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SOME INTEGRAL INEQUALITIES OF GRUSS TYPE

S.S. DRAGOMIR

ABSTRACT. Some classical and new integral inequalities of Griiss type are presented.

1 GRUSS INTEGRAL INEQUALITY

In 1935, G. Griiss, proved the following integral inequality which gives an estimation for the
integral of a product in terms of the product of integrals (see for example [1, p. 296])

b b
1

b_a/f(os)g(:c)dzbia/f(x)dx.bia/bg(x)dx

a a

< 1@

provided that f and g are two integrable functions on [a,b] and satisfying the condition
(1.1) p<f@)<®,  y<g(@)<T

for all z € [a,b].
The constant i is the best possible and is achieved for f (x) = g (z) = sgn (m — a—“’) .
We give here a weighted version of Griiss’ inequality

Theorem 1.1. Let f and g be two functions defined and integrable on [a,b]. If (1.1) holds for
each x € la,b], where @, ®,v,T are given real constants, and h : [a,b] — [0,00) is integrable
and f; h(z)dx > 0, then

b

(1.2) /bh(x)dx . /bf (z) g (z) h(z)dx — /f (z) h(z)dx - /bg (z) h(z)dzx

a

<

e

b
(@ — o) (T — ) /ﬁuwx

and the constant % is the best possible.

For the sake of completeness we give here a simple proof of this fact which is similar with
the classical one for unweighted case (compare with [1, p. 296]).
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96 Dragomir

Let us note that the following equality is valid:

(1.3) ; f(x) g (z) h(z)dx

/ / (@) = 9 ) A@)(y)dndy

)

Applying Cauchy-Buniakowski-Schwarz’s integral inequality for double integrals we have
2

b b
(1.4) bl> / / (f @) — £ ) (9 @) — g (4)) h()h(y)dedy

b b
= |5 1 2 (x) h(x)dx — . ! f (@) h(z)dx
fh( )d{E a fh( )dx a
2
1 / 1 /
x |~ g (@) h(x)dz — | ~ g () h(z)dx
[ J h(x)dz a

The following equality also holds

b b
- / 72 (@) h(z)dz — | — / f (@) hz)da
J h(@)dz [ h(z)dz a
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b
— |t 1@y
J h(z)dz a J h(z)dz a

- [@-1@) (@) - o) b

As, (& — f(x))(f(x) —¢) >0 for each x € [a,b], then

b

(1.5) . ! /f2 (z) h(z)dx — | - ! f(z) h(z)dx
[ h(z)dz a [ h(z)dz a
1 p 1 b
<|o-—— [r@h@as |- |5 (@) by~ |
[ h(z)dz a [ h(x)dz a

Similarly, we have

(1.6) - ! /92 (z) h(z)dx — | - L g (x) h(z)dz
[ h(z)dz a [ h(z)dz a
1 / 1 b
<|T-+ g (z) h(z)dz . /g () h(x)dx — v
J h(z)dz a J h(z)dz a

(1.7) !

:  (2) 9 (@) hiw)d
J h(z)dz a
1 b 1 /
S /f (z) h(z)dz - — g () h(z)dx
[ h(z)dz a [ h(z)dz a
. b . b
<|e- f(z) h(x)dx /f () h(x)dz — ¢
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b b

1 g — /g(x) h(a)de — 4
J h(z)dz a J h(x)dz a

Using the elementary inequality for real numbers:

4pg < (p+4)*,  pgeR
we can state
1 f 1 /
(1.8) 41— —— [ f@h(x)de | - | 7—— [ f@)h(@)de —¢
J h(z)dz a J h(z)dz a
<(@—p)
and
1 / 1 b
(1.9) 41— 5—— [ g(@)h(z)dx ; g (x) h(z)dx —~
[ h(x)dz a J h(x)dz a

< (-7

Now, combining (1.7) with (1.8) and (1.9) we deduce the desired inequality (1.2).
To prove the sharpness of (1.2), let choose h(x) =1,
f(2) =g (z) = sgn (z — “E) for all z € [a,b]. Then

bia/ﬂx)dxbia/bg(x)dxo,

a

S—-—p=T-—v=2
and the equality in (1.2) is realized.l

For other inequalities of Griiss type see the book [1], where many other references are given.
We omit the details.
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2 THE CASE WHEN BOTH MAPPINGS ARE LIPSCHITZIAN

The following inequality of Griiss’ type for lipschitzian mappings holds :

Theorem 2.1. Let f,g : [a,b] — R be two lipschitzian mappings with the constants L1 > 0
and Ly > 0, i.e.,

(2.1) [f (@) = F(y)l < Lafe —yl, g (2) =g (W) < La & —y|

for all z,y € [a,b]. If p: [a,b] — [0,00) is integrable, then
b b b b
e |[r@d [r@i@s@d- [p@)f@de [p@)g@

b

2
< LyLs /p(x)dm-/bp(a?)xzdx— (jp(m)xdat)

a
and the inequality is sharp.

