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THE UNIFIED TREATMENT OF TRAPEZOID, SIMPSON AND
OSTROWSKI TYPE INEQUALITY FOR MONOTONIC
MAPPINGS AND APPLICATIONS

S.S. DRAGOMIR, J. PECARIC, AND S. WANG

ABSTRACT. We give new trapezoid inequality as well as Simpson and Os-
trowski type inequalities for monotonic functions. We provide their applica-
tions in Probability Theory, Numerical Analysis and for Special Means.

1. INTRODUCTION

In [1], S.S. Dragomir established the following Ostrowski’s type inequality for
monotonic mappings.

Theorem 1. Let f : [a,b] — R be a monotonic nondecreasing mapping on [a,b].
Then for all x € [a,b], we have the inequality:

b
(1) f@) = 5o [ Fo)is

b
< g e (@) @)+ [ senlt - ) (0

< o[- a) (@) — fla)) + (b~ ) (F(0) ~ F))]
C L=,
< |5+ =2 (B - fla).

All the inequalities in (1.1) are sharp and the constant % s the best possible one.

In the present paper we shall obtain a generalization of this result which also
contains trapezoid and Simpson type inequalities. For recent results in these topics
see the papers [4]-[13].

2. MAIN RESULT

We shall start with the following result:
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Theorem 2. Let f:[a,b] — R be a monotonic nondecreasing mapping on |a,b]

and t1,ta,t5 € (a,b) be such that t; < to < ts3. Then

b
(2.1) /f@Mw—Wi—@fm%+w—m%ﬂw+@3—hwﬁﬂ

IN

b
@—Mf@+@m—m—Mf@%%h—@ﬂw+/T@ﬂ@m

IA

(b—t3) (f(b) — f(t3)) + (ts — t2) (f(t3) — f(t2))

+ (t2 — t1) (f(t2) — f(t2)) + (t1 — a) (f(t2) — f(t2))

IA

max {tl - a7t2 - t15t3 - t27b - t3} (f(b) - f(a))
where

sgn(ty — x), for x € [a, t5]
T(z) =

sgn(ts — ), for x € [ta, ]

Proof. Using integration by parts formula for Riemann-Stieltjes integral, we have

b

b
/S(x)df(f) = (t1 —a) f(a) + (b —t3) f(b) + (3 — t1) f(t2) — /f(x)d(x)

a

where
x —t1, x € [a,ts]
s(z) = .
X — t37 RS [tg,b]
Indeed,
b to b
[s@ire = [@-tid@+ [@- e

b
= (@—t0) f@) + (@—ta) f(OI}, - /f(fﬂ)d(w)

b
=(h—®ﬂ®+@—Mf@+@y¢mmﬁ—/ﬂ@w-

(n)

Assume that A, : a = m(()”) < ) (n) (n)

< .. <wz,’ <zn = bis a sequence of
divisions with v(A4,) — 0 as n — oo, where v(A4,) == max (acgi)l - xE")> and

fg") € [xgn), mgi)l} . If p:la,b] = R is a continuous mapping on [a,b] and v is



monotonic nondecreasing on [a, b], then

b

[ plardvta)

a

e S etz e

< lim Z ‘p §(n

V(A’I’L —o0 [T,

(2.2)

)| [pal) = (i)

n—1

lim Z‘ ‘( z+1 /|p )| dv(z

v(An)—oo

Applying the inequality (2.2) for p(z) = s(z) and v(z) = f(z), = € [a,b] we can

state:
b
/ s(x)df (2)

< / 15(2)) df ()

= [t -2t + [ @ aw + [ - aae + / (v — ts) df ()

a t1 ta

ta ts b

=(t1—a)f | —|—/f Yz + (z—t1) f |t1 /f Ydx +

+ (ts—a)f |t /f Ydx + (z —t3)f |t3 /f
—(t1 —a) f(a )+(t2—t1)f( 2) — (t3 — t2) f(t2)

b

+ (b ta) f) + / T(a)f (x)d.

a

what is the first inequality in (2.1).
If f:[a,b] — R is monotonic nondecreasing in [a, b], we can also state that

/ f@ydr < ft)(t - a), / F@)dr > f(t)(t2 — 1),

b

/ f@)dr < f(ts)(ts — 1), / f(@)dr > f(t3)(b— ta).

