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SOME REMARKS ON THE MIDPOINT RULE IN NUMERICAL
INTEGRATION

S.S. DRAGOMIR, P. CERONE AND A. SOFO

ABSTRACT. Using some classical results from the theory of inequalities (Griiss’ inequality, Hermite-
Hadamard’s inequality and others) we point out some quasi-midpoint quadrature formulae, for
which the errors of approximation are smaller than the error given for the classical approach.

1 INTRODUCTION.

The following inequality is well known in the literature as the midpoint inequality:

b
(11) Ji@an—s(“5) 0o < Uil= 0oy

where the mapping f : [a¢,0] C R — R is supposed to be twice differentiable on the interval
(a,b) and having the second derivative bounded on (a,b), that is,
I f"lo = sup [f"”(x)] < oo. Now if we assume that

z€(a,b)

In:a=x0 < < ..<Zp_1 <z, =>is a partition of the interval [a,b] and f is as above,

b
then we can approximate the integral [ f (z)dz by the midpoint quadrature formula Mr (f, Ir,)

having an error given by Ry (f, I1), where
— Tiy1 + T
My (f, In) = Zf 5 h;
i=0

and the remainder Ry (f, I}) satisfies the estimation

| (f7Ih | < ||f”Hoo Zh?)

where h; = ;41 —x; for i =0,1,2,...,n — 1.

In this paper, by the use of some classical results from the theory of inequalities; Holder’s
inequality, Griiss’ inequality and the Hermite-Hadamard inequality; we provide some quasi-
midpoint quadrature formulae for which the remainder terms are smaller than the classical one
given above. For other results in connection with the midpoint inequality see chapter XV of
the recent book by Mitrinovié et al. [2].

2 SOME INTEGRAL INEQUALITIES.

The following lemma will be useful in what follows.

Lemma 2.1. Let f : [a,b] CR — R be a twice differentiable mapping on (a,b). Suppose that
f" : (a,b) — R is integrable on (a,b). Then we have the identity:
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b

(2.1) /bf<x>dx—<b—a>f(“;b) + [o@ @

a

where ¢ (x) is the kernel given by

@—a)® if e
(2.2) ¢(x):{ pEty € [a,25%]

S5 ifw e (2f2, 0]

Proof. We have successively

b 2 _a2 b _xz
Jowr@ar= [ L@ [ O wan,

integrating by parts twice we eventually obtain
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and the identity (2.1) is proved.H
The following theorem containing an integral inequality, which is known in the literature as
the midpoint inequality, holds.

Theorem 2.2. Let f be as above. Then we have the inequality

a1 ¢, if £ € Loo(a,b),

w)dw—(b—a)f(a+b)‘g (b-a)” ,IIf”Hq, if 1" € Ly(a,b)

2 1,1 __
8(2p+1)7 where >t o= 1,p>1,

(2.3)

CDN i £ € Laanb).
Proof. Using the representation (2.1) we have that

/bf(ff)dw—(b—a) () /|<z> 17" (@) da.

Now, if f” € Ly (a,b), then

b b
/I¢($)\|f’/ (z)] dz < ||f"||oo/|¢(w)|dfc

a+b

72 b2
1| [ S s [ O

a atb

_(b_a)3 1"
= 5 1
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If f" € L, (a,b) where % + % =1, p > 1 then we have, by Hélder’s inequality, that

b P

b
/ 6 @I 1" @) de < |11, / 16 ()] da

a

But
b ofb o\ P b o\ P
_/|¢(x)|pdx = /((x;a)) dx + / <(b_2x)> da
_ (b—a)2p+1 i
8 (2p+ 1)

and therefore the second inequality in (2.3) holds. Finally, if f” € L; (a,b), then

b

/ 6@)[1f" (2)ldz < max 6 ()]|f"],

z€(a,b)
a

h— 2
Oy,

and therefore the last inequality in (2.3) is also proved.

