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SOME INEQUALITIES OF ACZEL TYPE FOR GRAMIANS IN
INNER PRODUCT SPACES

S. S. DRAGOMIR AND B. MOND

ABSTRACT. Some inequalities of Aczél type for Gramians which generalize
Pecariés result are given Applications connected to Schwartz’s inequality are
also noted.

1. INTRODUCTION

In 1956, J. Aczél established the following interesting inequality (see [9, p. 117]):
Let a = (a1, a9, ...,a,) and b = (b1, ..., b,) be two sequences of real numbers such
that either

b2 —b3—...—b2>00ra?—a3—..—a>>0.
Then
(1.1) (af —a3 —...—a2) (b — b3 — ... = b2) < (a1by — agby — ... — anbn)?
with equality if and only if the sequences a and b are proportional.
In [7], S. Kurepa pointed out the following inequality of Aczél type which holds
in Hilbert spaces (see [9, p. 602]):

Let X be a real Hilbert space and ¢ a unit vector in X. Suppose that a,b € X
are given vectors such that

(1:2) (% = llaol*)  (* = 1bo]I*) = 0

where u = (a,¢), v=(b,¢), ag = a — uc, and by = b — ve. Then

(1:3) (u® = flaol®) (v = lo0ll*) < (v = (a0, bo))*

If a and b are independent and strict inequality holds in (1.2), then strict inequality
also holds in (1.3).

In [10], see also [9, p. 603], J.E. Pecari¢ proved an interesting converse of a
known inequality of Kurepa [9, p. 599] which asserts that

2
(xlvyl) (Ilayﬂl)

(1.4) det SF(xh~--753m)r(y17~-~7ym)
(xmayl) (xmvym)

where z;,y; € X, (z =1, m) , X is an inner product space over the real or complex
number field K and T" is the Gramian of the vectors involved above.
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Pecarié’s result is

(1.5) (u2 — T (z1,....Tm)) (U2 —T(y1,Ym))

(@1,91) - (@1,Ym)

< uv — det : :
(@m,y1) o (@, Ym)

provided that

u? =T (21, .y T) > 0 0r 02 =T (Y1, o0y Ym) > 0,

where z;,y; (i =1,m) are vectors in a real inner product space X.

Note that this result is a generalization for Gramians of the Aczél inequality
(1.1).

The main aim of this paper is to point out some new inequalities of Aczél type
for Gramians which also generalize and extend the result of Pecari¢ (1.5) and com-
plement, in a sense, Chapter XX of the book [9]. Some applications to real or
complex numbers which are closely connected with those embodied in Chapter IV
of [9] are also given.

2. SOME INEQUALITIES OF ACZEL TYPE FOR GRAMIANS

Let us denote by I' (1,41, ..., Zm, Ym) the determinant given by

(z1,91)  (21,92) - (T1,Ym)
F(xhyla"'a'rmvym) = det ’
(xmvyl) (mm’y2) (xmaym)

where 1,91, ..., Tm, Ym are vectors in inner product space (H;(+,-)). In addition,
we observe that if y; = x1, ..., Ym = Tm, then

r (xhyla "'axmvy’m) =T (xla axm) .

By the use of this notation, Kurepa’s inequality (1.4) may be written as:
- 2
(21) r (1’1, teey l‘m) r (y17 ceey ym) 2 r (xla Y1yeoey Ty ym)

for all x;,y;, € H (z = l,m) .
The first result which gives a converse of (2.1) is embodied in the following
theorem:

Theorem 1. Let (H;(+,-)) be an inner product space over the real or complex num-
ber field K and a,b, c three real numbers satisfying the following condition:

a,c>0 and b > ac.

