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AN INEQUALITY OF THE OSTROWSKI TYPE FOR DOUBLE
INTEGRALS AND APPLICATIONS FOR CUBATURE

FORMULAE

S. S. DRAGOMIR, P. CERONE, N.S. BARNETT, AND J. ROUMELIOTIS

ABSTRACT. We point out a new inequality of the Ostrowski type for mappings
of two independent variables, which complements, in a sense, some recent

results and apply it to the approximation problem of double integrals by their
Riemann sums.

1. INTRODUCTION

In the recent papers [1] and [2], the authors proved the following inequality of
the Ostrowski type for double integrals.

Theorem 1. Let f : [a,b] X [¢,d] — R be continuous on [a,b] X [¢,d] . Then we have
the inequality:

(1.1)

IN

d b
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(b—a)l(d—c)/ab/cdf(t,S)dsdt

1

3*f
Otds

G ()] [ () |00

oo

1 2
oo - ot |
2
if o € Ly([a,b] x [e,d)), p>1, 14l
r—att y— td 52 f
3+ =22 ) [+ =2 ) £,

if 2L € Ly ([a,b] x [c,d))

Date: 29th July, 1999.

1991 Mathematics Subject Classification. Primary 26D15; Secondary 41A55.
Key words and phrases. Ostrowski Inequality, Cubature Formulae.

1



2 S. S. DRAGOMIR, P. CERONE, N.S. BARNETT, AND J. ROUMELIOTIS

for all (z,y) € [a,b] X [c,d], where

H *f *f(t,s)
= sup :
OtOs || o (ts)€lab)x[e,d) | OOs
1
82]0 (92 P
— d dt
Hatas ) ( 8758 °
if pe[l,00).
The best inequality we can get from (1.1) is the one for which z = ‘ITH’ and
Y= C+d , obtaining:

Corollary 1. With the assumptions in Theorem 1, we have the following mid-point
type inequality:

= _C//ftsdsdtf—/ <a+b >ds
_bia/abf(t’c;d>dt+f(a;b’c;d)‘

(1.2)

N2 ] 5
o | G| =)@ =) i i € Lo (la.b] x [e.d):
1 ((b—a)(d—o)7 || 2L
< A(g+1)7 (b —a) (d =)} | 5k ,
Zf % € Lp([a’Vb] X [Cvd]), fOT'p > ]_, %—F % = ]_,

1| 9%f
4 || 0tos 1

if 2 atas € Ly ([a,b] x [¢,d]).

For some applications of the above results in Numerical Integration for cubature
formulae see [1] and [2].
In this paper we point out some bounds for the quantity

b pd
(b_a)l(d_c)//f(t»s)detf(l"ay)y

where (z,y) € [a,b] X [c,d] and use the results for the approximation of a double
integral by its Riemann sums.

2. AN INTEGRAL IDENTITY
The following theorem holds.

Theorem 2. Let f : [a,b] X [¢,d] — R be such that the partial derivatives %,

Léi’s), 7628];(825) exist and are continuous on [a,b] X [¢,d]. Then for all (z,y) €
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[a,b] X [¢,d], we have the representation
1 b pd
O = e R
b pd
+ﬁ//p(mat)af(t’s)dsdt
)
+ b—a)({d—c) // ———dsdt

+m/ﬂ / p(z,t)q(y,s) %dsdt,

where p : [a, b]2 —R,q: e d]2 — R and are given by

t—a if te€a,x]
(2.2) p(x,t) = { )
t—b if te(zb

and

s—c if s€levy]
(2.3) q(y,s) = {

s—d if se(y,d

Proof. We use the following identity, which can be easily proved by integration by
parts,

B B
(2.4) o) = 57 [ @ d+ 2 [k (e
wherek:[a,ﬁf—»RiS given by
z—a if z€|a,u
k(u,z):=
z—p if z€ (u,pf]

and ¢ is absolutely continuous on [«, 3] .
Indeed, we have

u

[ Gmad@a=w-agw- [ oee

[0

and

B8 B8
/ (z—ﬁ)g’(Z)dz=(ﬁ—u)g(U)—/ g (2) d

which produces, by summation, the desired identity (2.4).
Now, write the identity (2.4) for the partial map f (-, ) y € [ d] to obtain

(2.5) flx,y) = 7/ftydt+7/ )dt

for all (z,y) € [a,b] X [¢,d] .
Also, if we write (2. 4) for the map f (¢,-), we get

e 1w =g [resas 2 [aws 2
for all (¢,y) € [a,b] x [c d].
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The same formula (2.4) applied for the partial derivative W will produce

d d 2 s
an  AULn_ L G0, L[ S,

ot d—c /. ot otos

for all (t,y) € [a,b] X [, d].
Substituting (2.6) and (2.7) in (2.5), and using Fubini’s theorem, we have

b d d
fam = 5= | [di/ fsyas+— [ q<y7s>af(§i’s>ds]dt
1P 1 [20f (t,s)
b—a/ap(m’t)[d—c/c ot d

‘ O*f (t, 5)
q(y,s) st dt

+

+d—c c

- m Uab/cdf(t’s) deH/ab/ch(yvs) aféts’s)dsdt
+/ab/cdp(x,t) or (¢ S)dsdt+LbAdp(x,t)q(y,s)%dsdt ,

and the identity (2.1) is completely proved. I

A particular case which is of interest is embodied in the following corollary.

