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AN INEQUALITY OF OSTROWSKI TYPE FOR MAPPINGS
WHOSE SECOND DERIVATIVES BELONG TO L, (A, B) AND
APPLICATIONS

P. CERONE, S.S. DRAGOMIR AND J. ROUMELIOTIS

ABSTRACT. An inequality of Ostrowski type for twice differentiable mappings whose derivatives
belong to Li (a,b) and applications in Numerical Integration and for special means (logarithmic
mean, identric mean, p-logarithmic mean etc...) are given.

1 INTRODUCTION

In 1938, Ostrowski (see for example [3, p. 468]) proved the following integral inequality:

Theorem 1.1. Let f : I C R — R be a differentiable mapping on I° (I°is the interior of I),

and let a,b € I° with a < b. If f' : (a,b) = R is bounded on (a,b), i.e., ||f'||, := sup |f' (t)] <
t€(a,b)
00, then we have the inequality:

1 1 (z— )’
(1.1) f(w)—b_a/f(t)dt < Z+ﬁ] O-a)llf'lle

for all x € [a,b].
The constant i s sharp in the sense that it can not be replaced by a smaller one.

For some applications of Ostrowski’s inequality to some special means and some numerical
quadrature rules, we refer to the recent paper [1] by S.S. Dragomir and S. Wang.

In paper [2], the same authors considered another inequality of Ostrowski type for ||-||; norm
as follows:

Theorem 1.2. Let f : I C R — R be a differentiable mapping in I° and a,b € I° with a < b.
If f' € Ly [a,b], then we have the inequality:

(1.2 f@) - [ 10 <

1 |w_aT+b| i
§+W L[],

for all x € [a,b].

They also pointed out some applications of (1.2) in Numerical Integration as well as for
special means.

In 1976, G.V. Milovanovié¢ and J.E. Pecari¢ proved a generalization of Ostrowski’s inequality
for n-time differentiable mappings (see for example [3, p. 468]) from which we would like to
mention only the case of twice differentiable mappings [3, p. 470]:
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52 Cerone, Dragomir and Roumeliotis

Theorem 1.3. Let f : [a,b] — R be a twice differentiable mapping such that f" : (a,b) - R

is bounded on (a,b), i.e., ||f"||., = sup [f" (t)] < oo. Then we have the inequality:
te(a,b)

(1.3)

for all z € (a,b).

In this paper we point out an inequality of Ostrowski type for twice differentiable mappings
which is in terms of the ||-[|; -norm of the second derivative f” and apply it in numerical
integration and for some special means such as : logarithmic mean, identric mean, p-logarithmic
mean etc.

2 SOME INTEGRAL INEQUALITIES

The following inequality of Ostrowski’s type for mappings which are twice differentiable, holds.

Theorem 2.1. Let f : [a,b] = R be continuous on [a,b], twice differentiable on (a,b) and
f" € Ly (a,b). Then we have the inequality:

bia/bf(wdt— (m—“;”) 7' (2)

1 a+b| 1 > b—a. .,
< - S (b— <
<) (‘ 5 \+2<b a)) 17 < 25 0

(2.1) fle) =

for all z € [a,b].

Proof. Let us define the mapping K (-,-) : [a, b]2 — R given by

it t € [a, ]
K (z,t) :=

it t € (z,0]

Integrating by parts, we have successively

b

/K (z,t) f" (t) dt

a

Y 2 b 2
:/L;“) £ () dt+/7(t 2b) £ (1) dt

b

b
— [ t=b)f (t)dt

T T

(t — b)2 '
=
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An Ostrowski Type Inequality for f"" € L1 (a,b) 53

T

b

-0 (o= ) r@--af@+ [ fow

a

from where we get the integral identity:

b
a+b

(2.2) /bf(t)dt:(b—a)f(:r)—(b—a) <:r— 5 )f’(a:)+/K(m,t)f”(t)dt

for all « € [a,b], which is interesting in itself, too.
Using the identity (2.2) we have

23 ‘f(w) - /b - (o= ) @)

a T

[ 2 b 2
<[ Sl [L5 If”(t)ldt]

(z - )’

S 1w+ C52 [ <t>|dt]

9 9 T b
< biamax{(m;a) L) }[/|f”(t)|dt+/|f”(t)|dt],

Now, let observe that
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54 Cerone, Dragomir and Roumeliotis

1 a+b| 1 ?
—§<‘w— 5 ‘+§(b—a)>.

