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AN INEQUALITY OF OSTROWSKI TYPE FOR TWICE
DIFFERENTIABLE MAPPINGS IN TERMS OF THE L, NORM
AND APPLICATIONS

A. SOFO AND S. S. DRAGOMIR

ABSTRACT. An inequality of the Ostrowski type for twice differentiable map-
pings whose derivatives belong to Ly (a,b), 1 < p < oo, and applications to
special means and numerical integration are investigated.

1. INTRODUCTION

The following inequality is well known in the literature as Ostrowski’s integral
inequality (see for example [1, p. 468]).

Theorem 1. Let f: I CR — R be a differentiable mapping on I (I is the interior
of I) and let a,b €I with a < b. If f" : (a,b) — R is bounded, i.e., ||f'| =
SUPse(q.0) |[f' (t)| < 00, then we have the inequality:

2
(o= =)

(b—a)

s [ rwal < (L
b—a J, |4
for all x € (a,b).

The constant i is the best possible.

] (b—a)[lfll

For a simple proof and some applications of Ostrowski’s inequality to some spe-
cial means and some numerical quadrature rules, we refer the reader to the recent
paper [2] by S. S. Dragomir and S. Wang.

In [3], the same authors considered another inequality of Ostrowski type for the
[[[|, —norm (p > 1) as follows:

Theorem 2. Let f : I CR — R be a differentiable mapping on I and a,b el with
a<b. If f'eL,(a,b) (p > 1, ]% + % = 1) then we have the inequality:

_ g+l a9 tl
<bfarxa) . ]wu
qg+1

b
(1.1) P@%Via/fwﬂ

for all x € [a,b], where

) "
Hﬂu:</IfWFﬁ>,

is the L, (a,b) —norm.
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2 A. SOFO AND S. S. DRAGOMIR

They also pointed out some applications of (1.1) in Numerical Integration as well
as for special means.

In 1976, G. V. Milovanovi¢ and J. E. Pecari¢ proved a generalization of the
Ostrowski inequality for n—times differentiable mappings (see for example [1, p.
468]). The case of twice differentiable mappings [1, p. 470] is as follows:

Theorem 3. Let f : [a,b] — R be a twice differentiable mapping such that f" :
(a,b) — R is bounded on (a,b), i.e., ||f"|| == sup |f"(t)] < oco. Then we have
te(a,b)

the inequality:

T

< H=-o?

for all x € [a,b].

In 1998, Cerone, Dragomir and Roumeliotis [4] proved the following inequality
of Ostrowski type for mappings which are twice differentiable.

Theorem 4. Let f : [a,b] — R be a twice differentiable mapping on (a,b) and
" €L,(a,b) (p>1). Then we have the inequality:

f(w)—bla/bf(t)dt— (+-5) 7@
1

(@ =0 + 6 —2)] " 177]

IA

2(b—a) (2 + 1) P

1
(b—a)" 5 |1,
1
2(2¢+1)e
for all x € [a,b], where % + % =1

Dragomir and Sofo [5] proved the following inequality in the case where the
second derivative belongs to the Lo, (-, ) norm.

Theorem 5. Let g : [a,b] — R be a mapping whose first derivative is absolutely
continuous on [a,b] and assume that the second derivative " € Lo [a,b]. Then we
have the inequality

/abg(t)dt—; [9(3«“)+g(a)+g(b)] 0o+ 30 <x_a+b)gl(x)

2
1 a+b
< Il <3|x— !

for all x € [a,b].

In this paper we point out an inequality of Ostrowski type, different to that of
Cerone, Dragomir and Roumeliotis [4], for twice differentiable mappings which is
in terms of the L, (-,-) norm of the second derivative, ¢”, and apply it to special
means.

(1.2)
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2. THE MAIN THEOREM

The following theorem is now proved and later applied to special means.

Theorem 6. Let g : [a,b] — R be a mapping whose first derivative is absolutely
continuous on |a,b]. If we assume that the second derwative g" € Ly (a,b), 1 <
p < 0o, then we have the inequality

/abg(t)dt—l [9($>+g(a>+g(b) -+ 050 <x_a+b)g/(x)

(2.1) 5 > 5

1
1/b—a\"
< 5 (55 e,

[B(g+1,q+1)+ By, (¢+1,g+1)+ V., (¢+1,q+1)]

Q=

forx € [a,“TH’] ,

1
[B(q+1,q+ 1)+ By, (¢+1,q+ 1)+ By, (g + 1,g+ 1)]°

for x € (‘%rb,b} ,

where % + % =1,p>1,qg>1, and B(:,-) is the Beta function of Fuler given by

1
B(l,s) :/ (=)t 1,s >0,
0

By (l,s) = / A1 (1=t ar

0
is the incomplete Beta function,

v, (1, s) :/ (14 0)*
0
is a real positive valued integral,
2(x—a)

o= T =l

r3 = {L‘1—1, {E4:2—{E1

b :
I9"l, = ( / |g"<t>Pdt> .

