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ON THE OSTROWSKI INTEGRAL INEQUALITY FOR
LIPSCHITZIAN MAPPINGS AND APPLICATIONS

S.S. Dragomir

ABSTRACT. A generalization of Ostrowski’s inequality for lipschitzian mappings and applications
in Numerical Analysis and for Euler’s Beta function are given.

1 INTRODUCTION

The following theorem contains the integral inequality which is known in the literature as Ostrowski’s
inequality [2, p. 469].

Theorem 1.1. Let f : [a,b] = R be a differentiable mapping on (a,b) whose derivative is bounded on
(a,b) and denote || f'||loc = sup,e ) |f (t)| < 00. Then for all x € [a,b] we have the inequality

b
f@) = = [ f0t] <

L, o)’

i W] (b—a)llf|loo-

The constant i is sharp in the sense that it can not be replaced by a smaller one.
In this paper we prove that Ostrowski’s inequality also holds for lipschitzian mappings and apply it

in obtaining a Riemann’s type quadrature formula for this class of mappings. Applications for Euler’s
Beta function are also given.

2 OSTROWSKI'S INEQUALITY FOR LIPSCHITZIAN MAPPINGS
The following inequality for lipschitzian mappings holds:
Theorem 2.1. Let u : [a,b] = R be an L—Ilipschitzian mapping on [a,b], i.e.,
fu(@) —u()| < Lle —y|  for all 2,y € [a,b].

Then we have the inequality

(2.1) /u(t)dt —u@)b-a)| < Lo —a)’

for all z € [a,b].
The constant i 1s the best possible one.
Proof. Using the integration by parts formula for Riemann-Stieltjes integral we have

x x

/(t —a)du(t) = u(z)(x —a) — /u(t)dt

a a
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and
b b
/(t —b)du(t) = u(z)(b —x) — /u(t)dt.
If we add the above two equalities, we get
b b
(2.2) w(@)(b— a) — / w(t)dt = / p(z, 8)du?)

where

_f t—a if tela,x)
p(’”’t)'_{t—b it zelzb

for all z,t € [a, b].
(n) (n) (n) (n)

Now, assume that A, :a =2y <z, <..<uz,°; <y

v(A,) = 0 as n — oo, where v(A,) := ie{Or,I.l.z.aﬁ—l}(sz)l —a:l(")) and dn) € [xl(n), xiz)l] Ifp:[a,b] = R

is Riemann integrable on [a,b] and v : [a,b] — R is L-lipschitzian on [a,b], then

= b is a sequence of divisions with

i 3 p(e) [0z = oal)] ‘
=0

v(Ap)—0

/bp(l‘)dv(l‘) =

n—1 v (x(n)) —v (a:("))
im 3 ‘ (n))‘ (x(") x(m) o ‘
< lim : T —
= — p(fz i+1 i 1‘51)1 _ xg")

b

n—1
; (n) (n) n)\ —
. < ( (n) _ pm)) — .
(23) <, dm S| (+2 - ) =2 [ olae
Applying the inequality (2.3) for p(z,t) as above and v(z) = u(z), z € [a,b], we get
b b
(2.4) [panau| <L [ o o)at
z b

- /|t—a|dt+/|t—b|dt = 7 [l —a)* + (b~ 2)’]
1 (1‘—“7“’)2]

(b—a)’

and then by (2.4), via the identity (2.2), we deduce the desired inequality (2.1).
Now, assume that the inequality (2.1) holds with a constant C' > 0, i.e.,

(@ - =5)°
or U ]

b

(2.5) /u(t)dt —u(@)(b—a)| < L(b—a)’

a

for all © € [a, b].
Consider the mapping f : [a,b] = R, f(z) = z in (2.5). Then

_ atb)?
‘x—a+b‘§C+M
2 (b—a)

for all z € [a,b]; and then for z = a, we get

b—a

< <o+%> (b—a)

which implies that C' > % and the theorem is completely proved. |

RGMIA Research Report Collection, Vol. 2, No. 1, 1999



Ostrowski Integral Inequality for Lipschitzian Mappings 91

The following corollary holds:

Corollary 2.2. Let u : [a,b] =& R be as above. Then we have the inequality:

(2.6) ju(t)dx—u(a;_b> (b—a)| < %L(b—a)Q.

a

Remark 2.1. It is well known that if f : [a,b] — R is a conver mapping on [a,b] , then Hermite-
Hadamard’s inequality holds

(2.7) f(a+b)§ ! /bf(x)deM.

2 b—a 2

Now, if we assume that f : I C R — R is conves on I and a,b € Int(I),a < b; then f} is monotonous
nondecreasing on [a,b] and by Theorem 2.1 we get

b
1 b 1
(2.8) 0< 522 [ e — £ (*52) < 1740 6-a)
a 2 4
which gives a counterpart for the first membership of Hadamard’s inequality.

