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A GENERALIZATION OF OSTROWSKI INTEGRAL
INEQUALITY FOR MAPPINGS WHOSE DERIVATIVES
BELONG TO Lj[a,b] AND APPLICATIONS IN NUMERICAL
INTEGRATION

S.S. DRAGOMIR

ABSTRACT. A generalization of Ostrowski integral inequality for mappings
whose derivatives belong to Li[a,b], and applications for general quadrature
formulae are given.

1. INTRODUCTION
In 1938, A. Ostrowski proved the following integral inequality [5, p. 468]
Theorem 1. Let f : [a,b] — R be continuous on [a,b] and differentiable on (a,b)

whose derivative f': (a,b) — R is bounded on (a,b), i.e., ||f'||.. = sup |f (t)] <

te(a,b)

oo. Then we the inequality

b
fa) == [ 10| < ](b—a)ﬂf’nm

for all z € [a,b]. The constant § is the best possible.

For some generalizations and related results see the book [5, p. 468-484].
In paper [1], S.S. Dragomir and S. Wang pointed out the following inequality

a+b

1 1 ‘(ﬂ 2 /
5T b—a] (b —a) [l

b
o s <

for all = € [a,b], provided f is continuous on [a,b] and differentiable on (a,b) and
the derivative f’ € Ly (a,b).

Note that this result also can be obtained from Fink’s theorem (Theorem 1, p.
471, [5]) for n = 1 and appropriate computations.

Some applications of the above results in Numerical Integration and for special
means have been given in [1]-[4].

In this paper we point out a new generalization of Ostrowski’s inequality for
absolutely continuous mappings and apply it for quadrature formulae in Numerical
Analysis. Some connections with the rectangle, the midpoint and Simpson’s rule
are also established.

fla) =
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2 S.S. DRAGOMIR

2. SOME INTEGRAL INEQUALITIES
We start with the following theorem

Theorem 2. Let I : a = x9 < 21 < ... < 1 < xx = b be a division of the
interval [a,b] and o;; (i = 0, ...,k + 1) be "k+2” points so that ag = a, o; € [wi—1, 4]
(t=1,..,k) and agy1 =0b. If f : [a,b] — R is absolutely continuous on [a,b], then
we have the inequality:

b k
[@de =3 (@ - a) £ (@)
a =0

=0, k— 1}] (KRR
(2.1) <v®) I

where v (h) == max {h;|i =0,....k — 1}, h; := xj41—x; (i =0, ...,k — 1) and || f'||; ==

Ti+ Tip1

< [1u(h) —|—max{ 5

Qi1 —

b
[1f (t)|dt, is the usual Ly [a,b] — norm.

Proof. Define the mapping K : [a,b] — R given by (see also [6])

t—aq,t € la,z1)
t—ag,t € [Il,xg)

K (t) := 9 oo
t—ap_1,t € [l'k7271'k71)
t—ag,t e [SL’k,hb].

Integrating by parts, we have successively

b k-1 Tifl E—1 Tifl
/K(t)f’(t)dtzz / K@) f (t)dt=>" / (t — aipr) f/ () dt
o =0 5 =0 5

_.
8
I
=

k—

=Y | (t—ai) f (1)

i

Tikl _ / ft)dt

T4

X4

b
= [(@it1 — ) f(20) + (Tig1 — ig1) [ (Tig1)] — /f(t) dt

i=0
k—1 k—2
= ( —a) f(a)+ Y (@i — ) f () + Y (w1 — i) f (2i41)
i=1 1=0
b
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+(b—an) /f

k—1
=(ag—a)f +Z (ovir1 — ;) x1)+(b—an)f(b)—/f(t)dt
i=1

a

b
(g1 — ;) f(Tig1) /f

|
.Mk

~
Il
=]

and then we have the integral equality (see also [6])