Corollary 2. Let f be as in Theorem 2, then we have the identity

(2.8) f<a~2+b’c—&2—d)

_ (_a — V/ftsdsdwr// )ddt
+/a/cq0()a ddt+//po ao ( ag;g )ddt]

where po : [a,b] = R, qo : [e,d] — R are given by

t—a if te[a,‘%b]
pO(t) = )
t—b if te (%20

and

s—c if s€ ¢, 9
qo (s) :==
s—d if 36(C+d d]

The following corollary which provides a trapezoid type identity is also of interest.
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Corollary 3. Let f be as in Theorem 2. Then we have the identity
fla,c) + [ (a, d)+f(b )+ f(b,d)

(_a =9 [//ftsdsdt—&—// (—‘”b)afét *) gsdt
[ 55) 2e
IO () e

Proof. Letting (z,y) = (a,¢), (a,d), (b,¢) and (b,d) in (2.1) , we obtain successively

fla,0) = (—a =0 [//ftsdsdt—&—// (t—"0) 3f )ddt
// s —d) 8ftsddt+// 82§(at)ddt]

b pd b pd s
f(a,d) = (b_a)l(d_c)[/a/cf(t,s)dsdt—i—//(t—b)afé?)dsdt

// (s—c ddt+// (s—c¢ 825(6t)ddt1

b pd b pd
f(be) = (b_a)l(d_c)[/a/cf(t,s)dsdt—l—//(t—a)aféi’s)dsdt

[ e 2 [ e 20 ]
and

b d b d s
Fbd) = (ba)l(dc)[/a/cf(t,s)dsdt—i—//(t—a)afg;)dsdt

// ddt+// (s —c) 825(8 )ddt]

After summing over the above equalities, dividing by 4 and some simple computa-
tion, we arrive at the desired identity (2.9). I

(2.9)

3. SOME INEQUALITIES

We can state the following inequality of the Ostrowski type which holds for
mappings of two independent variables.
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Theorem 3. Let f : [a,b] x [¢,d] — R be a mapping as in Theorem 2. Then we
have the inequality:

b pd
(3.1) |f (x,y) — m/ / f(t,s)dsdt
< My (2) + My (y) + M3 (,9)

where

[100-a+(z-25)"] |4

b—a ’ Zf % € LOO ([aab] X [Ca d]) 5

(b—2)1tly(z—a)q1+1 | ar

a1
— q1+1 . 8
M (z) = [ - ] ’ %{ ,if % € Ly, ([a,b] x [¢,d]),
(b—a)[(d—c)] "1 p1
pr>1 -+ =1
1(b—a)+|z—2f8 o Of(ts
Bkl o) i o e L (o x o).

l(d—c)?+ _c;d 2 .
B O oz i 28 e Lo (b x e
[<d7y>42+1+<y—c>“2+1] g
M (y) = q2+L ‘ a% . if % € Ly, ([a,0] x [c,d]);
[(b—a)] P2 (d—c) P2
p2 > 1, p% + q% =1;
L(d—eo)+ —ctd . : )5
B gl o 2 e bt > fed):
and
MS (.’E, y)
[10-0)*+ (2= 252)?] [5(d=)*+(y—=£2)*] || 524
(b=a)(d—c) Hatas o’

2 S
if T ¢ L ([a,b] x [e,d]);

g3+1 q3+1
(b—a)(d—c)

8% f
otds
P3

1 1
(b—0)93+1 4 (e—a)93+1 ] a3 <d—y>q3+1+<y—c>q3+1] a3
| ,

. 82 f(t,s
if 4% e L, (la,b] x [e,d]), ps>1, L+ 1 =1

[3(b-a)+|o— 23 [][5(d—c)+[y—5* ] Hﬂ
(b—a)(d—0) otos

)
1

if LD e 1y ([a,b] x [e,d]);

for all (z,y) € [a,b] x [c,d], where |||, (1 <p < oo) are the usual p—norms on
[a,b] X [c,d] .
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Proof. Using the identity (2.1), we can state that