3 A QUADRATURE FORMULA OF RIEMANN TYPE

Let In :a =20 < 21 < ... < Tn—1 < T, = b be a division of the interval [a,b] and &, € [zi, Tit1]
(i =0,...,n — 1) a sequence of intermediate points for I,. Construct the Riemann sums

n—1
Ry (fIn,6) = Y f(€:)hi
i=0
where h; := x;+1 — ;.
We have the following quadrature formula

Theorem 3.1. Let f : [a,b] = R be an L—lipschitzian mapping on [a,b] and I,,€, (i =0,...,n—1) be
as above. Then we have the Riemann quadrature formula

b
(31) [ 1@z = Ralf,12,€) + Wo (1. 1, 6)
where the remainder satisfies the estimation
1. = zi + 2
i it1

(3:2) Walf, I, O < 7L YR+ LY (& - Z50)

i=0 i=0

1 n—1
<-L ;
<3 ;h

forallé;, (i=0,...,n—1) as above.
The constant + is sharp in (3.2).

Proof. Apply Theorem 2.1 on the interval [z;, ;1] to get

Tipl

(3:3) [ f@as = e <z |3+ (g - B,

T
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Summing over i from 0 to n — 1 and using the generalized triangle inequality we get

Tip1

|
-

n

Wolf. I, )] < / f@)de — F(€)h

i

Il
<

Ti

< Lnil Ph? + (é, _ 7’““““)2]
T = 4" ¢ 2 ’
Now, as
(fi o +21'i+1)2 < ihlz
for all §; € [zi,zi+1](i =0, ...,n — 1) the second part of (3.2) is also proved.
Note that the best estimation we can get from (3.2) is that one for which
& = “g& obtaining the following midpoint formula:
Corollary 3.2. Let f, I, be as above. Then we have the midpoint rule

b

/ f(@)dx = Mo (f, 1) + Sa(f, I)

a

where
n—1
M(f, 1) = Y f (B ) b
i=0

and the remainder Sy (f, I,) satisfies the estimation

n—1
1 2
|Su(f, In)| < 5L ZO hy.

Remark 3.1. If we assume that f : [a,b] — R is differentiable on (a,b) and whose derivative f' is
bounded on (a,b) we can put instead of L the infinity norm ||f || obtaining the estimation due to
Dragomir-Wang from the paper [1].

4  APPLICATIONS FOR EULER’S BETA MAPPING

Consider the mapping Beta for real numbers
1
B(p,q) = /t“"1 (1—t)""dt, pg>0
0
and the mapping e, (t) :== P> (1 — )" |t € [0, 1].
We have for p,q > 1 that
epq(t) = ep-14-1(t) [0 —1— (p+q—2)1].

Ift € [0, pi;—i2> then e}, ,(t) > 0 and if ¢ € (1%1:»;—127 1} then e}, ,(t) < 0 which shows that for

—1 .
to=-L we have a maximum for e, , and then:
p+q—2 ’

sup epq(t) = epq(to) = (p—1)Pt(g—1)"1

;o pyg> 1.
te[0,1] (p+q—2)p+4*2 ’ )
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Consequently

(p—2"2(q—2)""
+a— 477

lep.q ()] < 01]Izﬂ—l—(p+q—2)|

(P—2""(q—2)7
(p+q—4)ptat 7

=max{p—1,q—1} P,q > 2
for all t € [0, 1] and then

(p—2P"?%q—2)""
o+ q— 4T

(4.1) ”6;#”00 <max{p-1,q—1} p,q > 2.

The following inequality for Beta mapping holds
Proposition 4.1. Let p,q > 2 and x € [0,1]. Then we have the inequality

|B(p,q) — "~ (1 —2)"!|

(42) < max{p— 1,9~ 122N

Lo LY
1T\*72) |
The proof follows by Theorem 2.1 applied for the mapping e, , and taking into account that ||e;,,q ||Oo

satisfies the inequality (4.1).

Corollary 4.2. Let p,q > 2. Then we have the inequality

2= 2" (g -2)""

1 1
B(p,q) — e z| S Zmax{p—l,q— (ptq—dprad

Now, if we apply Theorem 3.1 for the mapping e, , we get the following approximation of Beta
mapping in terms of Riemann sums.

Proposition 4.3. Let I, ta =z < z1 < ... < Tp—1 < Tn, = b be a division of the interval [a,b],¢; €
[zi,xit1], (i = 0,...,n — 1) a sequence of intermediate points for I, and p,q > 2. Then we have the
formula

Zs” M1 =€)" hi + Tu(p,q)

where the remainder Ty (p,q) satisfies the estimation

(p—2)""(q—2)"
n ) S - L4~
IT0(p, q)] < max{p —1,q -1} g4

SPEESCEE-S)

p— 2 _ —2 n—1
max{p—l,q—l}( —2)" (a2 Zh

s ( +q_ p+q4

N =

Particularly, if we choose above §; = L;""—l (i=0,...,n —1) then we get the approrimation

n—1

1 - -
B(p,q) = orta—2 Z (zi+zip)” 2=z —2ip)  + Vo (pq)

=0

where

(p—2)"> q—2q2"1

( +q— p+q 4 h

1
|Vn(p7 )| < max{p_laq_l}
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