Then for all z;,y; € H (z = Lm) such that either

a>T(x1,0xm) ore>T (Y1, ey YUm) s
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we have the inequality

22)  fa—T (o1 zm)] e~ T (g1, )]
~ 2 - 2
< min{(b:l:ReF(:z:l,yl,...,xm,ym)) ;(b:l:‘ReF(xl,yl,...,zm,ym)D
~ 2 - 2
(bilmf(xl,yl,...,xm,ym)) ;(b:i:’ImF(ml,yl,...,xm,ym)D ;
- 2
bi‘r(xhyl?-"?zmaym,)‘ }

Proof. Suppose that a > T (21, ..., ) and consider the polynomial
P(t):==at®> —2bt + ¢, t €R.

Since a > 0 and b > ac, it follows that there exists a ty € R such that P (¢y) = 0.
Now put

Ql (t) : =P (t)
- F(mla axm) t? + 2Ref‘(w1,y1, '--7xm7ym)t +T (yl, 7ym)) )
fort € R

and
Q) - =PW
- (F (mla'~-;xm)t2:|:2 Ref(mlay17“'7xmaym)‘t+r(yl7"'7ym)>7
fort € R.

A simple calculation gives

Q1) = (a—T(x1,...,zm))t?
-2 (b + Rel (21, Y15 e T, ym)) t+ (=T (Y1, Ym)),
fort € R
and
Qi(t) = (a—T(x1,...wm))t?
-2 (b + ’Ref‘ (Z1,Y1, s Ty ym)‘) t+ (=T (Y1, ym)),
fort € R
Since
Q1 (to) == — [I‘ (T4, ey T ) 2 F 2Rel (1, Y1y o, Ty Ym) to + T (Y1, o, ym) | <0

as, by Kurepa’s inequality, one has

~ 2
‘Rel—‘ (xlvyla EES) xmvym) < r (1'17 7l'm) r (ylv ,ym)

which gives

r (xla 7xm) t2 + ZRef(xlayl, “ﬂmmaym)t +F (yh 7ym) Z 0
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for all ¢ € R. Hence we conclude that ; has at least one solution in R, i.e.,

o
IN

1 - 2
ZAl = (b:I:ReF(xl,yl, ...,zm,ym)>
= (a—T (21, @m)) (c=T (Y1, Ym)) -

Similarly, @ has at least one solution in R which is equivalent to

0 < 2

1=
ZAl = (b + ‘Rer (xl,y1, ---,anuym)|)
= (a -I (1‘1, ) xm)) (C -I (yla "-aym))

and the first part of (2.2) is proved.
The last part can be proved similarly by considering the polynomials:

Q2 (1)
=P (t)— (F (21, ey ) 62 F 2IMT (21, Y1, oorr Ty Y ) E+ T (Y1, ...,ym)) ,
Q2 (t)
=P(t)— (I‘ (T4, 0oy Tn) 2 F 2 ‘Imf‘ (z1,y1, ...mm,ym)’ t+T (y1, ...,ym)>

and

Q2 (t) =P (t) — (F (21, ey x) 2 F 2 ‘f (z1,1, ...,J;m,ym)‘ t+T (y1, ...,ym)>

respectively.
This completes the proof. I

Remark 1. Let (H;(-,-)) be an inner product space and My, My € R. Then for all
ri,y; € H (z = 1,m) with

F(xla axm) < |M1| or F(ylvvyM) < |M2|7
one has the inequality
(M12 =T (x4, ...,xm)) (M22 - T'(y, ...,ym))
- 2
S min { (M1M2 - Rer(mlayh 7$m,ym)> 5
- 2 - 2
(M1M2 - ‘Rel—‘ (xlayla Jxm7ym)‘) 5 (M1M2 —ImT (xlayh 7-Tm7ym)> )
~ 2 - 2
(M1M2 - ‘Imr (xlayla 7xm7ym)’> 5 (M1M2 -I (3317y17 7xm7ym)> }
which improves Pecari¢’s result (1.5) .