ts
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So,
b
/T(m)f(x)da:
atl to t3 b
— [t@ds- [ @+ [ @ [ @)
< f(t) (B —a) = f(t2)(t2 —t1) + f(t3) (ts —t2) — f(t3) (b—t3).
We have
— (t1 —a) fla) + (ta — t1) f(t2) — (t3 — t2) f(t2)
b
-t 1)+ [ T@)f @)
< —(t1—a) f(a) + (t2 — t1) f(t2) — (t3 — t2) f(t2) + (b—t3) f(b)
+(t1—a) f(t1) — (t2 —t1) f(t1) + (ts — t2) f(t3) — (b—t3) f(t3)
= (ti—a)(f(t

+ (ts — t2) (f(ts) — f(t2)) + (b —t3) (f(b) — f(t3))

3) —
1) — fla)) + (ta = t1) (f(t2) — f(t1))

i3
< max{t; —a,ty — t1,t3 —t2, b —t3} (f(b) — f(a))

)

and the theorem is thus proved.

Remark 1. Fort, =0, to =z, t3 = b we get Theorem 1 from the above Theorem.
For t; =ty = t3 = x, Theorem 2 becomes:

Corollary 1. Let f be defined as in Theorem 2. Then

b
(23) [ it~ @~ )f@) + (b~ )5 0)

b

wfzﬁwr—@faﬁwwy/%fowﬂww

IN

a

(b—x) (f(0) = f()) + (x — a) (f(2) = f(a))

B@_ayqx—agbﬂuw»—ﬂ@»

IN

IN

All the inequalities in (2.3) are sharp and the constant % is the best possible one.

Proof. We only need to prove that the constant % is the best possible one. Choose
the mapping fo : [a,b] — R given by

0, if z € [a,t];
fo(z) =
1, if x =b.



Then, fy is monotonic nondecreasing on [a, b, and for z = a we have

b
/ Fdt — [z — a)f(a) + (b— ) F(b)]

b

= (b-2)f() — (& —a)f(a) + / sen(t — ) f(£)dt

A
Q
=
\
&
+
\

= (O+;)®—a)

which prove the sharpness of the first two inequalities and the fact that C' shouldn’t
be less than % 1

Forx:‘%rb

we get trapezoid inequality.
Corollary 2. Let f:[a,b] — R be a monotonic nondecreasing mapping on [a,b].
Then

b

/f@ﬁ—fﬁk}ﬁ@@—@

a

(2.4)

IN

S0 —a)(F(b) ~ F(a)) - / sgn (t - ”b) f()dt

1
< Sb=a)(f(b) - f(a)).
The constant factor % is the best in both inequalities.

Corollary 3. Let f be as in Theorem 2 and p,q € Ry with p > q. Then

b

/f(x)dx_ (b a) [f(a) +f(b) + %f (gb)”

p+q

a

IN

b
q
(b= a)(f) — f() + / Ti(0)f (@)

< ﬁw— a)(f(b) - f(a))
g b () o (55)

)
p—qlb—a
max {0, 252} 229(70) - 1(0)

IN
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where

patgb _ a+b
sgn(p+q x) xe[a, 2}

T1 (.T) =

bt ‘ b
sgn (pp+‘éa —x) ,if v € (4E2, 0]

: . __ pa+tgb __ atb __ ga+pb
Proof. Set in Theorem 2: t; = S 2= Sty = el |

Remark 2. Of special interest is the case p = 5 and ¢ = 1 where we get from
Corollary 3 the following result of Simpson type;

a/bf(x)d:v _ %(b—a) {f(“);f(b) +of (“;bﬂ

b

< PN - @)+ [ Tl
< Bt m- s (P2 - (2]
< 30-a(®) - f).

where
sen (352 —2) o€ [a,252]
Ty(z) =
sen (2522 — )., w e (220].
Remark 3. For p — q we get Corollary 2 from Corollary 3.

Remark 4. For some related results see [3].

