), ], samp[(1:(n * 1)), ])
meanvec2 <- apply(samp[l:(n * 1), ], 2, mean)
meanvecS <- meanvec2
cov5 <- temp4
for(gin 1:(r + 1)) {
covs <-cov5 + var(samp[(((g - 1) * n) + 1):(g * n), ])
3
cov5 <- cov5/(n+ 1)
covd <- covd
J<-r+1
repeat {
stat]l <- n * apply(samp[(((j - 1) * n) + 1):(j * n), ], 2,mean) %*%
apply(samp[((G - 1) * n) + 1):( * n), ], 2, mean)
if(stat1 >= qchisq(0.9973,p)) {
result]l <-resultl + 1
break
3
j<-j+1
if(j > nosub){
break
3
3
j<-r+1
repeat {
stat2 <- (n/j) * (j - 1) * (apply(samp[((G - 1) * m) + 1):( * n), ], 2, mean) -
meanvec2) %*% (apply(samp[((G - 1) * n) + 1):( * n), ], 2, mean) -
meanvec?)
if(stat2 >= qchisq(0.9973,p)) {
result2 <- result2 + 1
break
3
Jj<-j+1
if(j > nosub){
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break
}
meanvec2 <- (((j - 2) * meanvec2) + apply(samp[(((j - 2) * n) + 1):(G - 1) *
n), ], 2, mean))/(j - 1)
}
j<-r+1
repeat {
if( gr(sumcrspd3)$rank < p){
stat3sing <- stat3sing + 1
break
3
stat3 <- (n/p) * (n * (j - 1) - p+ 1) * apply(samp[((G - 1) * n) + 1):( * n), ],
2, mean) %*% solve(sumcrspd3) %*% apply(samp{(((j - 1) * n)
+1):( * n), ], 2, mean)
if(stat3 >=qf(0.9973, p,n * (j-1) -p + 1)) {
result3 <- result3 + 1
break

3
j<-j+l
if(j > nosub){
break
3
sumcrspd3 <- sumcrspd3 + crossprod(samp[(((j-2) *n) + 1):(G- 1) *n), ],
samp[((G-2) *n) + (G- *mn), D
}
j<-r+1
repeat {
if( qr(cov4)$rank < p )
stat4sing <- stat4sing + 1
break
3
statd <- (n/(p *j * (n- 1)) * (G * (n - 1)) - p+ 1) * apply(samp[((( - 1) * n)
+ 1):(j * n), ], 2, mean) %*% solve(cov4) %*% apply(samp[(((J - 1)
*n) + 1):( * n), ], 2, mean)
if(stat4 >= qf(0.9973, p, § * (n - 1)) -p + 1)){
resultd <- result4 + 1
break
3
j<-i+1l
if(j > nosub){
break

}
cov4 <- ((j - 1) * cov4 + var(samp[((G - 1) * n) + 1):G * n), 1))/j

}
j<-r+1
repeat { _
if( gqr(cov3)$rank < p){
statSsing <- statSsing + 1
break
gtat5<-(n'/(j*j*p.* @-1)*G-D*G*@-1))-p+D*
(apply(samp[((G - 1) *n) + 1)::G * n), 1, 2, mean) - meanvecS) %*%
solve(cov5) %*% (apply(samp[((G - 1) * n) + 1):¢ * n), ], 2, mean) -
meanvecs)
if(stat5 >= qf(0.9973, p,j * (n- 1) -p + D){
results <- result5 + 1
break
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j<-j+1
if(j > nosub){
break
}
meanvec5 <- (((j - 2) * n * meanvec5) + apply(samp[(((G-2) *n) + 1):(( - 1)
*n), 1,2, sum))/((j-1)*n)
cov5 <- (((j - 1) * cov5) + var(samp[((G - 1) * n) + 1):G * n), 1))/j
}
}

resultl <- resultl / noiter

result2 <- result2 / noiter

result3 <- result3 / (noiter - stat3sing)
result4 <- result4 / (noiter - stat4sing)
result5 <- result5 / (noiter - stat5sing)
c(resultl,resultZ,result3,result4,result5)
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“PROG3”<-

function(p, Y, b, d, r, k, noiter, oL, A, ;)
{

HHHHHHHBRHEHRHEHRHERH R
# This program, which is written in Splus, simulates the run length probabilities of EWMAZI, #
# EWMAZ2, EWMAZ3 and M chart for a linear trend. p - dimension, Y - EWMA smoothing constant #
# h - control chart factor of EWMA, d - moving sample size for M chart,» - change point k4 - maximum #
# run length for which the probability is simulated, noiter- number of iterations, ¢ - significance level #

# used with the M chart, A, - trend parameter. #
AR R R R R AR R
if(p == 2) {
a<-2
}
else {

a <-ceiling((3 * (p- 1) +sqrt(( - 1) * (9 * p - 17))/4)
}
EWMAZIRL <- numeric(k)
MRL <- numeric(k)
EWMAZ2RL <- numeric(k)
EWMAZ3RL <- numeric(k)
EWMAZI1CP <- numeric(k)
MCP <- numeric(k)
EWMAZ2CP <- numeric(k)
EWMAZ3CP <- numeric(k)
EWMAZIlsing <- 0
Msing <- 0
EWMAZ2sing <- 0
EWMAZ3sing <- 0
temp <- matrix(0, p, p, T)
templ <- matrix(seq(1, k), k, p, F) * matrix(c(A g, rep(0, p - 1)), k, p, T)
temp2 <- h * sqrt(y /(2 - 7))
temp3 <-k+r-a-1
tempd <-qf(1 - o, p,d-p)
tempS <-k+r-d+1
temp6 <-r+2-d
for(i in l:noiter) {
cov <- temp
samp <- rbind(GENERATE((rep(0, p), diag(p), ), GENERATE(rep(0, p), diag(p), k)
+ templ)
for(g in 1:a) {
cov <- cov + outer(samp[g + 1, ] - samplg, ], samp[g +1, ] - samp(g, ])
}
EWMAZ1 <-0
if((a+2)>1){
j<-1
repeat {
if(qr(cov)$rank < p) {
EWMAZlsing <- EWMAZIsing + 1
break
}
f<-@*((+a-1D)M2YB*(+a)-4)
Z1<-((f-p+1)*@B*(+a)-4) * (samp[j+a+1, ]) %*%
solve(cov) %*% (samp[j +a+ 1, DV *(+a-
1))
Z1 <- gnorm(pf(Z1, p,f-p+ 1), 0, 1)
EWMAZ1 <- ¥y *Z1+(1-Y)*EWMAZI]
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if(abs(EWMAZI) > temp?2) {
EWMAZIRL[j+a+1-1r]<-EWMAZIRL[j+a+1-1] +1
break

3

cov <- cov + outer(samp([j +a+ 1, ]-samp[j +a, ], samp[j+a+ 1,
| ] - samp[j +a, ])

J<-jtl

if(j > temp3) ¢
break

3

3

3
else if((a+2) <1) {
Z1flag <- 0
forGin 1:(r-a-1)) {
if(qr(cov)$rank <p) {
EWMAZIlsing <- EWMAZ]lsing + 1
Zlflag <- 1
break
3
f<-2*((+a-1)"2)@3*(+a)-4)
Z1<-((f-p+1D*(3*(+a)-4)*(sampj +a+1, D %*%
solve(cov) %*% (samp[j+a+ 1, DV(p*(+a-
1))
Z1 <- qnorm(pf(Z1, p, f-p+ 1), 0, 1)
EWMAZ1 <- vy *Z1+(1-7Y)*EWMAZI

cov <- cov + outer(samp{j + a+ 1, ] - samp[j + a, ], samp[j +a + 1,

] - sampj + 2, ])

3
if(Z1flag == 0) {
j<-r-a
repeat {
if(qr(cov)$rank < p) {
EWMAZ1sing <- EWMAZlsing + 1
break

3
f<-Q2*((+a-2y"2))/3*(+a)-4)
Z1<-((f-p+ 1) *@*(G+a)-4)* (sampj+a+1, 1 %*%
solve(cov) %*% (samp[j+a+ 1, D/(p*(+a- 1)

Z1 <- qnorm(pf(Z1, p,f-p+1),0, 1)
EWMAZL <-y *Z1+(1-Y)*EWMAZI
if(abs(EWMAZ1) > temp?2) {

