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ON SIMPSON’S QUADRATURE FORMULA FOR
DIFFERENTIABLE MAPPINGS WHOSE DERIVATIVES
BELONG TO Lp-SPACES AND APPLICATIONS

S.S. DRAGOMIR

ABSTRACT. An estimation of remainder for Simpson’s quadrature formula for differentiable map-
pings whose derivatives belong to L,—spaces and applications in theory of special means (loga-
rithmic mean, identric mean etc...) are given.

1 INTRODUCTION

The following inequality is well known in the literature as the
Simpson’s inequality :

b

(1.1) /f(w)dm_ b;a {f(a);f(b) oy (a;b)}

a

< g |7 0~

where the mapping f : [a,b] — R is supposed to be four time continuous differentiable on the
interval (a,b) and having the fourth derivative bounded on (a,b), that is

Hf(4)H = sup ‘f(4)(a:)‘ < 0.
0 z€(a,b)

Now, if we assume that I, :a =29 < 21 < ... < z,_1 < T, = b is a partition of the interval
[a,b] and f is as above, then we have the Simpson’s quadrature formula:

b
(1.2) / f(@)dz = As(f.1n) + Rs(f, )

where Ag(f, 1) is the Simpson’s rule

IS e + b+ Zf<m>hz

=0

OJIH

(1.3) s(f,In) =

and the remainder term Rgs(f,I;) satisfies the estimation

(1.4) |Rs(f,In)] < 5ees 2880 Jrel Zh5

where h; := z;41 —x; for i =0,...,n — 1.
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88 Dragomir

When we have an equidistant partitioning of [a, b] given by

(1.5) I, x;:=a+ i i=0,..,n
then we have the formula
b
(1.6) [ 1@z = Asal) + Bnl)
where
b—q 2 b—a. b—a .
Asn(f) = —~ ; {f <a+ - z) + f <a+ - (Z+1)>}

2(b— a) = b—a 2i+1
1. _ -
(1.7) +=5 §f<a+ - 5 )
and the remainder satisfies the estimation

1 (b—a)

1— D1 gy O ]
(18) I Il

In the recent paper [1] the author proved the following result for lipschitzian mappings

Theorem 1.1. Let f : [a,b] — R be an L—lipschitzian mapping on [a,b]. Then we have the
inequality

(1.9) /bf(m)dm_ b;a [f(a)+f(b) Lo (mbﬂ

2 2

5
< =—L(b—a).
< oL(b-a)
The following corollary is useful in practice:

Corollary 1.2. Suppose that f : [a,b] = R is continuous on [a,b] and differentiable on (a,b),
whose derivative is bounded on (a,b), i.e.,

1l := sup |f'(z)| < 0.

z€(a,b
Then we have the inequality
b
(1.10) /f(w)dm—b;a f(a);f(b)Jer (“;bﬂ

5
< = If —a)’.
< 36 £ )l (b —a)

In [2], S.S. Dragomir proved a version of Simpson’s inequality for mappings with bounded
variation as follows:

Theorem 1.3. Let f : [a,b] = R be a mapping with bounded variation on [a,b]. Then we have
the inequality

(1.11) /bf(m)dm_ b—a [f(a)+f(b) +2f<a-2+b>}
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On Simpson’s Quadrature Formula 89

where \/Z(f) denotes the total variation of f on the interval [a,b].
The constant % is the best possible.

The following corollary is useful in practice

Corollary 1.4. Suppose that f : [a,b] = R is continuous on [a,b] and differentiable on (a,b),
whose derivative is integrable on (a,b), i.e.,

b
1] == /|f’(m)|dm < 0.

Then we have the inequality

(1.12) /bf(m)dm_ b;a {f(a)+f(b) Lo (mbﬂ

2 2

<

171l (b= a)*.

Wl =

For some other integral inequalities see the recent book [3].
The main aim of this paper is to point out some bounds of the remainder in terms of p—norm
of the derivative f’ and apply them for composite quadrature formulae and for special means.

2 SIMPSON’S INEQUALITY IN TERMS OF p-NORMS
The following result holds:

Theorem 2.1. Let f : [a,b] = R be continuous on [a,b] and differentiable on (a,b), whose
derivative belongs to L,(a,b). Then we have the inequality

b

(2.1) /f(w)dm_ b;a {f(a);f(b) oy (a;b)}

a

q+1
L[zttt
“6[3(¢+1)

1 . 1
! | @-arrtis,

R
where st = 1,p> 1.
Proof. Using the integration by parts formula we have:
b
(2.2) / s(z) f'(z)dx
a

_b—af@)+ )
3 2

a b
20500 - [ fwys

where
da+0b
S ey
s(x):=
ab
_a—g ) T [GT—H)ab]
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Indeed,
/ , 7 5a+b\ i a+5b\
/s(a:)f(:r)d:r:/( - —% >f(:r)d:r+/< i >f()da:

and the identity is proved.
Applying Holder’s integral inequality we get

b b q
(2.3) / s(2) ' (¢)de| < ( / |s(x>|qclx> 171,

Let us compute

atb

b =
b
/|S($)|qdw: / ‘m—5ag_

q

dx

b
q
b
dx + / ‘w—a+5
6
atb

2

o
Q
+
o
Q
+
o

b q
x—5a6+ ) dx

|
—
N
ot
S
>+
S
|
8
N——
_
U
8
+
\N‘
/N

(=}

—

b q
<x—a25> dx

2 6
Satb ath
1 5a+ b e N 5a+b\ " 7
= 71 5 T T 5

b
<a+5b >q“ 6 ( a+5b>q“ |
6 a+b 6 a+SbJ
2 6

a
<a +5b a:) e+
6
a+5b

5a+b
6
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n a+5b_a+b q+1+ b_a+5b ot
6 2 6

B (2q+1 + 1)(b _ a)q+1
- 3(q + 1)6¢
Now, using the inequality (2.3) and the identity (2.2) we deduce the desired result (2.1).