3. AN INEQUALITY FOR CUMULATIVE DISTRIBUTION FUNCTION

Let X be a random variable taking values in the finite interval [a, b], with cumu-
lative distributions function F(X) = Pr(X < x).
The following result from [2] can be obtained from Theorem 1 and from Theorem

2.
Theorem 3. Let X and F be as above. Then we have the inequalities
b— E(x)
1 Pr(X <z)- ——~
(31) X < a) -
. b
< 5 2z — (a+b)|Pr(X <z)+ /sgn (t—x) F(t)dt
—a
1
O
< 417 21
- 2 + b—a ’

for all x € [a,b].
All the inequalities in (3.1) are sharp and the constant % is the best possible.



Now we shall prove the following result.

Theorem 4. Let X and F' be as above. Then we have the inequalities

b
(3.2) |E(X)—z| < b—x—i—/sgn(x—t)F(t)dt
(b—x);r(X >z)+ (r—a)Pr(X <x)
b—a ’x_a—i—b‘
2

IN

IN
+

for all x € [a,b].
All the inequalities in (3.2) are sharp and the constant % is the best possible.

Proof. Apply Corollary 1 for the monotonic nondecreasing mapping f(t) := F(¢),t €
[a,b] to get

b
(3.3) l/F@ﬁ—Kx—@F@%Hb—@F@H

b
< (b—a)FOb)+(x—a)F(a)+ /sgn (x —1t) F(t)dt

a

(b= 2)(F ) — F@) + (@ — 0) (F(z) — Fla)
50-a+lo- 2 o) - F)

IN

IN

and as
F(a)=0,F(b) =1

by integration by parts formula for Riemann-Stieltjes integral, we have

b b
E(X) = /mmn:wwmf/F@ﬁ

i.e.,

The inequalities (3.3) give the desired estimation (3.2). I
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Corollary 4. Let X be a random variable taking values in the finite interval [a,b],
with cumulative distribution function F(x) = Pr(X < z) and the expectation E(X).
Then we have the inequality

(b—a) /sgn(t _ “T“’)F(t)dt < %(b _a).

The factor constant % is the best in both inequalities.

4. APPLICATION FOR QUADRATURE FORMULAE

By using our Corollary 3 we can give a general result for Simpson’s type of
quadrature formula. Moreover, we shall give applications of Corollary 2, i.e., the
corresponding result for classical trapezoidal rule.

Let I, ta=2p < 21 < ... <2xp_1 < x, =b be a partitioning of the interval
[a,b], put h; == xi41 —2; (1 =0,..,n—1) and v(h) := max{h;|i = 0,...,n — 1} the
norm of the division. Define the trapezoid formula associated with the division I,
and with a mapping f : [a,b] — R

n—1
To(fidn) =) 1z +2f(xi+1) < hi.
=0

The following theorem contains an evaluation of the remainder in Trapezoid rule.

Theorem 5. Let f : [a,b] — R be a monotonic nondecreasing mapping on [a,b].
Then

b
/ F(O)dt = To(f. 1) + Ra(f. 1)

where T,,(f, I,,) is the trapezoid formula and the remainder R, (f,I,) satisfies the
estimation

b

@) RIS 53 () + @b~ [ Kalf L 01f0)d:
1=0 a
1 n—1
< 3 (f(zig1) + f(z:)) hi
=0
< "5 @)
where
sgn gt — 48 ift e fa, @)
sgn (t — 2322) if t € [zq, 3)
PP

Tn—2+Tn—1
2

sgn [t — ) ift € [Tp—2,Tn-1)
sgn (t — “*Tﬁb) if t € [wp—1,0].



Proof. Write the inequality (2.4) on the intervals [z;, x;41] to get

(4.2) / f(t)dtfwm
< gt (i) + f@) — [ son (t“f) Ftyt
< ghi (@) + @),

for all i € {0,...,n — 1}.

Summing over ¢ from 0 to n — 1 and using the generalized triangle inequality, we
get the first two inequalities in (4.1).

The last inequality is obvious, observing that

n—1 n—1
Z(f(xi+1) — fx:)hi = Z (ig1) — flx:))
i=0 i=0

Hence, the theorem is proved. §

Corollary 5. Let f be as above and I, are equidistant partitioning of [a,b], i.e.,
I,:z;=a+1- ZFT“, i=0,....,n. Then

b
/ F(t)dt = T, (f) + Ro(f)

where

Tn(f)sz_nail{f(aﬂb )+f( (z—l)-b;a)].

=0

The remainder satisfies the estimation.