EWMAZIRL[j-r+a+ 1] <-EWMAZIRL[j-r+a+ 1]+1

break
)
1,] - samp[j +a, ])
j<-j+1
if(j > temp3) {
. break
3
3

3
else {
if(qr(cov)$rank >= p) {
f<-(2*@v2)/@B*a-1)

.cov <- cov + outer(samp[j + a + 1, | - samp(j + a, ], samp[j +a +
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Z1<-((f-p+1)* (3 *a-1)*sampla + 2, ] %*% solve(cov) %*%
sampla +2, )/(p * a)
Z1 <- qnorm(pf(Z1,p, f-p+1),0, 1)
EWMAZI <- ¥ *Z1+(1-v)*EWMAZI]
cov <- cov + outer(samp[a + 2, ] - samp[a + 1,], samp[a + 2, ] -
sampla+ 1, ])
<1
repeat {
if(qr(cov)$rank < p) {
EWMAZIlsing <- EWMAZlsing + 1
break
¥
f<Q@*((G+M)B*(+a)-1)
Z1<-(f-p+D*@B*(G+a)-1)*samp[j +a+2, ] %*%
solve(cov) %*% samp[j +a + 2, ])/(p * (j + a))
Z1 <- qnorm(pf(Z1, p, f-p+1),0, 1)
EWMAZI <- vy *Z1+(1-y)*EWMAZI
if(abs(EWMAZ]1) > temp2) {
EWMAZIRL[j] <-EWMAZIRL[j] + 1
break
} .
cov <- cov + outer(samp[j +a +2, ] -samp[j +a+ 1, ], samp[j +a
+2, ]-samp[j+a+1, )
j<-jtl
if( > k) {
break
3
3
3

else {
EWMAZlsing <- EWMAZIlsing + 1

3
}
if(d>r1) {
j<-1
repeat {
x <-samp[(:(j t+d-1)), ]
w<-seq(j,j+d-1)-rep(Q*j+ d-1)72,d)
z <- (t(x) %*% w)/sqrt(as.numeric(w %*% w))
M <-t(x) %*% x
if(qrgM)$rank >=p) {
M <- t(solveM) %*% z) %*% z
M <-M/(1 -M)
ifM > temp4) {
MRL[j+d-1-1] <-MRL[j+d-1-1]+1
: break
}
j<-j+1
if(j > temp3) {
- break
}
}

else {
Msing <- Msing + 1
break

¥
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}
else {
Jj <- temp6
repeat
X <-samp[(j:( +d - 1)), ]
w<-seq(j,j+d-1)-rep(2 *j+d- 1), d)
z <- (t(x) %*% w)/sqrt(as.numeric(w %*% w))
M <- t(x) %*% x
if(qr(M)$rank >= p) {
M <- t(solveM) %*% z) %*% z
M <-M/(1 -M)
if(M > temp4) {
MRL[j+d-1-1]<-MRL[j+d-1-1]+1
break
}
j<-j+1
if(j > temp5) {
break
}
}

else {
Msing <- Msing + 1
break
}
}
}
if((p + 1) <=1) {
EWMAZ2 <-0
Z2flag <- 0
for( in (p + 1)ir) {
Z2 <- apply(samp[(1:( - 1)), ], 2, mean)

w<-((Q -2)/( - 1)) * var(samp[(1:( - 1)), ]) + outer(Z2, Z2)

if(qr(w)$rank < p) {
Z2flag <- 1
EWMAZ2sing <- EWMAZ2sing + 1
break

}

Z2 <-((j - p) * samp[j, ] %*% solve(w) %*% sampl[j, 1)/(p * (j - 1))

22 <- qnorm(pf(Z2, p, j - p), 0, 1)
EWMAZ2 <-y *Z2+(1-v)*EWMAZ2

3

if(Z2flag == 0) {
j<-r+1
repeat {

- Z2 <- apply(samp[(1:(j - 1)), ], 2, mean)

W<-((-2)/(-1)) * var(samp[(1:( - 1)), ]) + outer(Z2, Z2)

if(qr(w)$rank < p) {
EWMAZ2sing <- EWMAZ2sing + 1
break
}

Z2 <-((j - p) * samp[j, ] %*% solve(w) %*% samp[j, )/(p * ( -

1)
22 <- qnorm(pf(Z2, p,j - p), 0, 1)
EWMAZ2 <-vy *Z2+(1-7v)*EWMAZ2

if(abs(EWMAZ2) > temp2) {

EWMAZ2RL[j - 1] <-EWMAZ2RL[j -1] +1

break
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}
1<-1t1
i > (r+ k)) {
break
}
}

3

else {
EWMAZ2 <-0
i<-ptl
repeat {
Z2 <- apply(samp[(1:( - 1)), ], 2, mean)
w <-((j - 2)/(j - 1)) * var(samp[(1:(j - 1)), ]) + outer(Z2, Z2)
if(qr(w)$rank < p) {
EWMAZ2sing <- EWMAZ2sing + 1
break
3
Z2 <-((j - p) * samp[j, 1 %*% solve(w) %*% samp[j, ])/(p * (j - 1))
Z2 <- gnorm(pf(Z2, p,j-p), 0, 1)
EWMAZ2 <-y *Z2+(1- v )*EWMAZ2
if(abs(EWMAZ2) > temp2) {
EWMAZ2RL[j - 1] <-EWMAZ2RL[j -] + 1
break
3
i<-j+1
if(>r+Kk) ¢
break
3
3
3
if((p+2) <=1 {
EWMAZ3 <-0
Z3flag <- 0
for(jin (p + 2):1) {
w <-var(samp[(1:( - 1)), 1)
if(qr(w)$rank < p) {
EWMAZ3sing <- EWMAZ3sing + 1
Z3flag <- 1
break
3
Z3 <-((j-p-1) * samp[j, ] %*% solve(w) %*% samp[j, [)/(p * ( -
2))
Z3 <-gqnorm(pf(Z3,p,j-p- 1,0, 1)
EWMAZ3 <- Yy *Z3+(l - y)*EWMAZ3

3 :
if(Z3flag == 0) {
j<-r+1
repeat {
w <- var(samp[(L:(G - 1)), D
if(qr(w)$rank <p) {
EWMAZ3sing <- EWMAZ3sing + 1
break
3 . .
Z3<-((j-p- 1) * samplj, ] %*% solve(w) %*% sampl[j, 1)/(p * (
-2))
Z3 <- qnorm(pf(Z3, p,j-p-1),0, 1)
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EWMAZ3 <- y *Z3 + (1 - y¥)* EWMAZ3

if(abs(EWMAZ3) > temp?) {
EWMAZ3RL]j - r] <- EWMAZ3RL[j - 1] + 1
break

}

1<-j+1
iG> (k + 1) {
break

}

}

}

else {
EWMAZ3 <-0
J<-p+2
repeat {
w <-var(samp[(1:(j- 1)), ]
if(qr(w)$rank < p) {
EWMAZ3sing <- EWMAZ3sing + 1
break
3
Z3 <-(G-p-1)*samplj, | %*% solve(w) %*% sampl[j, 1)/(p * (j -
2))
Z3 <- qnorm(pf(Z3, p,j-p-1),0, 1)
EWMAZ3 <- v *Z3+(1- v)* EWMAZ3
if(abs(EWMAZ3) > temp?2) {
EWMAZ3RL[j - r] <- EWMAZ3RL[j-1] + 1
break
3
j<-jt1
iG> & +n){
break
3

3
3
for(iin 1:k) {
EWMAZICP[i] <- sum(EWMAZIRL[1:i])/(noiter - EWMAZlsing)
MCP[i] <- sum(MRL[1:i])/(noiter - Msing)
EWMAZ2CP[i] <- sum(EWMAZ2RL[1:i])/(noiter - EWMAZ2sing)
EWMAZ3CPJ[i] <- sum(EWMAZ3RL[1:1])/(noiter - EWMAZ3sing)
3
results <- matrix(c(EWMAZ1CP, MCP, EWMAZ2CP, EWMAZ3CP), k, 4, F)
(1 == 1) &8 (A popg = O
results <- rbind(rep(0,4),results[(1:(k-1)),])
} .