Proof. By (2.1) we have that

|(f (@) = f ) (9(2) = g (W)] < LiLe (z — y)°
for all z,y € [a, b].

Multiplying by p () p (y) > 0 and integrating on |[a, b]z, we get
bob
[ [p@p) (¢ @ - ) (6 0) ~ 9 ) oy

J

a

IN

b
/p (@) p W) (f () = f (¥) (9 (=) — g (y))] dzdy

IA
~

1L

[

/b/bp(x)p(y) (x — y)* dady.

a

As it is easy to see that

N | =

b b
/ / (f (@) — F ) (9 () — 9 () p (2) p (v) daedy

:/bp(x)dx/bp(x)f(x)g(x)d:v—/bp(x)f(w)dx/bp(x)g(x)dff

and
2

;/b/bp(f)P(y) (x—y)dedy:/bp(x)d:v/bp(x)xde— (jp(x)xdx)

the inequality (2.2) is thus obtained.
Now, if we chose f () = L1z, g (x) = Loz, then f is L;—lipschitzian , g is Lo—lipschitzian
and the equality in (2.2) is realized for any p as above. 1

N NN AT A T P o 11 . x7r 1 4wt N v
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Corollary 2.2. Under the above assumptions, we have

b

(23 e [ 1@ x——/f )dar-

a

b
ia/g(x)dac

_ Ll (b—a)z.
= 12

The constant % 1s the best possible.

_ We note that the above corollary is a natural generalization of a well-known result by
Cebysev (see for example [1, p. 297]) :

Corollary 2.3. Let f,g : [a,b] — R be two differentiable mappings whose derivatives are
bounded on (a,b). Denote || f'|| ., = sup |f'(t)| < oo. Then we have the inequality:
te(a,b)

b b

(2.4) bia/f() (z dm——/f ) dz ia/g(x)dx

a

< oo 1191l

< 12 (b—a)®.

The constant % 1s the best possible.

3 THE CASE WHEN f IS LIPSCHITZIAN

We are able now to prove another inequality of Griiss type assuming that only one mapping is
lipschitzian as follows:

Theorem 3.1. Let f : [a,b] — R be a M—lipschitzian mapping on [a,b]. Then we have the

inequality:
. b
(3.1) b_a/f(x)g(x x—i/f ) dx - / () dx
Ml|glly provided that g € Ly [a, b]
M[ 2 ];(b )7 [lgll ided that g € Ly|a, b]
—_ —a)r rovided tha a,
< P+ (p+2) Mo P 9=t

1 1_ 1.
p>1 and;—kg—l,

9l o provided that g € Lo [a,b].

(b—a)’
M 3
Proof. We have that
lf (@) g () = f () g W)l <Mz —yllg ()l

for all ,y € [a,b], from where, by integration on |[a, b]2, we get that

b b b b
/ / (F (@) 9 (y) — £ (9) g () dady| < M / / 1 — ]| (4)] dady.

N NN TT A T E— o~ 11 . x7r 1 a4 T N
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But

b b

/b/b(f(x)g(y)—f(y)g(y))da:dy:/f(x)dx/bg(x)dm_(b_a)/f(x)g(m)dx_

a a

Now, if g € Ly [a,b], then

b b

b
//|x—y| 19 (9)| dady < (b — aymax|z —y| [ |g () dy = (b a)?|lgll,

J (@yelas? )

Now, assume that p > 1 and % + é =1, g € Ly [a,b]. Then by Hélder’s integral inequality

we have:
b b
[ [ 1=l @) ddy
1 1
b b P b b q
1
<\ [ [1e ol dody (//|g<y>qudy — K} (b—a)i gl
where
b b b /b
K ://|x—y|pdxdy=/ /|y—x\pdy dx

b x b
—/(/Ix—y”der/ly—xl”dy du

_/b[u—a)p*w(b—w)”“]d _ 2p—ap??
= x_(

p+1 p+1)(p+2)

a

and then we get

j / &~ yllg (y)| dedy < [Wlfwrw-aﬁ lall,

Finally, assuming that g € L [a,b], we have that

b b

b b p
b—a)’
[ [te=sllawlasay <lgl [ [1o=sldzay = CZ g

a

a
The theorem is thus proved. i

The following corollary is important in applications.