Ra(F) < =2 (5 0) /K (r.0f @t < 2 2(0) - f(@)

where

sgn (t — 7(2"_213“%) ift e [a, 7("_13‘1%]
K,(f,t):=¢
sgn (t — 7‘”(227;;1%) ift € (7a+(271)b, b}

5. APPLICATION FOR SPECIAL MEANS

As in Section 4 we shall give application of Corollary 3. It is clear that similar
applies from of the other results from Section 2.
Let us recall the following means
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The arithmetic mean

A= Aa,b) = 20

;a,b > 0;
The geometric mean
G = G(a,b) := Vab,a,b > 0;

The harmonic mean

2
H=H(a,b) := +—,a,b>0;
ats
The logarithmic mean
aifa=0>
L = L(a,b) := { an:{lna ifa b ,a,b>0;
The identric mean
aifa=0b
I=1(ab):= = ,a,b>0;
(a,5) L(&) ifa st
The p-logarithmic mean
aifa=10
LI) = Lp(a7b) = pp—1_gp—1 % .
[E

where p € R\{—1,0} and a,b > 0.
The following simple relationships are known in the literature

H<G<L<I<A.

It is also known that L, is monotonically increasing over p € R with Lo :=1T
and L_q := L.
We are going to use inequality (2.4) in the following equivalent version:

b
Iy POV (GRS

b—a

< L(0) - fla)) - /b sen (1= 57 ) £(0ae

1

< 0B - f@).

where f : [a,b] — R is monotonic nondecreasing on [a, b].

5.1. Mapping f(z) = aP. Consider the mapping f : [a,b] C (0,00) — R, f(x) =
P, p > 0. Then

1 p .
e RG]

= A(d”,b");

f) = fla) = p(b—a)Ll”|(a,b);
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[ 3" b
= 1 / tPdt — / tPdt
b—a
L@ ofb
2
- 2 @ [gqrt? a,b)— A ap+1,bp+1
(b— a)(p+ 1) [ ( ) ( )]
and then, by (5.1), we get
(5.2) |LP(a,b) — A(a?, bP)]
1
< Zp(h— p—1 2 [pptl _ p+1 pp+1
< 2p(b a)Ly~(a,b) + (EE) [AP*(a,b) — A(aPT1, 6P T)]
1 _
< 5p(b—a)Ly7(a,b).
5.2. Mapping f(z) = f%. Consider the mapping f : [a,b] C (0,00) — R,

f(xz)=—21. Then

f@)+f6) _ Alb)
2 @(ab)’
b—a
f(b) - f(a’) = Gg(a, b)7

1 a+b
b_a/sgn<t 5 >f(t)dt
atb b
I
 b—ua t t

a atb

2

= 3 E - [ln G(a,b) — In A(a,b)];

and then, by (5.1), we get

A(a,b) 1 ‘ P b—a 2

G2(a,b)  L(a,b) 2G2(a,b) b—a
1 b—a

2G2(a,b)’

[In A(a,b) — InG(a, b)]

IN
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If we multiply this inequality with L(a,b)G?(a,b), we get

1 InA-InG A-G 1
<AL-G*< =(b—a)L —2G*L - . < =(b—a)L.
0< G _2(b a) G 1-C P _2(b a)
But
InA—-InG _
g Lea
and then we get
1 A—-G 1 1
. < —GZ< Z(b— —2G?%L - < Z(b—a)lL.
(5.3) 0<AL -G 72(b a)L —2G*L b a L(G,A)*2(b a)L

5.3. Mapping f(z) = Inz. Consider the mapping f : [a,b] C (0,00) — R, f(z) =
Inz. Then

3 = InG(a,b);
b—a
O - f@) = o
/ b
a+
e t+ —— t)dt
s fom (14257 ) 10
aft b
1 1
b —a /lntdtfb_a /lntdt
a a;rb
1 a+b a+b I(a, A) H
= —|Inl(a,—)—1InI =1 ;
5 e S5 -] = (1)
and then, by (5.1), we get
1b—a I(a, A) P 1b-a
InTl —1 <= 1 < -
[n 1 (a, b) nG(“’b)|—2L(a,b)+D(I(A,b)) =2 L(a,b)

from where we deduce

(5.4) 1<

<[i65) o (i) <o sz
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