(3.2)

f(x’y)_b—ald—c/b/df(t,é’)dsdt
(e V/ RCICEY
o oo R [ ot et T )ddt]
WM/cm(w’af%s)

dsdt

b d 5
of (t,s) 0
o [ w22 s [* [ e oriatwsn | Mm}
‘We have that
(3.3) //\ )dsdt
G| 2 S p ()] dsdr, it 2009 e ((a,b] x [¢,d]);
b d ) o . s
< % (L a o dsa) ™ i 25 e 1, (a.b] > [ed).
p1 > ]-7 E"‘i _1
ot ||, SuPretan [P (2, 1)] it 2LE2) e Ly ([a,b] x [e,d]).

and as

/ab/cdlp(x,t)ldsdt = /Cd</ab|p(x,t)|dt>ds
~ (d—o) /x |p(a:,t)dt+/:|p(x,t)|dt]
~ (-0 —/:(t—a)dt—k/:(b—t)dt]
2
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1 1

Uab[l Ip (z,t)|" dsdt] " Vcd (/ab Ip (x,t)|" dt) ds "

q1
- L
T b a1
— @9 | [ paora [ |p<x,t>|‘hdt]
a xT

= d—o)n -/:(ta)qldt+/:(b—t)qldt1 !

_(b _ x)fh-‘rl + (x _ a)Qr‘ﬂ] a1

¢ +1

and

sup |p(z,t)| = max{r —a,b—z} =

b— b
“ ’x _az
t€[a,b] 2

then, by (3.3), we obtain

(3.4 [ [ |2

i 2D € L ([0, 8] % [e,d));

dsdt

S (d* C)ﬁ |:(b793)‘11+qll<:_(ifv—a)ql+11|a 7f , if W c L ([a b] [07 d]),
p1 > 1, pT + = =1;
[F-a)+o—22)) |5 - it 20 ¢, ({08 % [, ).

In a similar fashion, we can state that the following inequality holds

b d
of (t,s
(35) [ sl 2252 asi
c 2 . C .S
(b-a)[f@-o'+(y-=9)°] 3], i 2 e Lo (0] x [
S (b—a) [(d y)CI2+q12_:_(1y c)‘12+1:| qz % , if 3f(t,s) c L ([a,b] % [C, d]),
P2
[S—eo)+ly—=520) %] - if %GL (ja.b] x [e.d)).

In addition, we have

(36) [ [ w0 258D
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H 9% f(t,s)
OtOs

b d
@ tld [ la(y. ) ds,

it ZH) e L ([ab] % [e,d)) ;

9% f(t,s)
OtOs

(o a)® (el ds)

it 249 ¢ ((a,b] x [e,d]), ps > 1, L

D50t + =1

’ ps

H 9% f(t,s)
OtOs

1 SUP¢ela,b] |p ((E, t)‘ SUPsele,d] |q (y7 S)I

if 248 e Ly (o] x [e.d]).

-0+ (-2 [fa-o + - 427 5]

it ELES) e ([a,b] % [e,d]) ;

0sOt
(b=—2) B+ 4 (x—a)®31 ) @5 [ (d—g)8H 4 (y—c)t371 ) 35 || 0°f
g3 +1 q3+1 ot0s ||, °
. 52
it S8 e r, (00 x[e.d); ps > 1, 2+ L =
a c 62
G-+ o= [d=o)+]y- +du!awf;1’

and the theorem is proved. I

The following corollary holds by taking z = ¢t y =

c+d

Corollary 4. With the assumptions in Theorem 2, we have the inequality

(3.7)

where

P(G;E63d>‘w—aﬂd—@fflaﬂuﬁ““

< M, + M, + M,

Lo-a|% . if e Ly (la,b] x [e,d))
1
M, = é{wla)ll“af , i GE € Ly, ([a,b] x [e,d))
(@1 +1)71 (d—e)71 )
p1>1, 1)71+771
= || 3 if % € Li((a.b] x [e,d)
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i(d*C)H% o’ if %GLOO([a,b]x[c,d])
1
My:=3 3 [(d_lc)rzl} H% if % e Ly, (la,b] x [c,d])
(g2+1) 92 (b—a) P2 P2
p2 > 1, i + q% = 1;
T-a) %17 if % € Li([a.b] x [e,d])
and
%(b_a)(d_c)‘gaﬁ o if %ELW([a,b]x[c,d});
1 1 5 )
Nyi= g g mlda 80 i Bk € Ly, (la,8] x [e d));
(g3+1) 93 Ps . .
pP3 > ]-, E + q*:; = ].,
H s . if 2L e Ly ([a,b] x [c,d]).

Using the inequality (2.9) in Corollary 3 and a similar argument to the one used
in Theorem 3, we can point out the following trapezoid type inequality:

Corollary 5. With the assumption in Theorem 2, we have the inequality

fla, )+ fla,d)+ f(bo)+ f(bd) 1 e
(3.8) | (b—a)(d—c)/a/cf(t’s)det

4
< M, + My + Ms,

where the M; (i =1,2,3) are as given above.