results
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"PROG4"<-

function(p, ¥ , h, d, 1, k, noiter, &, A, ..z)

{

A R
# This program, which is written in Splus, simulates the run length probabilities of EWMAZIU, #
# EWMAZ2U, MCHARTU for a linear trend. p - dimension, Y - EWMA smoothing constant, #

# h - control chart factor of EWMA, d - moving sample size for MCHARTU, » - change point, k - max #
# run length for which the probability is simulated, noiter- number of iterations, ¢t - significance level #

# used with the MCHARTU, A, , - trend parameter. #
R R R R R AR
if(p ==2) {
a<-2
}
else {

a <-ceiling((3 * (p- 1) +sqrt((p - 1) * (9 * p - 17))/4)
} ,
EWMAZIURL <- numeric(k)
MURL <- numeric(k)
EWMAZ2URL <- numeric(k)
EWMAZI1UCP <- numeric(k)
MUCP <- numeric(k)
EWMAZ2UCP <- numeric(k)
EWMAZ1Using <-0
MUsing <- 0
EWMAZ2Using <- 0
templ <- matrix(0, p, p, T)
temp?2 <- matrix(seq(1, k), k, p, F) * matrix(c(A 4, 1epO0, p - 1)
)k p, T
temp3 <-h * sqrt(y /(2 - Y ))
tempd <-k+r-a-1
temp5 <-qf(1- o, p,d-p-1)
temp6 <-k+r-d+1
temp7 <-r+2-d
for(i in 1:noiter) {
cov <- templ
samp <- rbind(GENERATE(rep(0, p), diag(p), 1), GENERATE (rep(0, p), diag(p), k)
+ temp2)
meanvec <- apply(samp[(1:(a + 1)), ], 2, mean)
for(g in 1:a) {
cov <- cov + outer(samp[g + 1, ] - samp[g, ], samp[g + 1, ] - samp([g, D
}
EWMAZIU <-0
if((a+2) > 1) {
j<-1
repeat { -
if(qr(cov)$rank < p) {
EWMAZ1Using <- EWMAZ1Using + 1
break
}.
f<-Q2*(G+a-1D"2)B*(+a)-4)
ZIU<-(+a)*E-p+ ) *(3*(G+a)-4) *(samp[j+a+1, |-
meanvec) %*% solve(cov) %*% (samp[j +a + 1, ]-
meanvec))/(p * j+a-1)*(j+a+1)
Z1U <- gnorm(pf(Z1U, p, f-p+ 1),0, 1)
EWMAZIU<-y *Z1U+ (1 - v ) * EWMAZI1U

if(abs(EWMAZ1U) > temp3) {

265



EWMAZIURL[j+a+1-1]<-EWMAZIURL[j+a+1-1]+1
break

}

meanvec <- apply(samp[(1:(j + a + 1)), ], 2, mean)

cov <- cov + outer(samp[j+a+ 1, ] -samp[j +a, ], samp[j +a+ I,

] - samp[j +a, ])

j<-j+1

if(j > temp4) {
break

3
3
3
elseif((a+2)<r){
j<-1
while((j <= (r - a - 1)) && (qr(cov)$rank >= p)) {
f<-@*((+a-1D"2)/B*(+a)-4)
ZIU<-(G+a)*E-p+1D*G*(G+a)-4)* (samplj+a+1, |-
meanvec) %*% solve(cov) %*% (samp[j +a+1, ] -
meanvec))/(p* +a-1)*(+a+1))
Z1U <- qnorm(pf(Z1U, p,f-p+1),0, 1)
EWMAZIU<-y *ZIU +(1 - v)*EWMAZIU
meanvec <- apply(samp[(1:(j + a + 1)), ], 2, mean)
cov <- cov + outer(samp[j +a + 1, ] - samp[j + a, |, samp[j +a + 1,
| - samp[j +a, ])
J<-j+1
} .
ifG == (r-a)) {
repeat {
if(qr(cov)$rank < p) {
EWMAZ1Using <- EWMAZ1Using + 1
break
3
f<-Q*(@(@+a-DM)YCB*@G+a)-4)
ZIU<-(+a)*(-p+1)*(3*(+a)-4) *(samp[j +a+1, ]-
meanvec) %*% solve(cov) %*% (samp[j +a+ 1, ] -
meanvec))/(p * j+a-1)*(j+a+1))
Z1U <- qnorm(pf(Z1U, p, f-p+1),0, 1)
EWMAZIU<- ¥y *Z1U +(1 - v)* EWMAZIU
if(abs(EWMAZ1U) > temp3) {
EWMAZIURL[j +a+1-1] <-EWMAZIURL[j +a+1-1] +1
break
3

meanvec <- apply(samp[(1:(j +a + 1)), ], 2, mean)
cov <- cov + outer(samp(j +a + 1, ] -samp[j + a, ],samp[j +a +
‘ 1,]-samp[j +a,])
J <'j +1
if(j > temp4) {
break
3
}
3

else {
EWMAZ1Using <- EWMAZ1Using + 1

}
}

else {
if(qr(cov)$rank >=p) {
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f<-(2*@<2)/3*a-1

ZIU<-((a+1)*(f-p+1)*(B*a-1)*(sampla+2, |-
meanvec) %*% solve(cov) %*% (samp[a + 2, ] -
meanvec))/(p *a * (a +2))

Z1U <- qnorm(pf(Z1U, p,f-p+1),0, 1)

EWMAZ1IU<-y *Z1U+ (1 - y¥) * EWMAZ1U

meanvec <- apply(samp[(1:(a + 2)), ], 2, mean)
cov <- cov + outer(sampfa + 2, ] - samp[a + 1,], samp[a + 2, ] -
sampla + 1, ])
J ==l
repeat {
if(qr(cov)$rank < p) {
EWMAZ1Using <- EWMAZ1Using + 1
break
}
f<-Q*((+a)2)))3*G+a)-1)
ZIU<-(G+a+ ) *(E-p+1)*(3*(+a)-1)* (samplj +a+2,
] - meanvec) %*% solve(cov) %*% (samp[j +a+ 2, |-
meanvec))/(p *(j+a) * (j+a+2))
Z1U <- gqnorm(pf(Z1U, p,f-p+1),0, 1)
EWMAZIU<-y *Z1U+(1 - ¥) * EWMAZI1U

if(abs(EWMAZI1U) > temp3) {
EWMAZIURLJj] <- EWMAZIURLIJj] + 1
break
}
meanvec <- apply(samp[(1:(j + a +2)), ], 2, mean)
cov <- cov + outer(samp[j +a+2, ]-samp[j+a+ 1, |, sampfj +a
+2, ]-samp[j+a+1, ])

j <-_j +1
ifG > k) {
break
}
}
}
else {
EWMAZ1Using <- EWMAZ1Using + 1
}
}
iftd > 1) {
j<-1
repeat {
x <- samp[(j:(j + d - 1)), ] - matrix(apply(samp[(:(j +d - 1)), 1, 2,
mean), d, p, T)

w<-seq(j,j+d-1)-rep((2 *j+d-1)2,4d)
'z <- (t(x) %*% w)/sqrt(as.numeric(w %*% w))
MU <~ t(x) %*% x
if(qr(MU)$rank >=p) {
MU <- t(solve(MU) %*% z) %*% z
MU <- MU/(1 - MU)
if(MU > temp5) {
MURL[j+d-1-T1] <-MURL[j+d-1-1]+1
break
}
j<-j+1
if(j > temp6) {
break
%
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}

else {
MUsing <- MUsing + 1
break

3

}

else {
J <- temp7
repeat {
X <-samp((j:(j +d - 1)), ] - matrix(apply(samp[(j:(j +d - 1)), ], 2,
mean), d, p, T)
w<-seq(j,j+d-1)-rep((2 *j+d-1)/2,d)
z <- (1(x) %*% w)/sqrt(as.numeric(w %*% w))
MU <- t(x) %*% x
if(qr(MU)$rank >= p) {
MU <- t(solveMU) %*% z) %*% z
MU <- MU/(1 - MU)
f(MU > temp5) {
MURL[j+d-1-1]<-MURL[j +d -1 -1] +1
break
3
Jj<-j+l
if(j > temp6) {
break
3
3