If we assume that ¢" € Ly (a,b), then we have
b
22 |[awar-j |o@+ D10 om0 4 O30 (oo 20 g 0

%
< lg Hl (b— a)Q’

and

b
9"l = / 19" (1)) dt.
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Proof. We begin with the proof of the following integral equality

b b
(23) f@ =5 | [0+ [p@or @

Vx € [a,b], provided that f is absolutely continuous on [a,b], and the kernel
p:la, b]2 — R is given by

o t—a if tG[lhx]’
p(z,t) -—{ t—0bif te (z,b];

where ¢ € [a,b] .

A proof of (2.3) may be found in the paper by Dragomir and Wang [2].

Now, if we choose f (z) = (a: — QTH’) ¢’ (x) and apply it in (2.3), we obtain, after
a moderate amount of manipulation, details of which may be seen in a paper by
Dragomir and Sofo [5], the integral equality

2.9 [owa = 050 g 20 ra®)

for all x € [a,b].
From (2.4), we have the inequality

/abg(t)dt — {g(ﬂng(aHg(b)] 05 <x a+b) s

(2.5)

b

< % /p(sc,t) (t— a;”) g" (t)dt|,

a

whose left hand side is equivalent to that of (1.2).
From the right hand side of (2.5) we have, by Holder’s inequality

b

[ren(t-5) o @ a

a

1
b P b
bq
< | Jrora) | [weore-2 @
b bq q
o " q a+
= 1"l | [ ol |- 2] |
a
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and from (2.5) we obtain the inequality

Azﬂwﬁ_(%;n%ﬂ@+g@0+gwq+ﬁb—®<x_a+b)g@)

(2.6) . 5

q

b
a+ dt

t—
2

b
1
< 5lol, | [ w@or
a

From the right hand side of (2.6) we may define

q

b
@7n I :/mmﬁw dt

b
q
- /@_@q ﬁ+/ﬁ—w

such that we can identify two distinct cases.

(a) For z € [a, &F2]

t_a+b

q

b
at dt,

t— -7
2

t_aer
2

a+b
x

Iy = /(t—a)q<a;b—t>th+j(b—t)"(a;b—t)th

a

+ /b (b — ) (t—a;—bydt.

a+b
2

Investigating the three separate integrals, we may evaluate as follows:

r a
Ilz/(t—a)q (a;b—t> dt,

a

making the change of variable t = a + (b*?“) w, we arrive at

b— 2q+1 T
L = <a) / w? (1 —w)? dw
2 0

b— a4t
- (13%) Batriesy,

where B, (+,-) is the incomplete Beta function and z; = %.

a+b
2

I = / (b—t)q(a;rb—tydt,

xT
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making the change of variable t = ¢t — (252) w, we obtain

_e

where

making the change of variable ¢t = “—"‘b + ( 5 ) w, we get

b— a2t
I3 = <) / w? (1 *w)q dw
2 0

b— 2q+1
= (2a> B(g+1,q+1),

where B (-,-) is the Beta function.
We may now write

Ipn = L+1L+13

b— 2q+1

Iy = j(t—a)q<a;b—t>th+/x(t—a)q(t—a;b>th
+/b(bt)q(ta;rb>th.

In a similar fashion to the previous case, we have

a+b
2

I, = / (t—a)q<a—2|_b—t>th.

Letting t = a + (l”7a) w, we obtain

_ 2q+1 1
I4 = (ba) / w? (1 —’LU)q dw
2 0

b— a2t




Ip
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where B (-, -) is the Beta function.

making the change of variable ¢t = i ( 5 ) w, we arrive at

o () o

b o 2q+1
- ( ;ﬁ Bay (q+1,q+1),

where By, (+,-) is the incomplete Beta function and z3 = 21 — 1.

b
q
16:/(b—t)q (t—a;b> dt,

xT

making the change of variable t = b — (Z’_Ta) w, we get

h— 2q+1 T4
Iy = <a) / w? (1 —w)? dw
2 0

b—a 2g+1
= ( ) By, (q+1,q+1),

2

where By, (+,-) is the incomplete Beta function and x4 = 2 — 2.

Now

= L+Is+1

2

for z € (““’,b} ,

and from (2.7)

I =

Ix+1Ip

(b—a 2g+1 forxe[a,%rb],
)

for x € (%H’,b] .

