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A FURTHER GENERALIZATION OF HARDY-HILBERT’S
INTEGRAL INEQUALITY WITH PARAMETER AND
APPLICATIONS

HE LEPING, SEVER S. DRAGOMIR, AND YANG QIAOSHUN

ABSTRACT. In this paper, by introducing some parameters and by employing
a sharpening of Hélder’s inequality, a new generalization of Hardy-Hilbert
integral inequality involving the Beta function is established. At the same
time, an extension of Widder’s theorem is given.

1. INTRODUCTION

Suppose that p > 1, % + % =1,and f,g:(0,00) — (0,00) are so that

0< / fP()dt < oo, 0< / g4(t)dt < oo.
0 0

Then we may state the following integral inequality

(1.1) /OOO /OOO dedy < @ (/OOO fp(t)dt>; (/Ooo gq(t)dt>}1 :

s
sin(7m

The inequality (1.1) is well kn(ov<;;1) in the litarature as the Hardy-Hilbert’s integral
inequality.

Recently, some improvements and generalizations of Hardy-Hilbert’s integral in-
equality have been given. For instance, we refer the reader to the papers [2]-[7] and
the bibliography therein.

The main purpose of this paper is to establish a new extended Hardy-Hilbert’s
type inequality, which includes improvements and generalisations of the correspond-
ing results from [2]-[3].

in which the constant factor is the best possible.

2. LEMMAS AND THEIR PROOFS

For convenience, we firstly introduce some notations:

)= | e @z, 1, = ( / N fp@)dx)‘l’ |

12 = 171 S (How) = (H72,0) (HI2,

where x is a parametric variable unit vector. Clearly, S, (H,x) = 0 when the vector
z selected is orthogonal to H .
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Throughout this paper, m is taken to be m = min

11
P’q
In order to state our results, we need to point out the following lemmas.

Lemma 1. Let f(z),g9(z) > 0,z € (0,00), %Jr% =landp>1 If0 <||f|l, <
00,0 < ||gllq < o0, then

(2.1) (f,9) < fllpllglle (1 = R)™,

where R = (S, (f,h) — Sy (g,0)°, ||h]| =1, f7/2(x),¢gV%(x) and h(z) are linearly

independent.

The lemma is proved in [4], and we omit the details.
In the following, we define

k; B<p+)\—2 q+)\—2)
A= P

9

p q
(2=

w= [ aix () w e=po,

Lo p(=14w)
Bu,v)= | ————dt (uw,0>0
(u,v) /0 AT (u,v )

where

is the Beta function.
The following lemma also holds.

Lemma 2. Let b < 1, A > 0. Define the function
Vo1 1\°
o(b,y) = ?J_l+b/0 Ttar (u) du, y € (0,1].
Then we have
(2.2) w(b,y) > p(b, 1), 0<y<1).
A proof of Lemma 2 is given in paper [5], and we omit it here.

Another technical result that will be required in the following is:

Lemma 3. Let p > 1, % + % =1, A > 2 —min{p,q}, « > —B. Define the weight
function wy by
2-A)

> ) dy z € (o, 00).

(2.3)  wala,B,m2) = /Oo 1 <9€ +

o (@+y+28* \y+p
(i) For a = —0,
(2.4) wa(=B, B, x) = kx(z + ) x € (=0, 00).
(ii) For a > —p,
a+ 0 A
25w < [k =00 (250 @+ B e (@00)
Proof. Setting u = (y+ 8)/(z + 5), we have
- (2:,\)
W)\(Oé,ﬁ,'f',x) = (I+ﬂ)17)\ /<x+[3 ﬁ (i) du.

z+08
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(i) For a = —f3, (2.4) is valid.
(ii) For a > —f3, we have

wk(av ﬁ7 T, x)
(2=2)

(2.6) = (z + ) /OOOM(D " du

a+pB @2=X\)

()

A=

14 2-2)
_ + 8 v 2—-X a+p

2.7 =(z+B)" Mk (a ) ( : )
(2.7) (x+P) Sl Gy P\ a1

Putting b = %, and since A > 2—min{p, ¢},b < 1 is valid, then by Lemma

2 we get,

2—X a+p 2—A

2. —.,1) = .
29 o) e (FR) =00 e )

Substituting (2.8) into (2.7), we obtain (2.5). The proof is completed.