else {
MUsing <- MUsing + 1
break
}
}
}
if((p +2) <=1 {
EWMAZ2U <-0
j <-p+ 2
repeat {
Z2U <- apply(samp[(1:(j - 1)), ], 2, mean)
w <-var(samp[(1:G - 1)), ]
if(qr(w)$rank >= p) {
Z22U<- (G- *(G-p-1)* (samp[j, ] - Z2U) %*% solve(w) %*%
(samplj, ]-Z2U)/G*p*(-2))
22U <- qnorm(pf(Z2U, p,j-p-1),0, 1)
EWMAZ2U <- ¥ *Z2U + (1 - ¥ ) * EWMAZ2U
J<g+l
iG> 1) {
* break
3
}

else {
EWMAZ2Using <- EWMAZ2Using + 1
break
3
}
if(§ == (r+ 1)) {
repeat {
Z2U <- apply(samp[(1:(j - 1)), ], 2, mean)
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w <-var(samp[(1:( - 1)), ])
if(qr(w)$rank < p) {
EWMAZ2Using <- EWMAZ2Using + 1
break
}
Z2U<-((G-D*(-p-1)*(samp[j, ]-Z2U) %*% solve(w) %*%
(samp(j, | -Z2U))/(* p * (j - 2))
Z2U <-qnorm(pf(Z2U, p,j-p - 1), 0,1)
EWMAZ2U <- y *Z2U +(1 - ¥ ) *EWMAZ2U
if(abs(EWMAZ2U) > temp3) {
EWMAZ2URL]j - 1] <-EWMAZ2URL[j - 1] + 1

break
}
j<-j+1
iG>k + 1) {
break
}
}
}
}
else {
EWMAZ2U <-0
j<- p+2
repeat {
Z2U <- apply(samp[(1:(j - 1)), ], 2, mean)
w <-var(samp[(1:(j - 1)), ])
if(gr(w)$rank < p) {
EWMAZ2Using <- EWMAZ2Using + 1
break
}
22U <-((G-1)*(G-p-1)* (samp[j, ] -Z2U) %*% solve(w) %*%
(samp[j, ]1-Z2U))/G*p*(-2))
22U <- gnorm(pf(Z2U, p,j-p-1),0, 1)
EWMAZ2U <- vy *Z2U+ (1 - v ) * EWMAZ2U
if(abs(EWMAZ2U) > temp3) {
EWMAZ2URL[j - 1] <- EWMAZ2URL[j - 1] + 1
break
}
j<-j+1
ifG> (k + 1) {
break
}
}
}
}
cat("", fill=T)

for(iin 1:k) {
EWMAZI1UCPJ[i] <- sum(EWMAZI1URL[1:i])/(noiter - EWMAZ1Using)
MUCP[i] <- sum(MURLJ1:i])/(noiter - MUsing)
EWMAZ2UCP[i] <- sum(EWMAZ2URL[1:i])/(noiter - EWMAZ2Using)

}
results <- matrix(c(EWMAZ1UCP, MUCP, EWMAZ2UCP), k, 3, F)

if((r==1) && (A ,,,; == 0)){
results <- rbind(rep(0,3),results[(1:(k-1)),])
}

results
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"PROGS"<-
function(p, Y , h, r, k, noiter, A )

{
B R R R AR AR R AR
# This program, which is written in Splus, simulates the run length probabilities of EWMAZ]1, #

# EWMAZ2 and EWMAZS3 for a step shift in the mean vector. p - dimension, Y - EWMA smoothing #
# constant, 4 - control chart factor for EWMA r - change point,k - maximum run length for which the #

# probability is simulated, noiter - number of iterations, A - noncentrality parameter. #
HHHHHH B R R R
if(p==2) {
a<-2
}
else {

a<-ceiling((3 * (p-1) +sqrt((p - 1) * (9 * p-17))/4)
} .
EWMAZIRL <- numeric(k)
EWMAZ2RL <- numeric(k)
EWMAZ3RL <- numeric(k)
EWMAZI1CP <- numeric(k)
EWMAZ2CP <- numeric(k)
EWMAZ3CP <- numeric(k)
EWMAZlsing <- 0
EWMAZ2sing <-0
EWMAZ3sing <- 0
templ <- matrix(0, p, p, T)
temp2 <- h * sqrt(Y /(2 - V)
temp3 <-k+r-a-1
for(i in I:noiter) {
cov <-templ
samp <- rbind(GENERATE(rep(0, p), diag(p), 1), GENERATE(c( A ,rep(0, p-1)),
diag(p), k))
for(g in 1:a) {
cov <- cov + outer(samp[g + 1, ] - samp([g, ], samp[g +1, ] - samp[g, )
}
EWMAZI <-0
if((a +2) > 1) {
J<-1
repeat {
if(qr(cov)$rank < p) {
EWMAZIsing <- EWMAZlsing + 1
break
}
f<-@*((+a-1)"2)/CB*(+a)-4)
Zi<-(f-p+1)*3*(+a)-4) *(samp[j +a+ 1, 1) %*%
solve(cov) %*% (samp[j+a+ 1, DY/(p*(+a-
1)
Z1 <- qnorm(pf(Z1, p, f-p+1),0, 1)
EWMAZ1<-y *Z1+(1-Y)*EWMAZI
if(abs(EWMAZ1) > temp2) {
EWMAZIRL[j +a+1-1] <-EWMAZIRL[j+a+1-1]+1
break
iov <- cov + outer(samp[j +a+1, |- samp[j + a, ], samp[j +a+ I,
] -samplj +a, 1)
j<-j+1
if(j > temp3) {
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break

3
3
else if((a+2) <r){
Z1flag <-0
forGin li(r-a-1)){
if(qr(cov)$rank < p) {
EWMAZIsing <- EWMAZlsing + 1
Zlflag <- 1
break
3
f<-@2*((+a-D"2)/CB*(+a)-4)
Z1<-((f-p+D*(B*(j+a)-4)*(samp[j+a+1, ])%*%
solve(cov) %*% (samp[j+a+ 1, ))/(p*(+a-
1))
21 <-qnorm(pf(Z1, p,f-p+1),0, 1)
EWMAZI <-y *Z1 +(1-y)*EWMAZI
cov <-cov + outer(samp[j +a+ 1, | - samp[j +a, ], samp[j+a+ I,
| - samp[j +a, ])
3
if(Z1flag == 0) {
j<-r-a
repeat {
if(qr(cov)$rank < p) {
EWMAZlsing <- EWMAZIsing + 1
break
3
f<-@2*((+a-2"2)))3*(+a)-4)
Zl <-((f-p+1)*@*(+a)-4)*(samp[j +a+1, ]) %*%
solve(cov) %*% (samp[j+a+ 1, D (p*(G+a-1)
Z1 <-gqnorm(pf{(Z1,p,f-p+1),0, 1)
EWMAZI <-y *Z1+(1-vy)*EWMAZI
if(abs(EWMAZ]1) > temp2) {
EWMAZIRL[j-r+a+ 1] <-EWMAZIRL[j-r+a+ 1]+ 1
break
3
cov <- cov + outer(samp[j +a+ 1, | - samp[j +a, ],samp[j+a+
1,]- samp[j + a, ])
J<-jtl
if(j > temp3) {
break
3
3

3

else {
if(qr(cov)$rank >=p) {

f<-2*@w2)/3*a-1)

Z1<-((f-p+1)*(3*a-1)*sampla+2,] %*% solve(cov) %*%
samp[a +2, )/(p * a)

Z1 <- gnorm(pf(Z1, p,f-p+1),0, 1)

EWMAZI <-y *Z1+(1-7Y)*EWMAZI

cov <- cov + outer(samp[a + 2, ] - samp[a + 1, ], sampla + 2, ]-
sampla + 1, )

Jj<-1

repeat {

271



if(gr(cov)$rank < p) {

EWMAZIlsing <- EWMAZlsing + 1

break
}
f<-@*(@G+ar2)y)G*(g+a)-1)
Z1<-((f-p+D*@B*(G+a)-D*samp[j+a+2, |%*%

solve(cov) %*% samp[j+a+2, [)/(p* G+ a))

Z1 <- gnorm(pf(Z1,p,f-p+1),0, 1)
EWMAZl <-y *Z1+(1-v)*EWMAZI]
if(abs(EWMAZ1) > temp2) {