Using (2.3) we deduce the desired inequality (2.1). B
Corollary 2.2. Let f be as above. Then we have the mid-point inequality:

a+b 1
(24 1(50) -+ < O-a)llf"l,.
The following trapezoid inequality also holds:
Corollary 2.3. Under the above assumptions we have:
b
f(a)+f(b) 1 / b—a ' i
(25) O a2 ) - £ @)
1

<5 G-a)llf"ll,-

Proof. Choose in (2.1) z = a and z = b to get:

b
b—a

f@-5= [rwa+ 301 @ <

n

and

_b—a
2

n

rol<=

Adding the above two inequalities, using the triangle inequality and dividing by 2, we get
the desired inequality (2.5). I

3 APPLICATIONS IN NUMERICAL INTEGRATION
Let I :a =129 < 21 < ... < Tp_1 < &, = b be a division of the interval [a,b], &; € [z, Tit1]
(1 =0,...,n—1). We have the following quadrature formula:

Theorem 3.1. Let f : [a,b] = R be continuous on [a,b] and twice differentiable on (a,b),
whose second derivative f" : (a,b) = R belongs to Ly (a,b), i.e.,

N = f |f" ()| dt < oco. Then the following perturbed Riemann’s type quadrature formula

holds:
b

(3.1) / F(@)de = A(f, 6, 1,) + R (f, f',6, 1)

a
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where
n—1 n—1
A1) = Y s (€)= 3 160 (6 - 252 )
=0 i=0

and the remainder satisfies the estimation:

11 Tr; + x; 2
(3.2) |R(f, f,& 1) < 3 bV(h) + Z':Osulon_l & — % £l
v? (h
<2y,

for all &; as above, where v (h) = max {z;11 —z;|i =0,...,n —1}.
Proof. Apply Theorem 2.1 on the interval [z;, ;1] (i =0,...,n — 1) to get

i1
Ti+ Tip

[ roa-mie+ (6" e

Zq

:
< Z
-2

Summing over ¢ from 0 to n — 1 and using the generalized triangle inequality we deduce :

Tif1
1

+5 (@i = l’i)>2 / |f" ()] dt.

T+ T
2

&

T

= n 2 Tt
X Tit1
RUSEIN <53 [5G -+ [ - ZEEN [ i opa
=0 2
1 1 " 2n—1 Titl
ZT; ZT;
<5 s |- kg - TS [ ola
21:0,...,n71 2 2 i—0
1= z;
11 T+ w1 |17
B Tt Tip1 "
<3|t _sw e - SEE e,

and the estimation (3.2) is obtained. N

Remark 3.1. If we choose above &; = %, we recapture the midpoint quadrature formula

b
/ f (@) dz = Ay (£,1,) + Ras (£, 1)

where the remainder Ry (f, 1) satisfies the estimation

(B (£, 1)l < 50 () 1£",
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4 APPLICATIONS FOR SPECIAL MEANS
Let us recall the following means :

(a) The arithmetic mean

a+b

A= Alab) ===,

a,b>0;

(b) The geometric mean:
G =G (a,b) :=Vab,  a,b>0;

(¢) The harmonic mean:

2
H:H(a7b)::1 17 a7b>07
at
(d) The logarithmic mean:
a ifa=5
L=L(a,b):= b—a a,b>0;
—_— ifa#b
Inb—Ina
(e) The identric mean:
a ifa=5
I=1(a,b):= 1 a,b > 0;

(f) The p-logarithmic mean:

where, p € R\ {-1,0},a,b > 0.
The following simple relationships are known in the literature
H<G<L<I<A.
It is also known that L, is monotonically increasing in p € R with Lo = I and L_; = L.

Consider the mapping f : (0,00) = R, f(z) = 2", r € R\ {-1,0}.
Then we have for 0 < a < b:

and

1£" 1l = 1r (r = DI (b —a) LZ{ (a,b).
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Using the inequality (2.1) we get :
(4.1) |a" — L —r(z— A)z"!|

1 2

<5 lle-Al+50-a)| Ir(r—DIL5

DN | =

for all z € [a,b].
If in (4.1) we choose z = A, we get

(42) |Ar —Lﬂ < |T (T_ 1)|(b_a)2

Consider the mapping f : (0,00) = R, f (z) = ;.
Then we have for 0 < a < b:

and
1£71l, = 2(b—a) L5 (a,b).
Using the inequality (2.1), we get :

1 1+a:—A
z L 2

1 2
‘SL‘i A+ 50—

which is equivalent to
1 2
(4.3) |z (L —2)+ L(zx—A)| <2’LL"3 {|w — Al + 3 (b - a)}

for all z € [a,b].
Now, if we choose in (4.3), z = A, we get

(4.4) 0<A-L< iALng (b—a)*.

If in (4.3) we choose z = L, we get

2
(4.5) ogA—LngL—g[L—A+%(b—a)

Let us consider the mapping f () =Inz, z € [a,b] C (0,00).
Then we have :

b
bia/f(:r)dmzlnf(a,b),

a

and

1£"1l; = (b= a) L=3(a, b).
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Then the inequality (2.1) gives us

(4.6)

Inz —Inl —

:L’—A‘

1 1 2

for all € [a,b].
Now, if in (4.6) we choose z = A, we get

(4.7) 1< 4 <exp [1 (b—a)® L%} -
1 8
If in (4.6) we choose z = I, we get
I 1 o,
(4.8) 0§A—I§§ A—I+§(b—a) LS.
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