Finally, the following result is needed as well.

Lemma 4. Let a,(n =0,1,2,3,...) be complex numbers. If

A(z) := i anz"
n=0

is analytic on unit disk |z| < 1, and

is analytic on |z| < oo, then

(2.9) /O1 A2 do = /01

where s € (0,00), =z € (0,1].

29

—dx
x2

/ e_s/wA*(s)ds
0

Proof. Since A*(z) is analytic on the complex plane, the series

=, e tay, (xt)"
Z n!

n=0
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is uniformly convergent in (0, 00), and we obtain

> —t A% _ > —t S an(xt)”
/Oe A*(tx)dt = /0 e 7; " dt

anz™ [
Z = / thetdt
n! Jo

=0

= Z apx" = A(x).

n=0

3

Setting tx = s, then
1 oo
A(z) = f/ e3/TA*(s)ds
0

T

/01 |A<x>|2dx—/01

The lemma is thus proved. I

whence )

1

/ e /T A*(s)ds
0

3. MAIN RESULTS

For the sake of convenience, we need the following notations:

e~ et (55)

ot~ (425)

(3.) o) = [ - ()
srny={ [ [T renasayb{ [ - st0.0) (x+ﬂ)l‘*f”(w)dw}_% ,

and

S4(G.h) = { / N / N Gq/thxdy} { / "y — 0lp, )] (2 + mng(w)dw}_é ,

where h = h(z,y) is a unit vector satisfying the property

]| = {/:O/:ohz(x,y)dxdy}é 1

and FP/2 . G%/2 h are linearly independent.
The first main result is incorporated in the following theorem.

Theorem 1. Let p > 1, %—F% =1, A>2—min{p,q}, a > =0, and f,g > 0.
Assume also that

0< /Oo(t + )1 A fP(H)dt < oo,
and aoo
0< / (t+ B) " *g(t)dt < oo.
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(i) If « > —3, then we have
N (V)
(3.2) /a /a mdwdy
14+(A-2)/q 1
<{/ <k‘,\—9>\ (OH‘ﬁ) >(t+/8)1—)\fp(t)dt}
> 1+(A—=2)/p %
X{/ (kA@A()<t:§) )(t+ﬁ)1 A ()dt} (1- Ry™

(ii) If a« = —f, then we have
< ([eear o) ([Ceearwom) o -R)n

Ry = (Sp(Fyh) = 84(G, 1)’
while the function h is defined by

Proof. By Lemma 1 and the equality (2.3), we have

(3.5) ———r_dxd
/ / +y+2ﬂ) e
:/ / FGdzdy

{/:O /:o dexdy}; {/:O /:O quxdy}; (1- Ry)™
</:O e t)fp(t)dt) % (/:O wale B.p, t)gq(t)dt> % (1—Ry)™

Substituting (2.5) and (2.4) into the inequality (3.5) respectively, the inequalities
(3.2) and (3.3) follow.

Next, let us discuss the expression Rj.

We can choose the function h indicated by (3.4). Setting s =z —«a and t = y—a,
we get

WW:/i/ memw:f/ a%m/ (2) a—1.
a e} ™ Jo 0 s+t \t

Hence, ||h|| = 1.

where

IA
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By Lemma 1 and the given h, we have

(3.6) Ry = {(/:o/:on/zhdxdy> (/:o/:ondxdy>
— (/:O/:oaq/?hda:dy) (/{lm/(waqudy)_é}Z.

Substituting (2.3), (2.6) and (3.1) into (3.6), we get
Ry = (Sp(F,h) — S4(G, h))?.

1
2

It is obvious that F?/2 G9/2 and h are linearly independent, so it is impossible
for equality to hold in (3.5).
The proof is thus completed. |

Owing to p,q > 1, when A = 1,2; the condition A > 2 — min{p, ¢} is satisfied.
We have

1 1 1
1 1\7 1 11
91(r):/ () du>/ du =1n2, k1=B<,) :.L7
o L+u\u 0o 1+u pq sin(m/p)

92(7“):/ 7( du = — /€2=B<p+ 7q+ )ZB(Ll):l‘
0

14+ u)? 2’ P q

The following results are natural consequences of Theorem 1.