EWMAZIRL[j] <-EWMAZIRL[j] +1 -

break

3
cov <- cov + outer(samp[j +a+ 2, ] -samp[j+a+1, ], samp[j +a

+2, ]-samp[j+a+1, ]

j<-j+1
i > k) {
break
3
3
3
else §
EWMAZlsing <- EWMAZ]lsing + 1
3
3
if((p+1)<=r1) {
EWMAZ2 <-0
Z2flag <-0

for(jin (p + 1):1) {
Z2 <- apply(samp[(1:(j - 1)), ], 2, mean)
w<-((j - 2)/( - 1)) * var(samp[(1:(j - 1)), ]) + outer(Z2, Z22)
if(qr(w)$rank <p) {
Z2flag <- 1
EWMAZ2sing <- EWMAZ2sing + 1
break
}
72 <= ((j - p) * samplj, ] %*% solve(w) %*% samp[j, 1)/(p * G - 1))
Z2 <-qnorm(pf(Z2, p,j-p), 0, 1)
EWMAZ2 <- y *Z2+(1-Y)*EWMAZ2

}

if(Z2flag == 0) {
j <-r+1
repeat {

Z2 <- apply(samp[(1:G - 1)), |. 2, mean)
w <= ((j - 2)/( - 1)) * var(samp[(1:G - 1)), 1) + outer(Z2, Z2)
- if(qr(w)$rank < p) {
EWMAZ2sing <- EWMAZ2sing + 1
break

} . .
72 <-((j - p) * samp[j, ] %*% solve(w) %*% samplj, 1)/(p * ( -
1))
72 <- qnorm(pf(Z2, p,j - p), 0, 1)
EWMAZ2 <- ¥y *Z2+(1- v ) * EWMAZ2
if(abs(EWMAZ2) > temp2) { .
EWMAZ2RL]j - r] <- EWMAZ2RL[j - +1
break
3
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J<-j+1

if§ > (r +k)) {
break

}

}

}

else {
EWMAZ2 <-0
j<-p+1
repeat {
Z2 <- apply(samp[(1:(j - 1)), ], 2, mean)
w <-(( - 2)/(j - 1)) * var(samp[(1:( - 1)), ]) + outer(Z2, Z2)
if(qr(w)$rank < p) {
EWMAZ2sing <- EWMAZ2sing + 1
break
}
Z2 <-((j - p) * samp]j, ] %*% solve(w) %*% samp[j, )/(p * (- 1))
Z2 <- gnorm(pf(Z2,p,j-p), 0, 1)
EWMAZ2 <-y *Z2+(1-v)*EWMAZ2
if(abs(EWMAZ2) > temp2) {
EWMAZ2RL[j - r] <-EWMAZ2RL[j-1] +1
break
}
j<j+1
if(j > r + k) {
break
3
}
}
if((p+2)<=n){
EWMAZ3 <-0
Z3flag <- 0
for(Gin (p + 2):r) {
w <-var(samp[(1:(G - 1)), D
if(qr(w)$rank <p) {
EWMAZ3sing <- EWMAZ3sing + 1
Z3flag <- 1
break

}

Z3 <-((j-p- 1) * samp[j, ] %*% solve(w) %*% samp[j, ])/(p * ( -
2))

Z3 <- qnorm(pf(Z3, p,j-p-1),0, )

EWMAZ3 <-y *Z3+(1-7v)*EWMAZ3

}

if(Z3flag == 0) {
j<-r+1
repeat {

w <- var(samp[(1:G - 1)), D
if(qr(w)$rank < p) {
EWMAZ3sing <- EWMAZ3sing + 1
break

) . :
Z3 <-((j-p - 1) * samp[j, ] %*% solve(w) %*% sampl[j, )/(p * (

-2))
Z3 <- qnorm(pf(Z3, p,j-p-1),0, 1)
EWMAZ3 <- y *Z3 +(1 - Y) * EWNMAZ3
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if(abs(EWMAZ3) > temp2) {
EWMAZ3RL[j - 1] <- EWMAZ3RL[j-1] + 1
break
}
J<j+1
iG> (k +1) {
break
}
}

}

else {
EWMAZ3 <-0
j<-p+2
repeat {
w <- var(samp[(1:(j - 1)), 1)
if(qr(w)$rank < p) {
EWMAZ3sing <- EWMAZ3sing + 1
break
}
Z3 <-((-p-1)* samp[j, ] %*% solve(w) %*% samplj, ])/(p * (j -
2))
Z3 <-gqnorm(pf(Z3, p,j-p-1),0, 1)
EWMAZ3 <- vy *Z3+(1- v)* EWMAZ3
if(abs(EWMAZ3) > temp2) {
EWMAZ3RLJj - 1] <-EWMAZ3RL[j - 1] + 1
break
}
j<-j+l1
i > (k + 1) {
break
}

}

}

for(iin 1:k) {
EWMAZICP[i] <- sum(EWMAZIRL[1:1])/(noiter - EWMAZ1sing)
EWMAZ2CPli] <- sum(EWMAZ2RL[1:i])/(noiter - EWMAZ2sing)
EWMAZ3CP[i] <- sum(EWMAZ3RL[1:1])/(noiter - EWMAZ3sing)

}
results <- matrix(c(EWMAZI1CP, EWMAZ2CP, EWMAZ3CP), k, 3, F)

results
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"PROGG6"<-
function(p, ¥ , h, r, k, noiter, A.)

{
TR R R R R R AR R

# This program, which is wirtten in Splus, simulates the run length probabilities of EWMAZ1U and #
# EWMAZ2U for a step shift in the mean vector. p - dimension, ¥ - EWMA smoothing constant, #

# h - control chart factor for EWMA r - change point,k - maximum run length for which the probability#

# is simulated, noiter - number of iterations, A - noncentrality parameter. #
R R R R R R
if(p ==2) {
a<-2
}
else {

a <- ceiling(3 * (p - 1) +sqrt((p - ) * (9 * p - 17))/4)
} .
EWMAZI1URL <- numeric(k)
EWMAZ2URL <- numeric(k)
EWMAZI1UCP <- numeric(k)
EWMAZ2UCP <- numeric(k)
EWMAZ1Using <- 0
EWMAZ2Using <- 0
templ <- matrix(0, p, p, T)
temp2 <-h * sqrt(y /(2 - Y ))
temp3 <-k+r-a-1
for(i in 1:noiter) {
cov <- templ
samp <- rbind(GENERATE((rep(0, p), diag(p), 1), GENERATE(c( A ,rep(0, p-1)),
diag(p), k))
meanvec <- apply(samp[(1:(a + 1)), ], 2, mean)
for(g in 1:a) {
cov <- cov + outer(samp[g + 1, ] - samp[g, ], samp[g + 1, ] - samp[g, D
}
EWMAZIU <-0
if((a+2)>1) {
j<-1
repeat {
if(qr(cov)$rank < p) {
EWMAZ1Using <- EWMAZ]1Using + 1
break
}
f<-@*((+a-D)2)y/3*G+a)-4)
ZIU<-(G+a) *E-p+ D*@*(+a)-4) * (sampfj+a+1, ]-
meanvec) %*% solve(cov) %*% (samp[j +a + 1, ] -
- meanvec))/(p*+a-D*(+a+1l))
Z1U <- qnorm(pf(Z1U, p, f-p + 1), 0, 1)
EWMAZIU <- y *Z1U+ (1 - y) * EWMAZIU
if(abs(EWMAZ1U) > temp2) {
EWMAZIURL[j+a+1-1] <-EWMAZIURL[j +a+ 1-r+1
break
}
meanvec <- apply(samp[(1:G +a + 1)), ], 2, mean)
cov <- cov + outer(samp[j +a + 1, ]-sampfj +a, ], samp[j+a+ 1,
] - samp[j +a, )
Jj<-j+1
if(j > temp3) {
break