The following corollary for Simpson’s composite formula holds:

Corollary 2.2. Let f and I}, be as above. Then we have Simpson’s rule (1.2) and the remainder
Rs(f, In) satisfies the estimation

(2.4 Rs(f1)| < & [ﬁ

111, (Z h”“’)

Proof. Apply Theorem 2.1 on the interval [z;, ;1] (i = 0,...,n — 1) to get

1 [2¢+ 41 : , 1 Tit1 o 1
<5 [m} F1l,, hi / | ()| dt

Zq

Summing the above inequalities over i from 0 to n — 1, using the generalized triangle in-
equality and Hélder’s discrete inequality, we get

n—1| %+t

|Rs(f, In)| < ; / f(z)dr — % [W rof (wl +25”i+1>]

T

1
P

1 i1

120 4177 e 141
< |- E h, ¢ ") dt
—6[3(“1)} i /'f“'

3 =
hS]
=

g+1 n—1 q % n—1 Tit1
<3 5ern| (2( )) |z [ irora

120t +1 1
== |=— hte
¢ [3es } 11, }:
and the corollary is proved. i

The case of equidistant partitioning is embodied in the following corollary:

Corollary 2.3. Let f be as above and if I, is an equidistant partitioning of [a,b], then we have
th estimation

20+l 4 1 P 141
z - bh— 2 1.

1
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Remark 2.1. If we want to approximate the integral f; f(z)dx by Simpson’s formula As »(f)
with an accuracy less that € > 0, we need at least n. € N points for the division I, where

1 /20t 41\ 7 -
e == | 77— b—a)Ta|f

and [r] denotes the integer part of r € R.

+1

Remark 2.2. If the mapping f : [a,b] — R is neither four time differentiable nor the fourth
derivative is bounded on (a,b), then we can not apply the classical estimation in Simpson’s
formula using the fourth derivative. But if we assume that f' € Ly(a,b), then we can use
instead of (1.4), the formula (2.4).

We give here a class of mappings whose first derivatives belong to Ly(a,b) but having the fourth
derivatives unbounded on the given interval.

Let fs : [a,b] = R, fs(x) := (z — a)® where s € (3,4). Then obviously

fi(x) == s(x —a)* 1, x € (a,b)

and
@)y — s(s—=1)(s —2)(s —3) b
f0) = =D e
. . 4, \ o (=)
It is clear that lim fs"(z) = +oo but || f;]|, = s———7 < 0.
e—at ((s=L)p+1)#

3 APPLICATIONS FOR SPECIAL MEANS
Let us recall the following means:

1. Arithmetic mean

A= A(a,b) = , a,b>0;

2. Geometric mean
G = G(a,b) :=Vab,  a,b>0;

3. Harmonic mean

2
H = H(a,b) := +—, a,b>0;
= _+_ =
a b
4. Logarithmic mean
L=Lab) = —2"¢ a,b> 0,0 #b;
o " Inb—Ina’ ’ ’ '
5. Identric mean
1o
I:I(a,b)::g(ﬁ)b*a, a,b>0,a7éb;
6. p-Logarithmic mean
potl _ gptl 1w
S, = S,(a,b) = | ————— R\{-1,0 b>0 b.
p p(aa ) (p+1)(b—a) 7pe \{ ) }70'7 > ’a;é
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It is well known that .S, is monotonous nondecreasing over p € R with S_; := L and
So := I. In particular, we have the following inequalities

(3.1) H<G<L<I<A.

In what follows, by the use of Theorem 2.1, we point out some new inequalities for the above
means.

1. Let f:[a,b)] = R (0 < a <b), f(x) =2°,s € R\{-1,0}.
Then

a+b
2

—a/f(w)dw:Sg(a,b), f( ) = A%(a,b),

= A(a’,b") and (|l =] 5] S5, (b - a)b

Using the inequality (2.1) we get

1 2
(32) S;(a’a b) - §A(asa bs) - gAs(a'a b)
129+ 41 7 a1
=5 w} |s| 5(3_1),,(%5)(5 - a).

where%+%:1,p>1.

2. Let f:[a,b) = R (0 <a<b),f(z)=1
Then

bia/bf(w)dw =L a,b), f (“;b> = A" (a,b),

fla) + f(b)

5 = H7'(a,b) and [If]l, = S75,(a,b)(b—a)*

Using the inequality (2.1) we get
20+l 4 1 7 _
s

1
3.3 SHA - LA—2LH|< -AHL |=——| 872 (b—
(33 | < pann |2 s 30-a

3. Let f:[a,b] > R (0 <a<b),f(z)=Inz.
Then

bfa/bf(mdm:lnua,b), f< ! >:1nA(a,b),

a

fla) + 1(b) ;_ 1) =InA(a,b) and ||f'], = S:;)(a,b)(b - a)%.

Using the inequality (2.1) we get

(3.4) <

-Pp

2¢+1 4 1 a .
m] S (a, b)(b — Cl).

1
6

I
In GL/3 A2/3
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