Utilizing (2.6) , we obtain the result (2.1).
Using the inequality (2.5), we can also state that

b

2 2

/g(t)dt—b_a {g(x)—kg(a)—kg(b) (b—a)+(b_a) (a:—a+b

a

1
3 19" 1K ()l

b—a 2q+1
( ) Blg+1.q+1) + Boy (44 1g+ 1)+ B, (441, g+ 1)]

By, (q+1,¢g+ 1)+ Y, (¢g+1,¢g+1)+B(qg+1,q+1)

B(q+1,q+ 1)+ By, (g +1,g+ 1)+ By, (g +1,¢+1)
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where

K (1) = p(z,1) (t— “;b).

As it is easy to see that

1K (2,) ]| =

we deduce (2.2). 11

Remark 1. The inequality (2.1) may be rewritten as follows

b
g(z)+ 1@QT9® (x—“”)g’(x)—Q g () dt

2 b—a J,
1/b—a g
< 5(55%) e,

[B(g+1,q+1)+ By, (¢+1,¢+1)+V,, (¢+ 1,9+ 1)]

(2.8)

Q=

forx € [a, “TH’} ,

Q=

[B(¢+1,q+1)+ By, (q+ 1, + 1)+ By, (¢ + 1,0+ 1)]
a+b

forxz e (%,b] .

Choosing x = a, we obtain, from (2.8), 1 =0 and x5 =1 so that

39(@);g(b)+(62 )g/(a)_% g

(2.9)

1/b—a\'ts " 1
< 503 lg"ll, [B (@ +1,q+ 1) +¥1 (¢ +Lg+1)]".

Choosing x = b, we obtain from (2.8) x3 =1, and x4 = 0 so that

g(a)‘;?)g(b)_(bQ )gl(b)_bza/ g(t)dt

(2.10)

1 1 1
< 1= g, BY g+ g+ 1),

At the midpoint x = “TH’, we obtain the best estimator so that x1 = 1, x5 = 0,

r3=0,24 =1 and

‘g(a;b> +g(a);g(b) _bia/abg(t)dt

1 1 1
< ;- g, BY (g +1a+ 1),
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Assuming the inequalities (2.9) and (2.10) , using the triangle inequality and dividing
by 4, we obtain a perturbed trapezoid formula:-

g«n;gw)_wg >@%w_g%®)_bialfﬂ@ﬁ

1/b—a 1+% 1 1 1
< (55°) W (4 2) B+ v e e

The following particular case for Euclidean norms p = ¢ = 2 is of particular
importance.

Corollary 1. Let g : [a,b] — R be as in Theorem 6 and g" € Lo (a,b). Using the
result (2.1), we have the inequality

/abg(t)dt—(b;a) {g@Hg(a);g(b)] + 3 (x_ a;b) 7

1 4 3
b-—a)z, , |1 a+b 1 4
< 7 _ — — (b —
< L |5 (e - 1) + s - @

for all x € [a,b].

(2.11)

Proof. Applying inequality (2.1) for p = ¢ = 2, we obtain, after a moderate amount
of manipulation (or simply by directly integrating the expression (2.7)),

b — —_
(2.12) / gtydt— O gy 4 49O boa) (0 atby
., 2 2 2 2
7 _
< lg”ll, [ (b—a) [30x4 — 602° (a + b) + 4527 (a + b)°
2 60
—15z (a + b)* + 2a* + 7a%b + 12a%b? + Tab® + 2b4] }5 .
for z € [a,b].
Let z ::T+a7+b and A = “7“’ so that
302t — 12023 A + 18022 A% — 120243 = 307* — 304%
a+b\* 15 A

Now, from the inner bracket of (2.12), we have

30z* — 12023 A + 18022 A% — 120243 + 2a* + 7a3b + 12a%b? + Tab® + 2b*

4
_ 30(:5‘”1)) +é(b—a)4.

2
and the inequality (2.11) follows. I

3. APPLICATIONS FOR SOME SPECIAL MEANS.

Let us recall the following means:
(a) The Arithmetic mean:

A=Al(a,b) = “TH’ a,b> 0.
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(b) The Geometric mean:
G = G (a,b) :== Vab, a,b>0.

(¢c) The Harmonic mean:

H = H (a,b) :== +—, a,b> 0.
ath

(d) The Logarithmic mean:

a if a=b

L=L(a,b):= , a,b>0.

In lg:ilna if a 7& b

(e) The Identric mean:
a it a=b
I=1(a,b):= . , a,b>0.

(&) i ato
(f) The p—logarithmic mean:
a if a=0b
L,=1L,(a,b):= , a,b>0

pptl_gpt1 .
{Wl)(bw)} if a#b

=

where p € R\ {—1,0}. The following is well known in the literature:
H<GLLLI<LA

It is also well known that L, is monotonically increasing over p € R (as-
suming that Lo := 1T and L_; := L).