275



3
3
else if((a+2)<r){
j<-1
while(( <= (r - a - 1)) && (gr(cov)$rank >= p)) {
f<-Q2*(G+a-1DM))GB*(+a)-4)
ZIU<-(G+a)*(f-p+1)*(3*(+a)-4)* (samp[j+a+1, |-
meanvec) %*% solve(cov) %*% (samp[j +a + 1, | -
meanvec))/(p* G+a-1)*(j+a+1))
Z1U <- gnorm(pf(Z1U, p, f-p+ 1), 0, 1)
EWMAZIU <~y *Z1U+(1 - y)* EWMAZIU
meanvec <- apply(samp[(1:(j + a + 1)), ], 2, mean)
cov <- cov + outer(samp[j +a + 1, ] -samp[j +a, ], samp[j +a+ 1,
| - samp[j +a, ])
j<-jtl
3
if(j == (r-a)) {
repeat {
if(qr(cov)$rank < p) {
EWMAZ1Using <- EWMAZ1Using + 1
break
3
f<-@Q*((G+a-DM)B*(G+a)-4)
ZIU<-(+tay*(f-p+D*@B*(+a)-4) *(samp[j +a+1, |-
meanvec) %*% solve(cov) %*% (samp[j+a+ 1, |-
meanvec))/(p*(j+a-D*(+a+1))
Z1U <- gnorm(pf(Z1U, p, f-p+ 1), 0, 1)
EWMAZIU<-y *Z1U+(1- v )*EWMAZIU
if(abs(EWMAZI1U) > temp2) {
EWMAZIURL[j+a+1-1r]<-EWMAZIURL[j+a+1-1]+1
break
3
meanvec <- apply(samp[(1:(j + a + 1)), ], 2, mean)
cov <- cov + outer(samp[j +a+ 1, | - samp[j +a, ],samp[j +a +
1,] - samp[j + a, )
i<jtl
if(j > temp3) ¢
break
3
3
3

else §
EWMAZ1Using <- EWMAZ1Using + 1
3
}

else §
if(gr(cov)$rank >= p) {

f<-@2*@W2)/3*a-1)

ZIU<-((a+ D *(f-p+1)*(B*a-1)*(sampla +2, ]-
meanvec) %*% solve(cov) %*% (samp[a + 2, ] -
meanvec))/(p *a * (a + 2))

Z1U <- qnorm(pf(Z1U, p, f-p+ 1), 0, 1)

EWMAZIU <- y *Z1U + (1 - y) * EWMAZ1U

meanvec <- apply(samp((1:(a +2)), ], 2, mean)
cov <- cov + outer(samp[a + 2, ] - samp[a + 1, ], samp[a +2, ] -
samp[a + 1, ])
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j<-1
repeat {
if(qr(cov)$rank < p) {
EWMAZ1Using <- EWMAZ1Using + 1
break

}

f<-Q*(+"2)/3*(G+a)-1)

ZIU<-((+a+1)*(E-p+1)* (3 *(j+a)-1)* (samp[j +a +2,
| - meanvec) %*% solve(cov) %*% (samp[j +a + 2, | -
meanvec))/(p* (+a)* (j+a+2))

Z1U <- gnorm(pf(Z1U, p, f-p+1),0, 1)

EWMAZIU <-y *Z1U+ (1 - v)*EWMAZIU

if(abs(EWMAZI1U) > temp2) {

EWMAZI1URL[j] <- EWMAZIURL[j] + 1

break
}

meanvec <- apply(samp[(1:(j + a +2)), ], 2, mean)
cov <-cov +outer(samp[j +a+ 2, | -samp[j+a+1, ], samp[j + a
+2, ]-sampj+a+l, ])
j<-j+1
if > k) §
break
}
}

else {
EWMAZ1Using <- EWMAZI1Using + 1

}

}
f((p+2)<=n{
EWMAZ2U <-0
j <-p+ 2
repeat {
Z2U <- apply(samp[(1:(j - 1)), 1, 2, mean)
w <-var(samp[(1:G - 1)), 1)

if(qr(w)$rank >= p) {
Z2U<-((G- 1) * (G -p- 1) * (samp[j, ] - Z2U) %*% solve(w) %*%

(samp(j, 1-Z2U)/G*p*(-2)

Z2U <- qnorm(pf(Z2U, p,j-p- 1), 0, 1)
EWMAZ2U <- vy *Z2U + (1 - v) * EWMAZ2U
j<-j+1

if( > 1) {

break

3
3

else {
EWMAZ2Using <- EWMAZ2Using + 1

break

}

} .
==+ D){
repeat {

Z2U <- apply(samp[(1:(j - 1)), ], 2, mean)

w <- var(samp[(1:G - 1)), D)

if(qr(w)$rank < p) {
EWMAZ2Using <- EWMAZ2Using + 1

break
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}
Z2U<-(G-1)*G-p-1)* (samplj, ] - Z2U) %*% solve(w) %*%
(samp[j, ]-Z2U))/G*p* (j-2))
Z2U <- qnorm(pf(Z2U, p,j-p-1),0, 1)
EWMAZ2U <- y *Z2U + (1 - Y) * EWMAZ2U
if(abs(EWMAZ2U) > temp2) {
EWMAZ2URL[j - r] <-EWMAZ2URL[j-1] + 1

break
}
J<-jt1
(> k+ 1) {
break
}
}
}
}
else {
EWMAZ2U <-0
J<-p+2
repeat {
22U <- apply(samp[(1:(j - 1)), ], 2, mean)
w <- var(samp{(1:(j - 1)), 1)
if(qr(w)$rank < p) { :
EWMAZ2Using <- EWMAZ2Using +
break
}
22U <- (G- *(-p-1)*(samp[j, ]-Z2U) %*% solve(w) %*%
(samplj, ]-Z2U)/G*p*(-2))
22U <-gnorm(pf(Z2U, p,j-p-1),0, 1)
EWMAZ2U <- y *Z2U + (1 - v ) * EWMAZ2U
if(abs(EWMAZ2U) > temp2) {
EWMAZ2URL]j - 1] <- EWMAZ2URL[j - 1] + 1
break
}
J<-j+l
> k+r){
break
}
}
}
}
cat("", fill=T)

for(iin 1:k) {
EWMAZI1UCPJ[i] <- sum(EWMAZI1URL][1:i])/(noiter - EWMAZ1Using)
EWMAZ2UCPJi] <- sum(EWMAZ2URL[1:1])/(noiter - EWMAZ2Using)
} ;
results <- matrix(c(EWMAZ1UCP, EWMAZ2UCP), k, 2, F)
results
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"PROG7"<-
function( 2., 2, I, o, noiter)

{
#

B R R R R R
# This Splus program simulates the probability of a signal from the proposed dispersion control #
# technique (process covariance matrix assumed known) and the associated Fisher and Tippett  #

# procedures for a change in the process covariance matrix from Zo to Zl ) #

# n - subgroup size, o - significance level, noiter - number of iterations #
W R R AR

#

p <- nrow( 2q)
gsize <- noiter * n
result <-0
popmat <- vector("list", p)
popmat[[1]] <- X,
foriin 2:(p- 1)) {
if(qr( 2o [(1:(i - 1)), (1:(i - 1)])$rank < (i - 1)) {
stop("One of the principal minors of 2, is not of full rank !")
}

else {
popmat[[i]] <- 2 [(i:p), (p)] - 2o [(i:p), (1:(i - 1))] %*% solve( 2o [(1:( -
1), (1:(i - 1)]) %*% t( 24 [(i:p), (1:G - 1))
if(qr(popmat[[i]])$rank < (p - i + 1)){
stop("One of the conditional 2. is not of full rank")

}
}

if(qr( 2o [(1:(p - 1)), (L:(p - 1))D$rank < (p - 1)) {
stop("The (p-1) by (p-1) principal minor of X is not of full rank !")
}

else {
popmat[[p]] <- 2o [p, p] - 2o[p, (1:(p - 1))] %*% solve( 2o [(1:(p - 1)), (1:(p - 1))
%*% 2.0 [p, (1:(p - 1))]