(2.2) / F(t)dt = ij(am ) /b K(t

On the other hand, we have

b k_1 Tit1
/K(t)f’(t)dt = / K () f (t)dt
a 1=0 T,
k—1 Titt k—1 Titl
<y [ k@ Oli=3 [ 1t-amllf ©ld-
i=0 =0 7
But
it+1 Tig1
[lt-anllf@las o je-aml [ 17 @]
J telxi, xit1) z
Tit1
=max {ai11 — o4, Tip1 — a1} [ | (0)]dt
1 Ti41
T+ x;
= {2 (Tig1 — ;) + Qg1 — ———— 5 A= } / |f' (t)] dt.
Then
k—1 Fitl
1 Ti+ Tip1
< ; {th—k Qjy1 — TJF ] / lf ()] at
1 n k—1 Titt
Ti T Ti41 /
< i dnax {2@ + Qi1 — — ] Z / |f"(t)] dt
=0 =4
Ti+ Tip1

i=0,..k— 1}] 11l =

< BV (h) + max {

Qi1 — B
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Now, as
Qg1 a +2Ii+1 < %hi)
then
max{ Qg1 — % ,i=0,..,k— 1} < %l/(h)
and, consequently,
Vvl -

The theorem is completely proved. I

Now, if we assume that the points of the division I are given, then the best
inequality we can obtain from Theorem 2 is embodied in the following corollary:

Corollary 1. Let f and I.. Then we have the inequality:

k—1
/f(x)dx—% [(ml—a +Z Tit1 —xi—1) [ (@) + (b — zp—1) [ (b)

1
(23) < v 171,
Proof. We choose in Theorem 2,
ay = aa_a+x1a_:r:1+x2
((— , Gl — 9 , (2 — 2 3oy
T2+ Tk—1 _ Tp—1 T+ Tk .
ap_1 = f,ak =—5 and ag41 =b.

In this case we get

k
> (aipr — i) f ()
=0

= (1 —ao) f(a) + (a2 —a1) f (@1) + ... + (g — ag—1) f (zr—1) + (b — ) f (b)
(o) s (B - @)

o (xkl +b  rp— +$k1> (@) + (b— Th—1 +b> £ )

2 2

k—
= % [(xl —a) Z Tig1 — Tim1) f (zi) + (b — ﬂfk—l)f(b)] )

Now, applying the inequality (2.1), we get (2.3). I

The following corollary for equidistant partitioning also holds.
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Corollary 2. Let
Iy : x; ::aJr(bfa)%(i:O,...,k)
be an equidistant partitioning of [a,b]. If f is as above, then we have the inequality:

b

/f(x)dx—ﬁ f();f()(b—a I:_ll [ —i a—i—zb]

a

(24) < o 6= 7.

3. THE CONVERGENCE OF A GENERAL QUADRATURE FORMULA

Let Ay, ta = xén) < xgn) <. 2" )1 <zl =bbea sequence of division of
[a,b] and consider the sequence of numerlcal integration formulae

a5 ) = Dl (347)
=0

where wj(-”) (j =0,...,n) are the quadrature weights.

The following theorem provides a sufficient condition for the weights wj(-n) so that
b
I, (f, A, wy,) approximates the integral [ f (z)dx

Theorem 3. Let f : [a,b] — R be an absolutely continuous mapping on [a,b]. If
(n)

the quadrature weights w;™ satisfy the condition

(3.1) Z a<Zw <x§il —a foralli=0,. -1,

then we have the estimate
b

I, (f, An,wy) — /f(:z:) dx

a

(n)
+x
fz/(h(”))—i—max a+2w —7Z+17i=07-~7n—1 ||le1

IN

(3.2) <v (B) 11,

where v (h(”)) ‘= max {hgn)h' =0,..,n— 1} and hE "= 955-7-)1 l(-"). Particularly,

(3.3) y(ﬁ?ﬁeol" (f, Ap,wy) = / f(z)dx

uniformly by rapport of the wy,.
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Proof. Define the sequence of real numbers

n .
H_l.—a—i—g w , =0,...,n.