Corollary 1. Ifp>1, %4—%:1,&25, fi9>0,

0< / fP(t)dt < oo,
and
0< / gi(t)dt < oo,

then

(3.7) / / x+y+w dady |
) {/:O (Sin(:/p) - <?i§> 'l"2> fp(t)dt}p
” {/:o <Sin(77rf/p) - (?ig)é 'l”2> gq(t)dt}; (1— Ry)™,

(3.8) dad
/ /5x+y+25 rey

< s ([ rar) ([ i) o=y
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and
[ f(x)g(y) N
(3.9) /0 /0 L2099 oy

< @ (/OOO fp(t)dt>; (/OOO gq(t)dt) ; (1= )™

Remark 1. When p = q¢ = 2, the inequality (3.9) reduces, after some simple
computation, to an inequality obtained in [2].

Corollary 2. Ifp>1, %4—%:1,&25» f,9>0,

0< /Oo(t + B)7 P (t)dt < oo

" o< [Twrm e <o
then
a0 [ G e
AL g o)
AL (- aisy) o) a-mr
and

2 f(@)gy)
(3.11) /ﬂ /B mdmdy

1 1
1 » S| q _
< P(t)dt a(t)dt 1— Ry)™.
([ o) ([ o) a-m)
Remark 2. The inequalities (3.2), (3.3) and (3.7) — (3.9) are generalizations of
(1.1).
Remark 3. We can also define h(x,y) as

1 (z,y)€0,1] x [0,1]
h(x’y) o { 0 (;my) € (0700) X (0700)\[07 1] X [07 1]'

In this case, the expression of Ry will be much simpler. The details are omitted.

4. APPLICATIONS
We start with the following result:

Theorem 2. Suppose that a,(n =0,1,2,3,...) are complex numbers. Also, define
Az) = 3200 ana™, A*(x) = 300 @2 and the function f as:

(4.1) flx) =e A% (x), z € (0,00).
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1,1 _
pr>1,;—|—5—17 then

12 [awpfar< s ([0 |f<x>|pdx)’l’ ([ |f<ac>|qd:s>é (1B,

where

R = (S, (F,h) — S, (G,1))* >0,
with ||h|| =1, and
+._ ) s\
F.=—1"0 (2
(s+1)7 ()"

s,Fu = va{ [“ e isopasy{ [T ireras)

s,@) = ZED L i o} { [T sras)

(f)p/{ (é)q/{ h

N|=

=

and

are linearly independent.

Proof. Setting y = % on the right-hand side of the equality (2.9), we have

(4.3) /O1 |A(x)|2dx:/100 /OOO e Y A*(s)ds

Next, put u = y — 1. According to the equalities (4.1) and (4.3), we get

/01 A(2)[? d = /OOO du /OOO oo (s)ds|

Using Hardy’s technique, we may state that

/01 A()? do = /°° du /0“ e f(s)ds
= [ [T st [ s
SNV S*”“du) )1 (0)] st
SR
<5t U 'f(“"”p); ([ |f(z)|q>é 1-Rm.

Let us choose the function h(s,t) to be defined by

hls,t) := (i) (se_:) (;)7

2
dy.

2

[SE
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|h||—{/ / h2stdsdt} =1.

Notice that kq(p) = B(q p) = m/sin(7), and, in a similar way to the one in

Theorem 1, the expression of R is easily given. We omit the details. I

then

Remark 4. In particular, when p = q = 2, it follows from (4.2) that

(4.4) /A2 dx—wl—r%/ f2(z)dz.

If rin (4.4) is replaced by zero, then Widder’s theorem (see [8]) can be recaptured.

Remark 5. After simple computation, the inequality (4.4) is equivalent to the
inequality (3.4) in [2]. Consequently, inequality (4.2) is an extension of (3.4) in
[2].
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