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NEW ESTIMATION OF THE REMAINDER IN THE
TRAPEZOIDAL FORMULA WITH APPLICATIONS

S.S. DRAGOMIR AND T.C. PEACHEY

ABSTRACT. A new inequality for the trapezoidal formula in terms of p-norms is presented with
applications to numerical integration and special means.

1 INTRODUCTION

Integral inequalities have been used extensively in most subjects involving mathematical anal-
ysis. They are particularly useful for approximation theory and numerical analysis in which
estimates of approximation errors are involved. In this paper, by the use of an integral iden-
tity, we point out some new integral inequalities for the trapezoidal rule and apply these to
special means: p-logarithmic means, logarithmic means, identric means etc., and in numerical
integration.

Classically, the error bounds for the trapezoidal quadrature rule depend on the maximum
norms of the second derivative of the integrand. The new upper bounds for the quadrature
rules obtained in this paper have the merit that they depend on only the first derivative of the
integrand and thus they are particularly useful for integrals with integrands having bounded
first derivatives, but unbounded second derivatives in some norms.

2 THE RESULTS

We shall start with the following lemma which contains an interesting integral identity.

Lemma 2.1. Let f : [a,b] — R be a differentiable mapping on (a,b) with f' € Lila,b]. Then
we have the identity

fla)+f0) 1 I S Y :
(21) 0 - [ @ = s [ [ =) r @ ey

Proof. Our proof uses the well-known relations

tn tn—1 t1 2% _ . \n—1
(2.2) /adtn,l/a dtnaoe | f(to)dtoz/a Hf(u)du,

and

(2.3) /tjdtn_l /tjldtn_2~-- /t lb F(to) dto = /tb M F(u) du

valid for f € Ly[a,b] and any positive integer n. We consider

r- b / (g — 2)f (4 dady

= /ab/:(y—x)f/(y) dydr — /ab/:(x — ) fy)dyde = Ty —Ts.
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Applying (2.3) to the inner integral in T gives

/abdm/:du/ubf/(t)dt: /abdx/zb [f(b) — f(u)] du

b b 1
[ =) - sl = [ (@ = v)iwdo+ 56 apse).

T

Similarly, applying (2.2) to T,
b
7= [ 6= 0fe)do - 50~ 0P fa).
Combining these yields
b
1=7 - To= [ (@= b)) dv+ 50~ aP[f(a) + F(B)

and the identity (2.1) follows. I

The lemma may be used to prove

Theorem 2.2. With the above assumptions, we have

ety 1 SHIA
(2.4) ‘ 5 _b—a/ flz)dzx

b—a
{@W] I llg: p>1, 2+ 2 =1,
15111

Proof. From (2.1)

‘f(a) . / i

We treat the three cases in turn.

// ly— ol (y) | dy da = 1.

(i) Since

b b b b b—a)3
| [ w=allr@idyas <150 [ [ 1y slayas = 17105

so that I < £(b—a)|lf[|co-

(ii) By Holder’s integral inequality

/Gb/: v </b/b |y_x|pdxdy>; </ab/ab|f’(y)|qda:dy>;

K7 (b—a)7]|f'll,
where

b b b b 2
2(b — a)Pt
K:// —zPdxd :2// —z)Pdyde = ————
a a|y | Y a x(y )y (r+1)(p+2)

using the symmetry of the integrand. Thus

IN

bt / 2 ? 14241 4
[ [ =alirwiasar < | 2] 0= a3,
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so that with % + % = 1 we obtain

2b—a) 17
IS[@H)@H)] 1771

as required.

(iii) Finally, we have that

b rb b rb
[ [ v=elirelasay< | o v=al] [ 176120 = 0= a7

showing that I < || f’||1. The three cases in (2.4) have now been proved. I

Remark 2.1. If p = ¢ = 2 we have
b
(2.5) ’f(“);f(b)—bia/ flo)de| <

Remark 2.2. In the paper [2], S. S. Dragomir and S. Wang have obtained the following similar
result as a particular case of an Ostrowski type inequality.

a b
(2.6) |f();f<b)bia/f(x)d

where v 1= infie(ap) f(t) > —00 and T := sup;¢ (44 f(t) < 0.

a
1£1]2-

(b—a)I'—7) < (b*a)llf'lloo

AMH

Remark 2.3. In [1] S. S. Dragomir and S. Wang have obtained the following result

(2.7) |f()2 _a/f

as a particular case of Ostrowski’s inequality for g-norms. Since

- a)PIIf’IIq
(p+ 1)7

1
2 P 1 ]»
——| < |——| forp>1,
{(p+ 1)(p+2)} LHJ
then our estimate in (2.4) is better than that embodied in (2.7).