Note that

Sﬁl*aJFng»n):awLbfa:b,

and observe also that oz(") [:175"% 51)1]
(n)

Define oy’ := a and compute
a(ln) (n)

—ay’ =a,

7 i—1
o —al=at+ Y w0 —a-Y " =™ (=1,..,n-1),

n—1
agﬁl — a;”) =b—|a+ Z w§n) = wSL").

Then

3 (ol = al) £ (207) = S0l f (507) = 1, (7. Ao en).
=0

i=0

Applying the inequality (2.1), we get the estimate (3.2).

The uniform convergence by rapport of quadrature weights wj(-”)
the last inequality. i

is obvious by

Now, consider the equidistant partitioning of [a,b] given by
E,:ai™ i=a+ L (b—a) (i=0,..,n)
n

and define the sequence of numerical quadrature formulae

n (frwn) : Zw(" {—&-i(b—a)]

The following corollary which can be more useful in practice holds:

Corollary 3. Let f be as above. If the quadrature weight wj(.n) satisfy the condition:
1 : (n) t+1 .
Sb_ajzowj < - ,i0=0,...,n—1;

(3.4)

3|

then we have:
b

L (fo) = [ 1 (@) ds

a



OSTROWSKI INTEGRAL INEQUALITY 7

b—a " 241 (b—a)|
= |, + max a+j§_0w§)—2- " i=0,.,n=13| I
(b—a)
(3.5) < — 1715 -

Particularly, we have the limit

b

lim I, (f,w,) = /f(:n) dz,

n—oo
a

uniformly by rapport of wy,.

4. SOME PARTICULAR INTEGRAL INEQUALITIES
The following proposition holds

Proposition 1. Let f : [a,b] — R be an absolutely continuous mapping on [a,b].
Then we have the inequality:

b
/f(x)dm*[(a*a)f(a)ﬂb*a)f(b)]

a+b
2,

o —

(4.1) < B (b—a)+

for all o € [a,b].

The proof follows by Theorem 2 choosing xg = a,21 = b, a0 = a,a1 = « € [a, ]
and ag = b.

Remark 1. a) If in (4.1) we put o = b, then we get the ”left rectangle inequality ”

b
(42) [r@ar-0-ai@| <=l
b) If a = a, then by (4.1) we get the “right rectangle inequality ”

b
(4.3 [r@de-0-as)|<®-alrl;
¢) It is easly to see that the best inequality we can get from (4.1) is for a = ‘%b
obtaining the “trapezoid inequality ”

b
fla)+ f(b 1

(1.4 [r@ar- L0 o)) < S - a7,

Another proposition with many interesting particular cases is the following one:
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Proposition 2. Let f be as above and a < 1 < b, a < a; < x1 < as <b. Then
we have

b

/f@Mx—Wn—@f@ﬂ%%—aﬂf@ﬂ+@—aﬂf@]

a

11 a+b a+
< Z|Z(p— _ _
_2[2(1) a)+ |1 5 ’ oy 5
z1+b a+ T1+0b
+laz = —5 ‘ = —5—| = ‘042— 5 m 1714
b—a a+b
(45) < |95+ o= 221 < 0= a1

Proof. Consider the division a = z¢p < z1 < zo < b and the numbers g = a,a; €
[a,z1], 2 € [z1,b] and ag = b. Now, applying Theorem 2, we get

b
/f@ﬂw*Wn—@f@ﬂﬁwfaﬂf@ﬂ+®faﬂf@]