Now, using the above theorem, we can give the following inverse of Kurepa’s
inequality in inner product spaces.
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Corollary 1. Suppose that a,b, c, x;,y; (2 = 1,m) are as in Theorem 1. Then we
have the inequalities:

- 2
0 < F(xh“”xm)F(yh“qym)f[Ref(xhyh“wxmdynﬂ
< b —ac+al (Y1, .o, Ym) + L (21, 00y T
+2min {:I:bRef (T1, Y1y ey T, Ym ) ; 1D ‘Ref (z1,91, ...,xm,ym)‘} ;
- 2
0 < T(x1,erZm) T (Y1,eey Ym) — {Imf(xl,yl,...,xm,ym)}
< b —ac+al (Y1, .o, Ym) + L (21, 00y T
+2min {:I:bIrnf‘ (Z1, Y1y ooy Tn, Ym) ; D ’Imf (1, Y1, - zm,ym)‘} ;
and
- 2
0 < T(x1,e0s2m) T (Y1, ey Ym) — ‘1—‘ (z1, 91, ...,xm,ym)‘

< b —ac+al (Y1, ooy Ym) + L (21, ooy ) £ 2b ‘f‘ (z1,11, ...,xm,ym)‘ .

The proof follows by a simple calculation from (2.2). We omit the details.
The following result also holds:

Corollary 2. Let H be as above and x;,y; € H (z = l,m) with
T (21, Zo)]2 < M or [T (51, oo, ym)]® < M.
Then we have the inequality

- 2
0 D(x1y ey @) D (Y1, ooy Ym) — [ReI‘ (z1,y1, ...7xm,ym)}

IN

< M? [I‘ (@1, ey Tm) — 2Re T (21, Y1, oos Tons Ym) + T (Y14 -, ym)} .
It is important to note that a similar theorem can also be stated:

Theorem 2. Let (H;(-,-)) be an inner product space over the real or complex num-
ber field K and «, 3,7 real numbers with the property that

o,y >0 and 5 > ay.

Then, for all x;,y; € H (z = 1,m) such that

[N
ol

T (21,0, 2m)]2 <aor [T'(Y1, . ym)]2 <7

we have the inequality

(0= [0 @zl (3= [ (1, )

2
2> 5 (/Bi ’f‘(xlayla"'axm’ym)

< m1n{<ﬁ:|: ‘Ref(xl,ylv"'vxm7ym)

;)2}.

<ﬁ + ’Ref (xlvyh -"7zmaym)
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Proof. The argument is similar to that in the proof of the previous theorem. Choos-
ing the polynomials

Qi (t) == P(t) — ([F (@1, ooy @)]? £2 F 205t + [T (31, ...,ym)]%) teR, i=1,23,

where

¢1 = ‘Ref‘(wl»ylv"wxm,ym) ) ¢2 = ‘Imf‘(xlaylwnvwm7ym) )
¢3 = ‘f(xhylv'“v'xﬂwym)’
and
Pt)=at?> =2t ++,teR
respectively.

We omit the details. i
The following converse of Kurepa’s inequality also holds:

Corollary 3. Let H,«a, 3,7, x;,y; € H (z = 1,m) be as above. Then we have

1 1 ~
0 < U@ty @m)]l® 0@y = [ReT (@191, @ )|

N

< B —avtall (@, wn)]? 7 @ ym)]
i26 ‘Ref‘ (mlvyla "'axmvym)
T (21, 00y @)]® [T (41, 000s Yim)]

1
B —ay+al (@1, @m)]® + 7 (Y1, s Ym)]
125‘Imf‘(%,%w-,fm,ym)}

?

N|=

— ‘Imf (1‘1,y1, ---7$m7ym)’

o
IN

W=

IN

and

1 1 ~
0 S [F (1:1’ "'axm)]z [F (yla aym)]z - ’F(zlaylw'vxmay?n)
1
2

1
ﬂ2 —ay+al (@1, 2m)]2 + 5[ (Y1, Ym))]
i2ﬂ f(xlvylw"?xmaym)"

IN

Nl

Corollary 4. Let H be as above and M > 0. Suppose I (z1,...,2m)]2 < M or

[T (y1, ...7ym)]% < M. Then one has the inequality:

1 1

0 < (D@1 @n)]* [ @1 y)]* = [T @190, 2 )|

Nl

< M <[F(ac1,...,xm)] + [T (?h,...,ym)]% —Q‘f‘(xl,yl,...,xm,ym) %>.