Corollary 3.2. Let f : [a,b] — R be a differentiable mapping whose derivative is bounded on
(a,b) . Then we have the inequality:

b b

(32) b_a/f(x)g(x)dwbia/f(w)dfﬂ’bia/bg(w)dx

a a

N NN AT A T P o 11 . x7r 1 4wt N v
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1 |l gy provided that g € L [a, b)

2

P 1 .
{(P‘FUM} (b—a)” || f'l« ||g||q provided that g € Ly [a, b]

1 1 _ 1.
p>1,;+a—1,

IN

h—
( 3 e) 1 oo 191 oo provided that g € Lo [a,b].

4 THE CASE WHEN f IS M — g-LIPSCHITZIAN

Another generalization of Griiss’ integral inequality is embodied in the following theorem:

Theorem 4.1. Let f, g : [a,b] — R be two integrable mappings on [a,b] such that

(4.1) [f (@) = f W) < Mlg(z) —g(y)l forall z,y € [a,b].

Then we have the inequality:

(42) /bp<x>dx~/bp<x>f<x>g<m>dx—/bp<x>f<x>dx-/bp<x>g<x>dx
b b b 2
<t | [p@ds [p@)@ @do— | [p)g)de

where p : [a,b] — [0,00) is an arbitrary integrable function on [a,b]. The inequality (4.2) is
sharp.

Proof. By condition (4.1) we have

(f (@) = f ) (9(@) =g ()| < M (g(x) —g(y))* forall 2,y € [a,b].

Multiplying by p (z) p (y) > 0 and integrating on [a, b]2 we get

b b
/ / p(@)p (W) (f (@) — F 1)) (g () — g (v)) dady

o

b

/ / p(@)p ) (f (2) — F @) (9 () — g ()| dady

IN

b b
<M / / p(@)p W) (9 (2) — g ()? dady

which is clearly equivalent to (4.2).

Now, if we choose f (x) = Mz, g () = z, then the equality in the above inequality is realized
for any p as above . 1

The following corollary is important for applications.

N NN TT A T E— o~ 11 . x7r 1 a4 T N
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Corollary 4.2. Let f,g : [a,b] — R be two differentiable mappings with ¢’ () # 0 on (a,b)
and there exists a constant M > 0 so that:

[ ()
g (v)

(4.3) <M forallx € (a,b).

Then we have the inequality (4.2). The inequality is sharp.

Proof. Use the Cauchy’s mean value theorem, i.e., for every z,y € [a, b] with  # y, there exists
a ¢ between z and y so that

Consequently, for each z,y € [a, b] we have

1f (@) = f W)l < Mlg(z) —g(y)l
i.e., (4.1) holds. Applying Theorem 4.1, we get (4.3) . I

Remark 4.1. Under the assumption of Corollary 4.2 we can choose

Remark 4.2. If f, g are as in the above theorem, then we have the inequality

[ ()
g (x)

f/
g

M = sup
z€(a,b)

)
o0

assuming that the norm is finite.

(4.4) L /f() (2) da — 7a/f ) da -

b
1
< 2 -
<M 5 /g (z)dx b

—a
a

e
foo)

and the inequality is sharp.
2. If f,g are as in Corollary 4.2, then we have the inequality

_— /f()(dm——/f )dz a/bg

S|

b
1
g\g, g G

o0
and the inequality is sharp.

5 THE CASE WHEN BoTH MAPPINGS ARE OF HOLDER TYPE

In this section we point out a Griiss’ type inequality for mappings satisfying the condition of
Holder as follows :

N NN AT A T P o 11 . x7r 1 4wt N v
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Theorem 5.1. Suppose that f is of r—Hélder type and g is of s—Hdlder, i.e.,

(5.1) f@) —fWI<Hi|lz—y" and |g(z)—gy)|<Halz -yl
for all z,y € [a,b], where Hy,Hs > 0 and r,s € (0,1] are fired. Then we have the inequality:

b

bia/ﬂx)g(w)dzb_lafbf<w>dﬂf'bia/b9mdx

a

(5.2)

H Hy (b—a)™**
T (r+s+1)(r+s+2)°

Proof. By the assumption (5.1) we have

((f () = f(y) (g(2) —g(y)| < HiHa |z —y|"™*

for all z,y € [a,b].
Integrating on [a, b]2 we get

b b
/ / (f @) — £ ) (9 (@) — g (4)) dudy

b b

b b
< [ [ 1@ - 1) @@ ~gw)ldudy < ity [ [ o=y dody.