4. APPLICATIONS FOR CUBATURE FORMULAE

Let us consider the arbitrary divisions I,, := a = 29 < 1 < ... < Tp_1 <
p=band Jp i c =y < Y1 < . < Ym-1 < Ym = d, where &, € [z;,2;41]
(i1=0,...,n—1),n; € [yj,yj+1] (j = 0,...,m — 1) are intermediate points. Consider
the Riemann sum:

n—1m-—1

(41) R(fa-[n;Jmagvn):ZZhiljf(givnj)v

i=0 j=0
where h; := 241 — 24, lj ' =yj41—y;,1=0,...,n—1,5=0,...,m—1.

Using Theorem 3, we can state twenty-seven different inequalities in bounding
the quantity

, (@) € [a,b] x [¢,d].

1 b pd
(4.2) f(z,y) — (b—a)(d—c)/a /C I (t,s)dsdt
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Let us consider only one case, namely, when all the partial derivatives

27 are bounded. That i,

(43) S e b / " ) s
ot (=) |5,
ks 1ot (-5 |5
+Wli<b—@2+<w—a;b>2
Jrer (-5 sl

for all [2,3] € [a,b] x [e.d].

Using this inequality, we can state the following theorem.

Theorem 4. Let f : [a,b] X

/ab/cdf(t,s)dsdt

(4.4)

[e,d] — R be as in Theorem 2. Then we have

R(f’ Inmengn) + W (f7 Ina Jma€7n) )

of of
ot 0s?

11

where R (f, I, Jm,&,n) is the Riemann sum defined by (4.1) and the remainder
through the approzimation W (f, L., Jm,§,m) satisfies the bound

(45) W (f, In, ;&)
n—1 2
1 2 $i+l’i+1
< — .y R ek o1
< (d c)‘ HOOZE 4h1+<51 5 )]
ool (o2
i 2
00 j=0
82f d 1., Ti+ Tita 2
|7l X |+ (- 2572)
m—1 2
Yi Tt Yj+1
XZ 2+<7lj]23>
7=0
n—1 af m—1
STl b ISSUEFTRE] - IS
=0 o j=0
2 2
sl S
1
ST A L R

for all &, n intermediate points, where v (h) := max {h;,i =0, ...,

~1}.

max{l;,7=0,..m

o]

n—l} andv (1) :
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Proof. Apply (4.3) in the intervals [z;, z;11] X [y;,yj+1] to obtain

Tit1 Yji+1

/ / £ (t, ) dsdt — hil; f (€,,m,)
vj
2

1, T + Tig1 of
i (& 2) 1 lj |

1 Yj +y 1)

9 +

Zl‘] + ( ] ] J ) ‘| h’Z

,h2 + (gl _ W) ]

Y + Yjt+1
2 8t(‘35
forall¢=0,...n—1, 7=0,..

Summing over 4 from 0 to n — 1 and over j from 0 to m — 1, we get the desired
estimation (4.5). We omit the details. I

<

Consider the mid-point formula:

n—1m—1
(4.6) M (f In, Jm) = Z Z hil; f (Il +x’+1 Yj +yy+1>

‘ 2 2
i=0 j=0

The following corollary contains the best quadrature formula we can obtain from
(4.5).

Corollary 6. Let f be as in Theorem 2, then we have:
b pd
(4.7) / / ft,s)dsdt =M (f, L, J) + L(f, Ln, i),

where M (f, I, Jm) is the midpoint formula given by (4.6) and the remainder
L(f I, Jm) satisﬁes the estimate

(4.8) L (f, 1n; Jm)

m—1
ol H Sorio-ol3] Ko
o0 =0 =0
— m—1
2
Hatas ' Z g
7=0
=M (fvlna'] )
1 af
< =(d- D||=
< jo-ae-olwlg] eolF] «poolE] ]
: :MQ (f,]n,Jm)
We can also consider the trapezoid formula
(4.9)  T(fIn; Jm)
—nZ:lmX:lh ’ f(iyy) + f(@iyje) + f @i, 95) + f (@1, Y541)
1 .
=0 7=0

Using Corollary 5 and a similar argument to the one used in the proof of Theorem
4, we can state the following corollary.
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Corollary 7. Let f be as in Theorem 2, then we have

b d
(4.10) //f(t,s)dsdt:T(f,In,Jm)-i-P(f,In,Jm),

where T (f, I, Jm) is the trapezoid formula obtained by (4.9) and the remainder
P (f, I, Jm) satisfies the estimate

(411) |P (f7 Ina Jm)‘ S Ml (fa I’na Jm) S M2 (f7 Ina Jm)7
where My and My are as defined above.
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