The following inequality is well-known in the literature as Hadamard’s inequality
for the Gram determinant:

m
(23) F(Z‘1,...,$m) < HHleQ
i=1

for all z; € H (i =1,m) (see [9, p. 597].)
Equality holds in (2.3) iff (x;,y:) = 045 ||as|| ||z, for all ¢, € {1,...,m}.
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In the next theorem, we point out a converse inequality for (2.3).

Theorem 3. Let (H, (-,-)) be an inner product space over the real or complex num-
ber field K and a, b, c real numbers satisfying the following condition:

ac>0andb22ac.

m > 2) such that

;m) (
k
H s or e > H (B

i=k-+1

Then for all x; € H (z

where 1 < k < m, we have the inequality

k m
(2.4) (a—anin‘*) (e— 11 ||xi4> <BET (21,0 m))
=1

i=k+1

Proof. Fix k € {1,...,m} and suppose that a > Hle sz||4 Consider the polyno-
mial

P(t) =at* —2bt +c, t € R.

Since a > 0 and b* > ac, it follows that there exists a tg € R such that P (¢y) = 0.
Now, put

o (t) = ((H [EA ) FOL (1, ) t+ [ ||xi||4> ,aeR

i=k+1

A simple calculation gives

k m
t) = (a—H|xi||4> 2 —2(b+T (z1,...,2m)) t + <c— ,H ||a:i||4> ,teR.

By Hadamard’s inequality, one has

L% (21, e, T <HH%H (H ]| > ( I1 ||in|4>

1=k+1

which gives

k m
<H ||xi||4> t2 = 2T (&1, ey Tyn ) t + H |@]|* > 0 for all ¢ € R.
i=1

i=k+1

Since

k m
by (to) = — ((H ||xi||4> ta— 2T (21, ., zm)to+ [ ] |xi|4> <0
=1

i=k+1

we conclude that ¢ has at least one solution in R, i.e.,

k m
0< %Al = (b£T (21, ..., zm))” — (a -1 |xi||4> (c— 1T IIwi|4>
i=1

i=k+1

and the theorem is proved. I
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The following converses of Hadamard’s inequality hold:

Corollary 5. Suppose that a,b,c and x; € H (z = l,m) are as above. Then one
has the following inequality:

0

IN

m
[Tl =12 (@1, s )
=1

m k
< v —ac+a [] llal® +e]] loll* =20 (@1, ..o ) b.
i=k+1 i=1

Corollary 6. Suppose that M >0 and ©; € H (z = 1,m) , with the property that

k m
[Tllzil® <8 or T llall® < M.
=1 i=k+1

Then one has the inequality

m k m
OSIImuﬁr%mwﬂLJSAﬂ(Ihwi4%IInmﬁ2ruhmwm0.
=1

i=1 i=k+1
By a similar argument as in the proof of the last theorem, we also have:

Theorem 4. Let (H;(-,-)) be an inner product space over the real or complex
field K and o, 8,7 real numbers with o,y > 0 and $° > ovy. Then for all z; €
H (z = l,m) such that

k m
[Tzl <aor T lel* <~y @ <k<m),
=1 i=k+1

we have the inequality
k ) m ) N2
GHWM)GIIMH)S@inwwMﬁ~
i=1 i=k+1

Now, by the use of the above theorem we can also state the following converses
of Hadamard’s inequality:

Corollary 7. Suppose that o, 3,7 and x; € H (z = l,m) are as above. Then

m m
0 < J[lel® =T (@, wm) <B°—av+a [[ Izl
1=1 i=k+1

k
o TT heill® £ 28 [0 (@1, o )2

i=1

Corollary 8. Let M >0 and x; € H (z = 1,m) be such that

k m
[Tll* < M or T laall® < M.
i=1 i=k+1
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Then one has the inequality

0 < JJl=ll? =Tz, m)
=1
k m .
< M<H||Ii|2+ 11 ||17i||2_2[F(m1a-~-axm)]2>-
=1 i=k+1

In addition, we note that the following inequality improving Hadamard’s result
holds:

(2.5) T (@1, s @) < T (21,0 25) T (1, s )

(see [9, p. 597]), where x; € H (z = 1,m) and 1 < k <m.
By the use of this inequality and a similar argument as above, we can obtain the
following converses of (2.5).