1 b
< — max{xl—a,b—xl}—FmaX 041—a+561 ) 042—m1+ ||f/H1
2 2 2
1 1 a+b 1 a-+
—{4@‘®+zﬂﬁ‘z'+2<“‘ 2
1 1 +b 1 a—+ 1 +b ’
1o - 2’ o = 2 = oo = 2220 17

and the first inequality in (4.5) is proved.
Now, let observe that

a—+ T —a r1+b <b—x1
o — oy — .
! 2 | = 2 7P 2 |~ 2
Consequently,
b 1
max{al—a_;xl ,ag—xl; ’}SQmaX{ml—a,b—xl}

and the second inequality in (4.5) is proved.
The last inequality is obvious. i

Remark 2. If we choose above oy = a,as = b, then we get the following Os-
trowski’s type inequality obtained by Dragomir-Wang in the recent paper [1]:

a+b
-5 e,

b
4o | [f@de-0-as@)|<|[50-0+

for all z1 € [a,b].
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a

We note that the best inequality we can get in (4.6) is for z; = %b obtaining
the ” midpoint inequality”

(47) /bf@c)dx—f(“‘;b) (6-a)| <50~

b) If we choose in (4.5) oy = 5“T+b,a2 = %‘% and z; € [5“T+b, %&’] , then we
get

/bf(x)dx_b;a (L0 4oy,

2
11 a+b
<—|= _ _
5 [2 (b—a)+ |z 5 ’
2a +b 2b
(4.8) +max< |z — ot , et 1| ¢ -
3 3
Particularly, if we choose in (4.8) , z1 = %X, then we get the following ” Simpson’s
inequality”
b
b—a [f(a)+ f(b) a+b
dx — 2
[ 1@ae =5t [HOT IO oy (2
1 !
(4.9 <5 b-a)lfl;.

5. SOME COMPOSITE QUADRATURE FORMULAE

Let us consider the partitioning of the interval [a,b] given by A, : a = 2o <
21 < . < Tp_1 < xp, =band put h; := 241 —x; (1=0,...,n—1) and v (h) :=
max {h;|i =0,...,n—1}.

The following theorem holds:

Theorem 4. Let f : [a,b] — R be absolutely continuous on [a,b] and k > 1. Then
we have the composite quadrature formula

b
(5.1) / f (@) de = Ay (A, f) + B (A, f)
where

n k-1
(52) Ak} (An, f) = % An, f Z Z |: - ] xz +]Z‘z+1 hl
i=0 j=1

and

3
|
—

[f (i) + f (wig1)] by

N | =

(5-3) T(An, f) =

s
Il
=)

is the trapezoid quadrature formula.
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The remainder Ry (Ay, f) satisfies the estimate

1
(5.4) |Bi (A, P < 5w () ILFI -
Proof. Applying Corollary 2 on the intervals [x;, z;41] (¢ = 0,...,n — 1) we get
Ti41
1f (@) + [ (wit1) xz + jTiv
/ flaydo— 3 == it *Zf
Tit1
< et [ 1770l
— 2k " '
Now, using the generalized triangle inequality, we get:
|Rk(Anaf”
<nil ””‘“f( Yz — |1 f(xi)+f($i+1)h,+ﬁk_lf (k= j) @i+ jrin
= T 2 TR < 2
1=0 z; Jj=1
=, Tit1 (h) n—1 Fitl ()
< =N n ' <Y / ' =Y '
<gpm [IrwlasB2 S [ o=,

and the theorem is proved. I
The following corollaries hold:

Corollary 4. Let f be as above. Then we have the formula:

(55) / () do = 3 [T (B, )+ My (A, )]+ Bz (A, )

where My, (A, f) is the midpoint quadrature formula,

0 (D, f) Zf(m Hj‘“)

and the remainder Ry (An, f) satisfies the inequality:

(5.6) [Ra (B, Pl < v W) 17,

Corollary 5. Under the above assumptions we have

b
/f (x) dzx

n—1 n—1
T (An )+ ) f (2% J;xM) hi+ > f <x +§x”1) h}
1=0

=0

Wl

(5.7) +R3 (An, f).
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The remainder R3 (A, f) satisfies the bound:

1
(53) Ry (B, Pl < 5o (W) 1
The following theorem holds:

Theorem 5. Let f and A, be as above and §; € [z;,x;41] (1 =0,...,n —1). Then
we have the quadrature formula:

b n—1
(5.9) /f(l’) da = Z[(frfci)f i) + (i1 = &) [ (@ip)] + B(E Ans f) -

=0, — 1}] 171,

The remainder R (&, A,,, f) satisfies the estimation:

R, A, /)] < [;um) +max{

T T
2

(5.10) <v(h) £,

for all &, as above.