Remark 2.4. In [3], S. S. Dragomir and S. Wang obtained the inequality

a b
28) ‘f( )+ () bia / F2) de

< !
: <11f'hn

as a particular case of an Ostrowski type inequality for the L1 norm.

Remark 2.5. In 1938, by means of geometrical considerations, K. S. K. Iyengar [4, p.471]
has proved the following inequality

b
(2.9) ‘f(a);f(b)—bia/ fla)d

which is a better inequality than our first inequality in (2.2).

— )l (SO) = f(@)* _ (=) /']l

i 0-alfle > 4
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In conclusion, Theorem 2.2 gives the following new result

f(a)2 _a/ f@ {( 2(b—a)

p+1)(p+2)
where p > 1 and % + % =1, and the particular case

a b *G%
(2.11) WH);f®)bia/“ﬂ@d$§{b6} 112

All our further applications for special means and in numerical integration for the trapezoidal
formula will be based on these new results.

(2.10) } 1 1lq

3 APPLICATIONS TO SPECIAL MEANS

Let us recall first some special means that we will use in the sequel:
(a) The arithmetic mean: A = A(a,b) := (a+b)/2, a,b>0,
(b) the geometric mean: G = G(a,b) :=vab, a,b>0,
(c) the harmonic mean: H = H(a,b) := ﬁ, a,b>0,

(d) the logarithmic mean:

a ifa=5
L:L(a7b)::{ hlg:?na ifatb a,b>0,
(e) the identric mean:
a ifa=0>
I=1I(a,b):= é(ﬁ;ﬁ)b ot a,b >0,
(f) the p-logarithmic mean:
a ) ifa=»5
L,=L,(a,b):= pptl _ gptl P . a,b> 0, and p € R\{-1,0}.
G

These means are often used in numerical approximation and in other areas.
The following simple relationships are known:
HSGLSL<I<A
and L, is monotonically increasing in p € IR with Lo := 1 and L_; := L.

1. Let us assume that f: (0,00) = R, f(z) = z°, s € R\{-1,0} and p,q > 1, %—l—% =1.
Then obviously

fla)+f(b) _ a”+0°

9 = 9 = A(a®,b%),
1 b 1 b . pstl _ st s
b—a/a f(.’l?)dx— 7@/@ x dm—m—lzs(a,b)

N NN TT A T E— o~ 11 . x7r 1 a4 T N
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Since f'(z) = sz*71,

b 1/‘1 1 b 1/q
1fllq = [Sq/ wg(s_l)dxl = [s|(b—a)'/1 lb_a/ :vq“_l)dxl = |s|(b— )7L

so the inequality (2.10) becomes
A 2(b—a) ,
s 78 s —a P ors—1
— < |l 7 .
| (a 7b ) Ls(avb)| — |:(p 1)(p 2)] Lq(sfl)(a,b)

That is, we have

1

1) A ) = L0t < 10— 0) | | Tt )

for 0 <a <b < oco. In particular, for p = q = 2,

(32) A ) - ) < B0 it o),

x

2. Let us assume that f: (0,00) — R, f(z) = £ and p,q > 1 with ]% + é = 1. Then

1,1
H@)+70) _wts _ i),
2 2
1 b 1 bdr  Inb—Ina
dr = — =L Y(a,b
i | fwar= = | e (a,0),

Then (2.10) becomes

1 —1 2 -2
|H7 (a,b) — L (a,b)| < [(27‘1‘1)(194‘2)] L72q(a,b)

This yields the inequality

1

(b—a)LH 2 .
L%, {(p4-1ﬂp4-2ﬂ Loy

(3.3) 0<L-H<

for0<a<b< oo.

In particular, for p = ¢ = 2 we have

(b—a)LH
3.4 0<L-H<-———.
(3.4) - o \/6L2_4

3. Let us assume that f:(0,00) = R, f(z) =Inz and p,q > 1 with % + % = 1. Then

fla)+ f(b) _Ina+Ind _

5 3 InG
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I I 1 b
dv=—— [ madr=—In(—)—1=InT
bfa/a f(z)dz bfa/a nedr = — n(a“) nl,

by ,
f’(ac)z%, f’||q=V :Ef] =(b—a)iLZ}.

Then inequality (2.10) gives

InG —InI| < (b—

Thus

I P v
(3.5) l<z<exp [(b— a) {(p+1)(p+2)} L}I]
for0<a<b<oo.