An example will now be presented to illustrate that the different norms in (2.3) provide
better bounds on the error depending on the behaviour of the integrand. We may take, without
loss of generality, in the right hand of (2.3), a = 0 and b — a = 283 so that

/63

=2 s 17
t€(0,20)
2/ N\ (T %1 1
T =2 ’ Tt | =4+ ==1,p>1and
=5 (5r) [ [irora) Set—1pstam
0
2
752 "
=2 1)
0

Consider the example f” (t) = ¢!, the Figure 1, shows, on the (p,3) plane, the contours,

from the horizontal axis, of the ratios % =1, % =1 and % = 1. The regions A, B,C and D

are respectively represented by the inequalities:

A T1<T2<T3,BZT1<T3<T2,
c Ty <T3<Ty, D:Ty <Ty <Tj.

Hence, we have demonstrated that each of the bounds 77,75 or T3 are best in a particular
region of (p, 3) .
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FIGURE 1: The diagram shows regions A, B, C, D of the (p, 3) plane, separated by the contours

of%:l,%:land%:l.
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The following theorem, regarding an integral inequality also holds.

Theorem 2.3. Let f : [a,b] — R be a twice differentiable mapping on (a,b). If f : (a,b) = R
satisfies the condition

(2.4) v < f"(z) <T for all x € (a,b),

then the following inequality is satisfied:

atby) (b—a)?
2 24

(25) /bf(af)dw—(b—a)f(

Proof. Applying Griiss’ integral inequality [[1], p.296], we may state that

b b b 9
2o | [ew @i [owar s [ @] < LD

¢ (z)dz = (=2’ and

as 0 < ¢ (z) < % for all « € [a,b]. It may be easily seen that ;1 51

S —
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b b
= [ (z)do = W and hence from (2.6) we may write

b 2 3
[o@r@ar-C2 (5 o) - 1 @) < ELEED,

which, by identity (2.1), is clearly equivalent to inequality (2.5).H
Now, using the celebrated Hermite-Hadamard integral inequality for convex functions, g :
[a,b] — R, which may be written as

(2.7) g(a;b)<bia/bg(x)dx<g(a);g(b)

we obtain the following theorem.

Theorem 2.4. Let f : [a,b] — R be as in the above theorem; then we have the following double
inequality:

b
v (b—a)? 1 a+b\ T (b—a)?
(2:8) 2 <b—a/f(x)dx_f< 2 >< 24

and the estimation

b ) )
(2:9) bla/f(xmx—(b_a)f(“b)_<7+F>4;b—a> L) b-o

2 48

Proof. Let us choose in (2.7) g (z) = f (z) — %2, then g (x) is a convex function in z, since
g"” () > 0, and hence

b3_ 3
f(a+b)fy(a+b - / ode 7 (0° —d®)
2 8 b—a 6

which is equivalent to

and the first part of (2.8) is therefore obtained. For the second part, let g (x) = ?F — f(x),
and similar manipulations, as previous lead to the second part of (2.8). The inequality (2.9) is
now obvious by (2.8), the details have been omitted.l

3 CoMPOSITE RULES.
We now consider applications of the integral inequalities developed in the previous section, to
obtain some midpoint composite rules.

Theorem 3.1. Let f : [a,b] C R — R be a twice differentiable mapping on (a,b). If Ij, : a =
o < X1 < oo < Tp1 < Ty, = b is a partition of the interval [a,b], then we have

b

(3.1) / F (@) de = Ayt (f.In) + Ras (£, In)

a
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where

i+ T
fth Zf(x 2$+1>h2

is the midpoint quadrature rule and the remainder Ry (f, In) satisfies the inequality

g1l flloe 70

1
(3.2)  |Rm(f,In)| < — L N (Z” 1 h2p+1)P . where % + % =1, p>1and
8(2p -}-1)17

sl v (In)

where h; == ;41 —x;,i=0,1,2,...,n—1 and v (I) = max lhi.

1=0,...,n—

Proof. Applying the first inequality in (2.3) on the interval [x;, z; 1] we obtain

[ rwde g (S ) < 1

T

foralli =0,1,2,...,n—1. Summing over ¢ from 0 to n — 1 we obtain the first part of inequality
(3.2). The second inequality in (2.3) gives us

Tit1 h2+% Tit1 q
. . . " q

/ f(x)de — f <x ””1) hi| < —+— / (t)‘ dt

J 2 4@2p+1)r \ J

forall i =0,1,2,...,n — 1. Summing over all ¢ and using Holder’s discrete inequality, we obtain

b Tit1 %
2p+1 " q
/f<z>da:—AM<f,zh> <t Zh JARCIXE
S 8(2p+1)» J
1
- 2p+1 p % n—1 e 1" q ‘ N\
< / f (t)‘ dt
8(2p+ 8(2p+1)7 ; < > ; J
1 2