Proof. Apply Proposition 1 on the interval [z;, x;41] (i =0,...,n — 1) to get

Ti+1

/ f(@)da — (€ — ) £ (2) + (2141 — &) f (2i11)]

o s

Summing over ¢ from 0 to n — 1, using the generalized triangle inequality and
the properties of the maximum mapping, we get (5.10). I

x’L + xl—‘—l

Corollary 6. Let f and A, be as above. Then we have
1) the ”left rectangle rule”

n—1
(5.11) [ e =3 1@ hi+ B0, 1)s
i=0
2) the “right rectangle rule”
b n—1
(5.12) [ @)=Y 1) i+ B (20
s i=0
3) the ”trapezoid rule”
(5.13) / f (@) de =T (A, f) + Br (A, f)

where

R (A, ARy (A, I < v (W) (11l
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and
1
B (B, )l < v (W) 1]
The following theorem also holds.

Theorem 6. Let f and A, be as above and §; € [x;,Tit1], T < al(.l) <¢, < agz) <
Tit1, then we have the quadrature formula:

b

JECEE ; (o = i) £ (a2) +§j (af? —af™) £ (&)

(5.14) + Zl (:cm - a§2>) flri)+R (5, Oégl)’ a§2>, A, f) .

=0

The remainder R (5, agl),a?), Ay, f) satisfies the estimation

(6%, 05)

1 Ti+ Tip1
<2 | -
= {2 [2”(}1”1&“?}5_1 S 2 }
—&—max{i A agl) B $i—2’—5i Vi X az(_2) B m_# }} 171
1 T + Tit1
615 =g+ e Jo - T L <omr,.

11 xZ; +£L'7;+1
< - |=h -
= [2 tle -0
Ti41
+max{ ozl(l) - ‘TZT% , 0‘1(2) - L;”‘l H If' ()] dt.

Summing over ¢ from 0 to n — 1 and using the properties of modulus and maxi-
mum, we get the desired inequality.
We shall omit the details. 1

The following corollary is the result of Dragomir-Wang from the recent paper [1]
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Corollary 7. Under the above assumptions, we have the Riemann’s quadrature
formula:

b
(5.16) [ = Ti;f@i)hi + Rp (€ An. ).
The remainder R <§, An, f) satz’SJ;es the bound
IRR (&, A, f)]
< [;V(h) —l—max{ ¢ - % = 0,.m— 1H 171,
(5.17) <v®If-

for all &, € [z, x41] (i=0,...,n).

Finally, the following corollary which generalizes Simpson’s quadrature formula
holds

Corollary 8. Under the above assumptions and if §; € x”lgszi, Iﬁ‘?i“} (i=0,

..y — 1), then we have the formula:

n—1
1
[ @de= 5317 @)+ f ]
. i=0
2 n—1
(5.18) +3 ;f@)m + 5 (f,An6).
The remainder S (f, An, &) satisfies the estimate:
IS (f, An, §)|
1 [v(h) Ti+ Tip1
§{2{ 2 +i=or,nf}i_1{€i_ 2 }
(5.19)
2z; + T4 T; + 2241 ,
I e I e N

The proof follows by the inequality (4.8) and we omit the details.

Remark 3. Now, if we choose in (5.18), &, = L;’“, then we get ”Simpson’s
quadrature formula”

-1

b n
[ @de= 5317 @)+ f ]

i=0

n—1
(5.20) +§ ¥ <x”“> hi + 5 (f,An)
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where the remainder term S (f, A,,) satisfies the bound:
1
(5.21) S (f, An)l < v (W IIF]; -
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