}
samp <- GENERATE(rep(0,p), Zl , gsize)

results <- DISPER(samp, n, popmat, o)
results
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"PROGS"<-
function( 2., 2.;, n, MLRTIim, gvL, gvU, o, noiter)
{
#
SRR AR AR EHRERA
# This Splus program simulates the probability of a signal from the MLRT, generalized #
# variance chart and SSVPC for a change in the process variance-covariance matrix from #
# Y, to . n - subgroup size, MLRTlim - control limit for MLRT, gvL and gvUare ~ #
# respectively the lower and upper control limit factors for the generalized variance chart, #
# o - significance level, noiter - number of iterations. #
HHHH R AR AR A AR
#
p <- nrow( Zo)
if(qr(sigma)$rank < p) {
stop(" 2 is not of full rank !")
}
else {
invsigma <- solve( 2. )
LCL <- sqrt(prod(eigen( 2 )$values)) * gvL
UCL <- sqrt(prod(eigen( 2. )$values)) * gvU
}
resultl <- 0
result2 <- 0
result3 <- 0
samp <- generate6(rep(0,p), 2.1, N * noiter)
for(j in 1:noiter) {
sampcov <- var(samp[(((G - 1) * n) + 1):(j *n), ])
temp <- invsigma %*% sampcov
temp <- (n - 1) * ( - p - log(prod(eigen(temp)$values)) + sum(diag(temp)))
if(temp > MLRTlim) {
resultl <- resultl + 1
}
temp <- sqrt(prod(eigen(sampcov)$values))
if((temp > UCL) || (temp < LCL)) {
result2 <- result2 + 1
}
temp <- eigen( X, T)$vectors %*% diag(sqrt(eigen( 2o, D$values)) %*%
t(eigen( 2 , T)$vectors)
temp <- solve(temp) %*% sampcov %*% solve(temp)
temp3 <- (n - 1) * sum(diag(temp))
if((temp3 > qchisq(l - (¢/2), p * (n - 1)) || (temp3 < qchisq(ct /2, p * (n - DN
result3 <- result3 + 1

}
3

result] <- resultl / noiter
result2 <- result2 / noiter
result3 <- result3 / noiter
c(resultl, result2, result3)
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"PROGY"<-
function( 2., 2.1, I, I, k, noiter, o)
{
#
AR HRHAR R HHARARHA AR
# This Splus program simulates the probability of detection by the proposed dispersion control #
# technique (for the case with unknown process covariance matrix) and the associated Fisher and ~ #
# Tippett procedures, within k subgroups of size n each, following a change in the process covariance#
# matrix from Zo to Zl . 1 - change point, noiter - number of iterations, o - significance level.  #
R R R R
p <- ncol(2.q)
mvec <- rep(0, p)
convar <- numeric(p)
v <- vector("list", p - 1)
u <- vector("list", p- 1)
propres <- 0
tippettres <- 0
fisherres <- 0
nosing <- 0
for(i in 1:noiter) {
flag <- 0
flagl <-0
flag2 <- 0
flag3 <-0
samp <- rbind(GENERATE(mvec, 2.4, 1 * n), GENERATE (mvec, 2. k*n)

cov <- var(samp([(1:n), ])
convar[1] <- cov[l, 1]
for(j in 2:p) {
if(qr(cov[(1:G - 1)), (1:G - 1))D$rank < (G - 1)) {
nosing <- nosing + 1
flag <- 1
break

3

convarlj] <- covlj, j] - cov[j, (1:G - 1))] %*% solve(cov[(1:( - 1)), (1:G -1)]D
%*% COV[(].Z(j - 1), J]

v[[j - 11] <- solve(cov([(1:G - 1)), (1:G - 1)) %*% cov[(1:( - 1)), 1]

u[[j - 1]] <- solve(cov[(1:G - 1)), (1:G - I/ (n - 1)

3

if(flag == 1){
next

3

for(g in 2:1) {
cov <- var(samp[((((g - 1) * n) + D):(g * n)), 1)
convar[1] <- ((g - 1) * convar[l] + cov[l, 1])/g
for(j in 2:p) {
if(qr(cov[(1:Gj - 1)), (1:G - 1)D$rank <( - 1)) {
nosing <- nosing + 1
flag <- 1
: break
t}emp <- covlj, j] - covlj, (1:G - 1] %*% solve(cov[(1:G - 1)), (1: G -
1)]) %*% cov((1:G - 1)), ]
convar[j] <-((g-1) * convar[j] + temp)/g . '
temp <- solve(cov[(1:( - 1)), (1:G - N %*% cov[(1:( - 1), 1]
VIl - 1] < ((g - 1) * v[[j - 11] + temp)/8
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uflj - 1] < (((g - 1)"2) * u[[j - 11] + solve(cov((1:( - 1)), (1:(j -
D/ - 1)/(g"2)

}
if(flag = 1){
break
}
}
if(flag == 1){
next
}
g<-r+1
repeat {

cov <- var(samp[((((g - 1) * n) + 1):(g * n)), ])
prop <- gqnorm(pf(cov[1l, 1]/convar[l],n- 1, (g-1) * (n -
1)),0, D™2
tippett <- 1 - pchisq(prop,1)
fisher <- -2 * log(tippett)
convar[l] <- ((g - 1) * convar[1] + cov[1, 1])/g
for(j in 2:p) {
if(qr(cov[(1:( - 1)), (1:§ - 1))D$rank < (j - 1)) {
nosing <- nosing + 1
flag <- 1
break
}
temp <- cov][j, j] - cov[j, (1:( - 1))] %*% solve(cov[(1:(j - 1)), (1: (§ -
) %*% cov[(1:§ - 1)), j}
dummyl <- qnorm(pf(temp/convar[j], n - j,(g - 1) * (n - j)), 0,1)"2
dummy? <- 1-pchisq(dumimyl,1)
prop <- prop + dummyl
tippett <- min(tippett, dummy2)
fisher <- fisher + (-2 * log(dummy2))
convar[j] <- ((g - 1) * convar[j] + temp)/g
temp <- solve(cov[(1:( - 1)), (1:G - 1)]) %*% cov[(1:( - 1)), j]
dummy1 <- qnorm(pf(t(temp - v[[j - 1]]) %*% solve
(solve(cov[(1:(j - 1)), (1:G - I)]/(n - 1) +u[[j - 1]]) %*%
(temp - v[[j - 1]))/( - 1) * convar[j]*(n-1)/(n-)), j - 1, (g*(n
-1, 0,1)*2
dummy? <- 1 - pchisq(dummy]l,1)
prop <- prop + dummy!
tippett <- min(tippett,dumimy2)
fisher <- fisher + (-2 * log(dummy?2))
v[j - 111 <- ((g - 1) * v[[j - 1]] + temp)/g
u[[j - 17] <- (((g - D"2) * ufj - 1]] + solve(cov[(1:( - 1)), (1:( -
IND/(n - 1))/(g"2)
}
if(flag == 1){
break
}
if(flagl == 0){
if(tippett <= (1 - (1 - alp)"(1/(2*p - D)X
tippettres <- tippettres + 1
flagl <-1
if(flag2 == 1) && (flag3 == D){
break
}

}
}
if(flag2 == 0){
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if(fisher > qchisq(l - alp, 2 * (2 * p-D){
fisherres <- fisherres + 1

flag2 <- 1
if((flagl = 1) && (flag3 == )¢
break
}
}
}
if(flag3 == 0){
if(prop > qchisq(1 - alp, 2*p -1)){
propres <- propres + 1
flag3 <- 1
if((flagl == 1) && (flag2 == 1)){
break
}
}
}
g<-g+1
if(g > r + k){
break
}
}
}
results <- c(propres, fisherres, tippettres) / (noiter - nosing)
results
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"PROG10"<-
function(p, n, 1, k, 2.4, 21, Cvvec, noiter)

{
#

HHHHHHHHHHRHHER R AR R
# This Splus program simulates the probability of detection by MLRTECM within & subgroups of size #
# n each, following a change in the process variance-covariance matrix from Zo to Zl . p -dimension,#
# r - change point, noiter - number of iterations, cvvec - vector of critical values at 0.27% significance #
# level. #

AR R R R HE AR AR
#

mvec <-1ep(0, p)
result <- 0
for(iin 1:m) {
samp <- rbind(GENERATE (mvec, Zo, r * n), GENERATE(mvec, 2, 1> k*n)
cov <-var(samp{(l:n), ])
covavg <- cov
gvprod <- prod(eigen(cov)$values)
for(gin 2:1) {
cov <- var(samp[((((g - 1) * n) + 1):(g * n)), ])
covavg <- ((g - 1) * covavg + cov)/g
gvprod <- gvprod * prod(eigen(cov)$values)