a

Now, we observe that :

b b b b
z — " dedy = — 2" dy | dx
|z — vy Yy ly — x| Yy
b - b
- / (/ (x —y)" " dy + / (y—a) " dy) dx

a x

b

B / (:L' . a)T+S+1 + (b o x)’l“+8+1 dm
B r+s+1

B 2(b7&)r+s+1
(r+s+1)(r+s+2)

and as

b

b
/ / (f (@) — F W) (g (@) — g (v) dedy

a

N | =

=(b—a)/bf(w)g(x)dw—/bf(x)dl“'/bg(x)dx

a

we get the desired inequality (5.2). I
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6 THE CASE WHEN f'AND ¢’ BELONG TO SOME L,-SPACES

In this section we point out some inequalities of Griiss’ type for differentiable mappings whose
derivatives belong firstly to L (a,b), then to L, (a,b) (p > 1) and finally to L, (a,b) .

Theorem 6.1. Let f,g : [a,b] — R be two differentiable mappings on (a,b) and p : [a,b] —
[0,00) is integrable on [a,b] . If f', ¢’ € Lo (a,b), then we have the inequality

b b b b
(6.1) /p(m)dx~/p(x)f(z)g(af)d:c—/p(x)f(z)dx-/p(x)g(x)dz

a a

Yy Y

< Mloo 1191l /p(x) dw/bp(x)de:c— /bp(x)xdx)

a

Moreover, the inequality (6.1)is sharp.

Proof. Let observe that for any x,y € [a,b] we have that

(f (@)~ ) (9(2) — g (1) = / / () g (=) dtd=.

As ', ¢’ € Lo (a,b), then we have

pE@)pW)I(f (=)= f(y)(9(x)—g))l
< /If’ ()] at /Ig’ () dz|{p(@)p ¥) < 1/l 190 (@ —1)* P (2) P (y)

for all z,y € [a,b].
By the properties of the modulus, we have

b b
(6.2) / / p(@)p W) (f (@) — F 1) (9 () — g (4)) dady

s/b/bp(w)p(y) /ylf’ (t)]dt /ylg’ (2)] dz| dxdy

b b
<11 [ [ @ =) p@)p () dod

from where we get the desired inequality (6.1) .

N NN AT A T P o 11 . x7r 1 4wt N v
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To prove the sharpness of (6.1), let consider the mappings f (z) = ax + 3, g(x) = vz + ¢
(a,y>0, 8,6 € R) on [a,b]. A simple calculation gives

b

jp(f)dx~jp(x)f(x)g($)dx—/p(x)f(x)dx'jp(x)g(z)dx

a

_;/b/bpmp(y) /yf’(t)ldt /y|g'<z>dz dody
b

= 1" 9l /bp(rC)d:v/bp(m)xde— /p(z)xdz

a a

= //x— p (y) dxdy

which proves that we can have equality in all inequalities in (6.1) .

The following corollary holds.

Corollary 6.2. With the above assumptions on the mappings f,g, we have :
. b
(63 [ f@e d:c——/f di

/ (z) dx
1 b by Y / ’
<3 [ [ 17 ora|[1g e any < L]l g g,

respectively, are the best possible.

The constants 5 and 127

Remark 6.1. We shall show that some time the estimation given by classical Griiss’ inequality

for the difference
1 b b 1 b
o [ @s@do [ fde = [g@)ds

is better than the estimation (6.3) and some other time the other way around.

Let f,g:[0,1] — [0,00) given by f (z) =P, g¢g(x)=29,  p,q> 1. Then

o= inf f(£)=0, @= sup f(x)=1
z€[0,1] z€0,1]
z€[0,1] z€[0,1]

Also we have

f@)=pa™, g (x)=qz"", 2€[0,1]

N NN TT A T E— o~ 11 . x7r 1 a4 T N
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and obviously [|f'|| =2, [19'llc = ¢
Now, we observe that

(@) (=)=

A~

and

1 Moo 19"l oo 2 Pq

107

Consequently, if pg > 3 , then the bound provided by Griiss’ inequality is better than the

bound provided by (6.3). If pg < 3 (p,q > 1) then (6.3) is better than (1.1).

Remark 6.2. The inequality (6.3) is also a refinement of Cebysev’s inequality embodied in

Corollary 2.2.
The following theorem also holds

Theorem 6.3. Let f,g : [a,b] — R be two differentiable mappings on (a,b) and p : [a,b] —
[0, 00) is integrable on [a,b]. If f' € Ly (a,b), ¢’ € Lg (a,b) with a > 1 and L + % =1, then we

have the inequality

b b b
(6.4) /p<x> dw/p(m)f(x)g(x) dz — /p(a:)f(x) i -

a

<3 /b/bp<x>p<y>|x—y| 7|f’(t)°‘dt dady

b b
1
<5 170515 [ [ 1= slp () p o) dody

Note that, the first inequality in (6.4) is sharp.