(i) If a > T2 (w1, ...,2x) or ¢ > T2 (Tg41, ..., Tpy) and b2 > ac > 0, then
[a —1? (z1, ...,xk)} [c —1? (Tht1, ...,xm)] < (b£T (a1, ...,:L'm))2
from which one easily obtains
0 < T2(@1ye0 k) T2 (Tpgts ooy Tm) — T2 (215 0y T
< b —ac+al? (Tht1y oy Tim) + cI? (1, .o, xr) £ 2T (21, ooy Ty ) b
T (z1,..01) <M or T (Zgy1,..., Tm) < M, then also
0

T2 (21, oy ) T2 @y 1y oy i) — D2 (21, oy T

<
< M? [FQ (21, ey k) + T2 (Ths1y oy T ) — 2T (1, ...,xm)} .

(ii) If o,y > 0 and 3% < ary, then for all z; € H (z = l,m) with
I'(z1yenzp) <aor T'(Trg1, . Tm) <7,

one has the inequality:

=

[0 =T (@1, ey 4)] [y = T (@1, @n)] < (BE T (@1, 0020 )2
which gives the following converse of (2.5) :
0 < T(x1,.,26) T (Zpg1, oy m) — T (1,0, Zm)
< B2 —ay+al (Tpat, s @m) A0 (21, -0y 1) £ 208 [T (21, ...,xm)]% .
T (x1,..x) < MorI'(zg41,...,Tm) < M, then also
0 < T(x1,H26)T (Tra1, -y Tm) — D (X1, ey Tn)

< M [F (1’1, 7=Tk) +7T ($k+1a axm) -2 [F (:1715 ey zm)]%] :

3. SOME APPLICATIONS

1. Suppose that (H;(-,-)) is an inner product space over the real or complex
number field K. If x,y € H and M7, M, are real numbers such that

[zl < [Mi or [lyll < [M],
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then the following generalization of Aczél’s inequality in inner product spaces
holds:

(a2 = J2ll?) (M3 = Iyl
< min {(MiM; ~ Re (,9))* s (Mi Mz — [Re (2,9)])°
(M1M2 —Im (‘r’y))2 5 (M1M2 - ‘Im (‘T7y)|)2 5 (M1M2 - |(.’E, y)|)2} .

(See also the paper [5])

This inequality is obvious from Theorem 1. We omit the details.

Suppose that z,y € H and M, My € R are as above. Then by the use of
Theorem 2, we have the following interesting inequality of Aczél type:

1 1 1 1
(My = [lz[)* (Mz = l[yll)* < |MiMa|? — |(2,9)|*,

provided that ||z|| < |M;] and |y|| < |Ma].
Note that if a = (a1, az, ..., an), b = (b1, ..., b,) € R™ satisfy

a3 —a3 —...—a>>0and b7 — b3 — ... — b2 >0,

then we have the inequality
1
1 113
[|a1| — (a3 + ... +ai)2] {|b1| — (b3 + ... +bi)2} ’

1 1
S |a1b1|2 — \a2b2+...+anbn|2 .

This is a new inequality of Aczél type for real numbers (see also [5]).
By the use of Corollary 2, we also have the following converse of Schwartz’s
inequality in inner product spaces:

2 2 2 . 2 2
0 < [le* lyll® - [Re (2.y))* < M min { [}z —y|* o + y]*}

provided that x,y € H with ||z|| < M or ||y|| < M.

For other inequalities of Aczél type in inner product spaces, as well as some
applications for real or complex numbers and for integrals, see the recent paper [5]
where further references are given.
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