In particular, for p = ¢ = 2 we have

(3.6) 1< é < exp [\%_LC_L)J .

4  APPLICATIONS IN NUMERICAL INTEGRATION

We discuss here the application of the inequality (2.10) in Numerical Integration to obtain some
new estimates of the remainder term in the classical trapezoidal rule.

Theorem 4.1. Let f : [a,b] — R be a differentiable function on (a,b) and assume that [’ is
g-integrable on [a,b], that is that f' € Lya,b], ¢ > 1. If I :a=20 <21 <...<zx,=0bisa
partition of [a,b], then we have

b
(4.1) / f(x)de = T(f.In) + R(f, In)

where T(f, Iy) is the trapezoidal quadrature rule, i.e.,

(4.2) T(f, 1) = Z {”Mw] hs

=0

where hy = x;41 — x; for all i = 0,1,2,... ,n — 1 and the remainder R(f,I) satisfies the
inequality

1 n—1 %
(43) RUB < | g | 1 [Z hi’“}
=1

Proof. Applying the inequality (2.10) on the interval [x;, z;41] where i = 0,1,... ,n—1 we have

that
<[emgra) 47 (L )

fx:) —|—2f(xi+1) by~ /a:iﬂ f(o)d

N NN TT A T E— o~ 11 . x7r 1 a4 T N
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for all : =0,1,2,... ,n — 1. Summing these inequalities and using Holder’s discrete inequality
we have that

[ (i) 4-2f(951+1)hi_/:”+1 F(z) da

i

2 (R T
S \oinpryl &M (Ai'f“”“>

2z
L+ 1D)(p+2)]

n—1
R < Y
=0

IN

=
/\3
]
-
/N

>
S

k]
N———
S
~__—
Y
/'\§
INgk
o [
VR
N\
=
::.

=

&

S

js8

)
N———
|
~_—
[t=)
~
=]

=0

1

[ 2 _% n—-1 P /
:_@+n@+m_<§ﬁfﬁ 171

The theorem is thus proved.

Corollary 4.2. With the above assumptions, if f' € Ls[a,b] we have
Il

n—1 %
wlE)

Suppose now that Ij, denotes the equidistant partitioning of [a, b] given by

b—a .
n

(4.4) R(J.1n)| <

Iy, zi=a+

For this partition we have the following corollary.

Corollary 4.3. Under the assumptions of Theorem 4.1,

b
(4.5) /fmm:nm+mm

where T,,(f) is the trapezoidal quadrature rule for the partition Iy, that is

(4.6) Tn(f)—b;nanzf{f<a+z'b;a>+f<a+(z’+1)b;a>}

=0

and the remainder term R, (f) satisfies the estimate

2 P (b—a) L
(4.7) |Ra(f)| < [(p—i—l)(p—I—Q)] - 2 forn > 1.
In particular, for p = 2, we have
(b—a)> |f']2
(4.8) Ru() < SR

Given any € > 0, we are able using (4.7), to establish the minimum number of nodes such
that the error in the numerical integration based on the equidistant trapezoidal rule is smaller
than e. This is contained in the following corollary.

Corollary 4.4. Given any constant € > 0, if n > n., where

2 ]iw—@HMfm

[@+n@+m : !

Ne =

then |R,(f)| <e.

N NN AT A T P o 11 . x7r 1 4wt N v
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Example 4.5. We give an example where the bound on R,, provided by (4.8) is better than
those previously known. The equivalent bound imposed by (2.7) with p = 2 is

(b—a)? | f']l2

(49) R

that imposed by (2.8) is

(4 10) |R |< (b_a)Hf,Hl
. n| —= n )
while that implied by (2.9) is

(b—a)? /'l
4.11 R,| < 24 1) lleo
(411) R < 2

As the example, we take a = 0, b = 1 and f(z) = z%/%e72%/3 so that f'(z) = 221/3(1 -
x)e”2%/3, In this case || f'||« is infinite so (4.11) yields nothing useful. Since f'(z) is positive
on (0,1), we have [ |f/(x)|dz = f(1) — f(0) = e~2/3. Thus (4.10) is

e 23 0513

~
~

|R,| <

n

1 2 1

4 1—xz 4 . 4 1 6
2 _ = —2x/3 = )2 2/3 0 — = )= =
wm-Age <ﬂm>ms9£u:wx dr = $B(3.3) = =.

Inserting this into (4.9) gives
21 0535
e fF1 0
Tn n

R, < \/le 0.378'
7n n

Thus in this example the new bound is superior.

Also

while (4.8) becomes
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