Proof. Using Holder’s inequality for double integrals, we have

/y/y [f' () g' (2)] dtdz

1
@

IN

Yy é Y B
|z / ()" de / g (0)]° dt

x €T

N NN AT A T P o 11 . x7r 1 4wt N v

/y / f (1) dtdz / / |g'<z>\ﬁdtdzﬁ

Yy é Yy
1 o ES o
| /\f’(t)l dt| o —yp} /|g’<z>| dz
1

p(x)g(x)de

@

1
B
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Now, as in the proof of Theorem 6.1, we have :

b b
/ / p(@)p (W) (f (@) — F 1)) (g () — g (v)) dady

] frons

/\f 2)| dtdz| dxdy
B
// Ix—yl/lf (1))° dt /|g W de| dudy.
Using again Holder’s inequality for double integrals, we have
b b 5
(6.5) / / p(@)p ) le —yl / O di / 6 () dz|  dady

Q=

/ If' ()" dt dxdy)

Yy B
/ 19 (2)]° dz dxdy>

and, as

the inequality (6.5) and (6.6) provide the first inequality in (6.4) .
Now, let observe that

O dt| <1112, () dz| < g1l

1
dxdy)

for all z,y € [a,b], and then

(] frwe-s

Y

JEAUC

x

Dragomir
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1
Y B

x /b/bp(x)p(y) |z —yl /Ig’(Z)IBdt dzdy

T

Q=

a

b b
<11 // wle—yldedy | x g1l //p 9o — y| dedy
= 171l / / W)le — | dedy

and the second inequality in (6.4) is also proved.
For the sharpness of the first inequality in (6.4) , let consider the mappings f, g : [a,b] — R,
f(x) =mx+mn,g(x) = sz + 2z with m, ¢t > 0. Then, obviously

]p(w)dx/bp(x)f(x)g(x)df—/bp(x)f(x)dfﬂ'/bp(ff)g(x)dx

and
Yy Y
/| (O] dt —m“|x—y|,/|g<>|ﬁdz = Pl —y
then
b b Yy é
//p<x>p<y>|x—y| /| (O] dt| dudy
a a x

=

=ms/b/bp(x)p(y) (x —y)* dady

and the equality is realized in the first inequality in (6.4). I
The following corollary holds.

N NN AT A T P o 11 . x7r 1 4wt N v
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Corollary 6.4. Let f,g be as above. Then we have the inequality

b
ia/g(x)dff

1
a

b b

(67 [t @e@dr - [ f)ds

a a

b b y
_1a)2//|$—y||/|f’ (t) |*dt| dwdy

IA
N =

1
B

o
o

Yy
| / 9" (t) |°dt|ddy

1
< 51N llg'll (b= a).

The first inequality in (6.7) is sharp.
In a similar way we can prove the following theorem:

Theorem 6.5. Let f,g : [a,b] — R be two differentiable mappings on (a,b). If f' € Loo(a,b)
and g € Ly (a,b) then we have the inequalities:

b b b b
(0 [r@ds [p@ i @o@ - [p@) @i [pe)g@ s
) b b y
<3/ [perneia—ul s 17 01| [ 1f G| are

1
< 1Nl \h// e~y dsdy

The first inequality in (6.8) is sharp.
The following corollary also holds.

Corollary 6.6. Under the above assumptions for the mappings f and g, we have

b b b
(69) e [t @s@do - [ fde o [g@)ds
b b
< _GQ//p Ix—ylteblipy |f(t /Ig )| dz| dzdy
1

< 51l lglly (b = a).

The first inequality in (6.9) is sharp.

N NN TT A T E— o~ 11 . x7r 1 a4 T N
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Remark 6.3. We note that some time the upper bound provided by (6.4) is better than the
upper bound given by (6.8) and other time, the other way around.

Indeed, choosing f,¢:[0,1] = R, f (z) =2, g (x) = 27 (p,q > 1) we have

f@)=pe, g () =g, |If'lc=p Il =1,

p
1fllg=———=
[a(p—1)+1]=
and
nmoo_ q
19'll, =

B(g—1)+1]7

where a, 3 > 1 andé—f—%:l.
Also, let

1 D
A= 2F o gl =) = 2

and

1 g

Bi=—|f'l,g'llg(b—a)= = B
H ” ”9”5( ) 6[0[(p*1)+1]a[6(q71)+1]ﬁ

"6

If we choose a = 3 = 2, we get

Nl

[(2p+1) (2 +1)]
q

A
B

which can be greater or less than 1 for different values of p,q > 1.
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