I
]
3
]
!
>
bS]
+
—
N——

/

and the second inequality in (3.2) is proved. In the last part, we have by (2.3) that

Ti41
|Rar (f, In)| < —Z /f”(t)}dt h2
1 n—1 Tit1
- 2 17
< 81.:(}}1“?%71@; / £ )] at

1
= I ()

and the theorem is proved.Hl
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Remark 3.1. It is of some interest to note that in every book on numerical integration, encoun-
tered by the authors, only the first estimate in (3.2) is used. Sometimes, where Hf”H (¢g>1)
q

or Hf”H are easier to compute, it would perhaps be more appropiate to use the second or third
1
estimates.

We shall now investigate the case where we have an equidistant partitioning of [a,b] given
by: Iy :z; = a+ (b_T“) 1,0 =0,1,2,...,n — 1. The following result is a consequence of theorem
3.1.

Corollary 3.2. Let f :[a,b] — R be a twice differentiable mapping on (a,b). Then we have

b

/f (x)dx = Aprn (f) + R (f)

a

where

AM’n — b;a2f<a+2z+1(b—a)>

and the remainder Rar ., (f) satisfies the estimate:

b
12:;3 1

R . < (b— a) 17 )
NGRS e et

b
G |71, -

The following theorem gives a quasi-midpoint formula which is sometimes more appropriate.

Theorem 3.3. Let f : [a,b] — R be a twice differentiable mapping on (a,b). If f : (a,b) = R
satisfies the condition (2.4) and Iy, is an arbitrary partition of [a,b] as above, then we have

b

[ @de=Au (5.5 1) + Bag (£.5.12)

where

s a perturbed midpoint rule and the remainder term, EM (f, f',Ih) , satisfies the estimation

(3.3) ‘EM (f,f',Ih)‘ < F;Qvgh?

where h; is as defined above.
Proof. Writing the inequality (2.5) on the interval [z;,2,11], ¢ = 0,1,2,...,n — 1 we obtain
Tit1
[ e (B b g (1 )~ £ )2 < S

T4

and summing over ¢ from 0 to n — 1 we easily deduce the desired estimation (3.3).H
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Remark 3.2. If we consider a mapping [ : [a,b] — R so that (2.4) is satisfied and % <

f//
H zzy =2z L max {|7], L[}, that is,

4
(3.4) Py < 3 max (] T}
then the estimation provided by (3.3) is better than the first estimation in (3.2). Also notice
that if v > 0, then the condition (3.4) holds.
The following corollary is also valid.

Corollary 3.4. Let f be as defined in the previous theorem, then we have

b

(3.5) / f(@)de = A (£ 1) + Barn (1,1

a

where

n—1
Avin (1) = n“zf<a+2”1 (b—a))

=0

b—a)?

(101 W)

and the remainder, sz,n (f, f/), satisfies the estimation

_|_

) (b—a)®
32n2 ’

i (5.7 =
for alln > 1, where m := inf f (z) > —oc and M := sup f (z) < co.
we(ad) ve(ab)

Now, if we apply Theorem 2.3, we can state the following quadrature formula which is a
quasi-midpoint formula.

Theorem 3.5. Let f be as in Theorem 3.2. If I, is a partition of the interval [a,b] then we

have
b
[ #@)de = Aus (£.5.1) % Ras (7.7.7)
where
n—1
Aurfr) = 37 (B e T Z 2
and

n—1
-~y 3
=0

Proof. Applying the inequality (2.9) in [z;, z;+1] we obtain

Ti+1

Ti+ Tip1 Pty =73
_ L 2| <«
[ s g (Y - D < T,

Zq

and summing over 4 from 0 to n — 1 we have the desired estimation.ll
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Corollary 3.6. Let f be as above. Then we have

b
/ f (@) de = Ay (f,7.T) + Ragn (f,7.T)

a

where

n—1

AM,n (f777r) = b—TaZ.f (CL+

2i+1(b—a)>+ (F+v4)8(2—a)

and the remainder satisfies the estimation

-y ®-a’
N< -
|RM,n (f77a )| = 48”2
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