The inequality (2.8) may be rewritten as:

b
(3.1) g(@)+ 19T A @) 2 [ swa

2 b—a

1/b—a\'"3
< 5(55°) e,

[B(q+1,q+1)+ By, (g+1,g+ 1)+ ¥y, (q+ 1,¢+ 1))

for x € [a, ‘ITH’]

)

[B(q+1,g+1) 4 Buy (q+1,q+ 1) + By, (g + 1,g+ 1)]7

for z € (“T'H’,b] .

We may now apply (3.1) to deduce some inequalities for special means given above,
by the use of some particular mappings as follows.
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(i). Cousider g (z) =1Inz, x € [a,b] C (0,00). Then

and

b
bl /g(t)dt = InI(a,b),
—al,

g(a)+g(b)

5 = InG(a,b)

b P
16", = (/|g" (t)pdt) —(b—a)b L2, (ah).

a

From (3.1),

Inz

< 27!

and

+1InG (a,b) — (1 - A(;‘b)> —2lnl(a,b)‘

(b;“)QL‘ép (a,b)

[Blg+1,q+1)+ B, (¢+1,¢+ 1)+ VY, (¢4 1,0+ 1)]

for x € [a,‘ib],

1
[Bla+1,q+1)+Bey (¢+1,¢+ 1)+ Bo, (¢ + 1, +1)]"

1 b
- [ewa = L),
— /.

g@)+g®) _ Adad)
2 G? (a,b)

lg"ll, = 2(b—a)» L5, (a,b).

From (3.1)

< 22»(

91:(2_A(a,b)>+ A o1,y

xT

G? (a,b)

b—a)\’ 1
2 L—3p(a7b)
[B(g+1,q+1)+ By, (¢+1,¢+1)+ V., (¢+1,q+1)]
for x € [a,%*b],
[B(qg+1,q+1)+ By, (¢ +1,¢g+ 1)+ By, (g + 1, + 1)]

for x € (“T'H’,b] .

Q=

Q=

Q=

11
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(iii). Consider g () = 2", g: (0,00) — R where r € R\ {—1,0} . Then, for a < b

1 b
o [awar = Li@),

g(a)+9(b)

. = A(a",b")

and
lg"ll, = |r (r =D (b= a)» L7 %, (a,b).
From (3.1),
|xr71 {rA(a,b)+ (1 —r)z}+ A(a",b") —2L; (a, b)|
14 (b—a -
< -y (5 ) L2, (ah)

[Blg+1,q+1)+ B, (¢+1,¢+ 1)+, (¢+ 1,0+ 1)]

Q=

for x € [a7%%]’

Q=

[Bla+1,q+1)+Bay (¢+1,¢+ 1)+ Bo, (¢ + 1,0+ 1)]

for x € (a;b,b] .

4. APPLICATIONS IN NUMERICAL INTEGRATION FOR THE Ls (a,b) NORM

Let I, :a =29 < 21 < ... < Zpy_1 < 2, = b be a subdivision of the interval
& € lxi,xip1], i =0,1,...,n — 1. We have the following quadrature formula.

Theorem 7. Let g : [a,b] — R be a mapping whose first derivative is absolutely
continuous on [a,b] and assume that the second derivative, g € Ly (a,b). Then the
following perturbed Riemann type quadrature formula holds.

b
(4.1) / g(2)dr = A(g, g 6.1) + Rg,' 6. 1)

where A(g,9',¢&, 1) is given by

Alg,9',61n)
S st 5SS 9(@:) +9 (@it1)
o i i+1 / - i i+1
= (a0 g S o)+ S
=0
and the remainder R(g,q',&,I,,) satisfies the estimation
1
n—1 4 n—1 2
h; Ti + Tit1 h
/ In < Hg ||2 2 o ) 1+

for all §; € [x;,zi11] .
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Proof. Applying inequality (2.11) on the interval [z;, z,11], we obtain

/ gyd— " [g )+ g(:c>+29(x+1>}

i

9"l ] hi w1,
< 2 el = - — —h;
- 2 60 30 (& 2 * 8"

forallt=0,1,....,n — 1.
Summing over ¢ from 0 to n — 1, using the triangle inequality and Cauchy-
Schwartz’s discrete inequality, we obtain

IR (9,9",&,In)|
n—1 Tit1 hz o)+ .
< Z/ g(t)dt—2|:g(§i)+g()2'g(+1):|
i=0 1V Ti
hZ x’i + 'Ti+1 ’
+2Gz 5 )(@
1
n—1 4 . 1 N .
L hi i+ Tig1 % o 1
< = i i T i hi
>~ QZ 0 30 (fz 9 ) + 3 (/Ll |g (t)| dt

N
Nl

IN
M| =
5 3
7L
VR —N
D
8|z
w
(e
/N
i
|
8
+
ik
+
=
N———
o|
D=

n—1 Tit1 9 2
. [ a)
=0 Ti
1
—1 4 —1 5 2
g (R (w6
2 _ 2 ' 2 480
i=0 i=0
and the theorem is proved. i
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