}
g<-r+1
repeat {
cov <- var(samp[((((g - 1) * n) + 1):(g * n)), )
covavg <- ((g - 1) * covavg + cov)/g
gvprod <- gvprod * prod(eigen(cov)$values)
statl <- -2 * log((gvprod™(0.5 * (n - 1)))/(prod(eigen(covavg)$values)*(0.5 *
g*(n-1))
if(statl > cvvec[g - 1]) {
result <- result + 1
break
}
g<-g+1
if(g > r + k){
break
3
}
}
result <- result / noiter
result
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"PROG11"<-
function(p, n, noiter)

{
B

# This Splus program simulates the false signal rate of |S|'* chart with ‘3-sigma’ limits #

# p - dimension, n - subgroup size, noiter - number of replications. #
HHHH R R AR RBHHR AR HARAHRRRR
gsize <- noiter * n
result <- 0
prodl <-1
prod2 <- 1
for(iin 1:p) {
prodl <- prodl * (n - 1)
prod2 <- prod2 * (gamma((n - i + 1)/2)/gamma((n - i)/2))
} .
b3 <- (2/(n - 1))*(p/2) * prod2
b4 <- (n - D~( - p) * (prodl - ((2p) * (prod2”2)))
LCL <-b3 - (3 * sqrt(b4))
UCL <-b3 + (3 * sqrt(b4))
samp <- GENERATE(rep(0,p),diag(p),gsize)
for(j in 1:noiter) {
temp <- sqrt(prod(eigen(var(samp{((G - 1) * n) + 1):( * ), $values))
if((temp > UCL) || (temp < LCL)) {
result <- result + 1

}
}
result <- result / noiter
result
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"PROG12"<-
function(p, n, O, noiter)
{

#

HHHHHHHHRRR AR AR

# This Splus program simulates the lower and upper 100 o th percentiles of |S|”2 for a multivariate #

# normal distribution. p - dimension, n - subgroup size, noiter - number of replications. #
SRR R R
#

result <- numeric(noiter)
for(j in 1:noiter) {
randsamp <- GENERATE(rep(0,p),diag(p),n)
result[j] <- sqrt(prod(eigen(var(randsamp))$values))
3

result <- sort(result)

L <- (result[floor(0.5 * a * noiter)] + result[floor(0.5 * a * noiter) + 1])/2

U <- (result[ceiling((1 - 0.5 * o )*noiter)] + result[ceiling((1-0.5* & ) *noiter)-1])/2
cL,U)
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"GENERATE"<-
function( 1, 2., n)

{
#

AR AR AR : H :
# This Splus subroutine, which is called by PROG1, PROG2, PROG3, PROG4, PROGS, PROG6 #
# PROG7, PROGS, PROGY and PROG10, generates n random vectors from multivariate normal #
# distribution with mean vector L. and variance-covariance matrix .. #
HHHHHHHRRHAR AR
#

randsamp <- matrix(rnorm(n*length( | )),n,length( 1L ), T) %*%

chol( X ) + matrix( W ,n,length( 1L ),T)

randsamp

}
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"DISPER"<-

function(samp, n, popmat, ()

{

#

HHHHHHHHRHERHARHBH AR :
# This Splus subroutine, which is called by PROG7, computes the number of samples in samp that #
# result in a signal by the proposed dispersion control technique (process variance-covariance matrix #
# assumed known) and the associated Fisher and Tippett procedures when the control limit is set at  #
#1000 % sig. level. #
HHHHH R R R R R AR
#

p <- ncol(samp)
m <- nrow(samp)/n
result <- matrix(0, m, 2 *p - 1))
nosing <-0
flag <-0
propres <- numeric(m)
fisherres <- numeric(m)
tippettres <- numeric(m)
sampmat <- vector("list", m)
for(j in 1:m) {
sampmat[[j]] <- vector("list", p)
3
cov <- var(samp[1:n,])
sampmat[[1]][[1]] <- cov
if(qr(cov[(1:(p-1)),(1:(p-1)])$rank < (p-1){
sampmat[[1]][[p]] <- -99

flag <- 1
}
else {
sampmat[[1]]{[p]] <- cov[p, p] - covip, (1:(p - ))] %*% solve(cov[(1:(p - 1)), (1:(p -
1))]) %*% cov[p, (1:(p - )]
}
if(flag == 0){

for(iin 2:(p - 1)) {
if(qr(cov[(1:(i-1)),(1:(i-1))])$rank < (i-1)){
sampmat[[1]][[p]] <- -99
break

}
sampmat[[1]][[i]] <- cov[(@i:p), (i:p)] - cov[(i:p), (1:(i - 1))] %*% solve(cov[(1:( - 1)),
(1:3i - 1)) %*% t(cov[(i:p), (1:(G - D]
}
¥
for(j in 2:m) {
cov <- var(samp[(((j-1)*n)+1):(G*n),])
sampmat[[j]1[[1]] <- cov
sampmat[[j]] <- DISPERinner1(cov,sampmat,j,p)
}
for(j in 1:m) {
if(sampmat[[i]][[p)] == -99){
result[j,] <- rep(0,2*p-1)
nosing <- nosing + 1

3
elsef{
result[j, ] <- DISPERinner2(sampmat, popmat, result, j, n, p)
result[j, ] <- DISPERinner3(sampmat, popmat, result, j, n, p)
¥
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}
for(iin 1:(2*p-1)){
propres[1:m] <- propres[1:m] + result[(1:m),i]*2
fisherres[1:m] <- fisherres[1:m] + (-2 * log(rep(1,m)-pchisq(result[( 1:m),i]"2,1)))
}
for(i in 1:m){
tippettres[i] <- min(rep(1,2*p - 1) - pehisq(result[i,(1:2*p - 1))]*2,1))
}
propres <- length(propres[propres > qchisq(1-at ,2*p-1)])
fisherres <- length(fisherres[fisherres > qchisq(l-ot, 2*(2*p - 1))])
tippettres <- length(tippettres|tippettres <= (1-(1 - 1/2*p - D)
results <- c(propres, fisherres, tippettres) / (m - nosing)
results
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"DISPERinner1"<-

function(cov,sampmat,j,p)

{

#

HHHHAHHERHEE FHEHHEHHEHHE R
# This Splus subroutine is called by DISPER. #

W R R AR R
#
flag <-0
if(qr(cov[(1:(p-1)),(1:(p-1))D)$rank < (p-1)){
sampmat{[j]1{[p]] <- -99

flag <- 1
}
else{
sampmat[[j]1[[p]] <- cov[p,p] - cov[p,(1:(p-1))] %*% solve(cov[(1:(p-1)).(1:(P-1)])
- %*% cov[p,(1:(p-1))]
}
if(flag == 0){

for(iin 2:(p - 1)) {
if(qr(cov[(1:(i-1)),(1:(i-1))$rank < (i-1)){
sampmat[[j]]{[p]] <- -99
break
}
sampmat{[j]}[[i]] <- cov[(i:p), (i:p)] - cov[(i:p), (1:(i - 1))] %*% solve(cov[(1:(i - 1)),
(1:(3i - 1)) %*% t(cov[(i:p), (1:(1 - 1]
}
}

sampmat([j]]
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"DISPERinner2"<-
function(sampmat, popmat, result, j, n, p)

{
#
# This Splus subroutine is called by DISPER. #
#
for(i in 1:p) {
result[j, i] <- ((n - 1) * sampmat[[j]][[i]][1, 1])/popmat[[i]][L, 1]
result[j, i] <- gnorm(pchisq(result[j, i}, n - 1), 0, 1)
¥
result[j, ]
¥
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"DISPERinner3"<-
function(sampmat, popmat, result, j, n, p)

{
#
HHHHEHHRRARHHRHRH R
# This Splus subroutine is called by DISPER. #
#####—##########:#—###### HHHH A SR S L H ####################
#
foriin(p+1):(2*p-1){
temp <- (sampmat[[jI1[[i - plI[1, (2:(2 * p - i + 1))}/sampmat[[j]][[i - pII[1, 1] -
popmat[[i - p]i[1, (2:(2 * p - 1 + 1))I/popmat[[i - p]i[1, 1])
result[j, i] <- (n - 1) * sampmat[[j]][[i - p]][1, 1] * temp %*% solve(popmat[[i - p +
11D %*% temp
result{j, i] <- qgnorm(pchisq(result(j, i], 2 * p-1), 0, 1)
}
result[j, ]
}
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