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ABSTRACT. Let f be a strictly increasing convex (or Concave) functions on (0, 1], then, for k being

a nonnegative integer and n a natural number, the sequence = Z:L+kk+1 f(#%) is decreasing in n

and k and has a lower bound fo f(t) dt. From this, some new inequalities involving /(n + k)!/k!

are deduced. By the Hermie-Hadamard inequality, several inequalities are obtained.

1. INTRODUCTION

In [1], H. Alzer, using the mathematical induction and other techniques, proved that for r > 0
and n € N,
n n+1 1/T n
n 1 1 n!
—N i T - g— (1)
n+1 n; /n+1 — "/ (n+1)!

By the Cauchy’s mean-value theorem and the mathematical induction, the author in [7] presented

that, if n and m are natural numbers, k is a nonnegative integer, r > 0, then

1/r
n+k n+k n+m+k'T /
L i) 2)
n+m+k n+m

1= k+1 k+1
The lower bound is best possible.

From the Stirling’s formula, for all nonnegative integers k£ and natural numbers n and m, the

n 1/n ndtm 1/(n+m)
ﬁ i +H+ki , /n—+k. (3)
. n+m-+k

i=k+1 i=k+1

author in [8] obtained

Let f be a strictly increasing convex (or concave) function in (0, 1], J.-C. Kuang in [2] verified that
n n+1
1 k
E];f(;) nJrlZf n+1 / f@ )
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The study of Alzer’s and Minc-Sathre’s inequality has many literature, for examples, [1]-[9].
In this article, motivated by [2, 7], i.e. the inequalities in (2), (3) and (4), considering the

convexity of a function, we get

Theorem 1. Let f be a strictly increasing convex (or concave) function in (0, 1], then the sequence

En+kk+1 f(n+k) is decreasing in n and k and has a lower bound fo t)dt, that is,
n+k n+k+1
— 5
;1]0(71—"-]6) n—I—l Z f(n—l—k—l—l / 1®) (5)

where k is a nonnegative integer, n a natural number.

If let f(x) = 2", r > 0, or let k = 0 in (5), then the inequalities in (1), (2) and (4) could
be deduced. Therefore, inequality (5) generalizes Alzer’s and Kuang’s inequality in [1, 2] and

inequality (2) above.

Corollary 1. For a nonnegative integer k and a natural number n > 1, we have

n+k (2n + 267" /[ (2n + 2k +2)1] Y/ (T
ntk+1 | (nt2k) (n+2k+1)!

< [(n Z!k)!]l/n/[%]u(nw ) [%]l/n(nﬂ). ©

For a larger n, the upper bound in the third inequality of (6) is not better than (3) for m = 1.
From the Hermite-Hadamard inequality in [3] and [4, pp. 10-12], we get the following

Theorem 2. Let f be a nonlinear convex function in (0,1], then

55 ) ()
>nik§1f(nj_k) /};(M) £t dt (7)

>gr 0~ 1))

Further, if [ satisfies the Lipschitz condition

() = f@)I M|z —y|*, 0<al, @®
then
n M 1 n+k 1
n+k [2(n + k)]« n+,lg ;Hf(nJrk) A/(mrk)f(t)dt. (9)

If let k£ =0 in theorem 2, the related result in [2] follows.
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2. PROOFS OF THEOREMS

Proof of Theorem 1. Let us first assume that f be a strictly increasing convex function. Taking

z =1L gy =t a=1= 'fL L and using the convexity and monotonicity of f yields

ntk’
=) (- =)

i—k—1 71—-1 n—i+k+1 1
f( n 'n—&—kjL n ‘n—&—k)

(") > 1)

fori=k+1,k+2,...,n+ k. Summing up leads to

ok i—k—1 7 —1 i—k—1 i n+k .
S [ E -SR] S )
ntk ' i '
i_kzﬂ{(i—k—l)f( +2)+(n+k—i+l)f<nik)}>ni_%1f(ﬁ)v
n+k ntk
nz%lf(n—i-k—&—l)Jrf Z;Hf<n+k)
n—+k+1 . n+k
”1;1f(n+k+1) ;rlf( o)

The inequality (5) is proved.
By similar procedure, if f is a strictly increasing concave function in (0, 1], then for k < in + k,

we have

i—k:f< t+1 )+n+k—i+1f( i )

n+1"\n+k+1 n+1 n+k+1
f(i—k 1+ 1 n+k—1+1 7 )
n+1l n+k+1 n+1 n+k+1

_f((nﬁz'l;;r?:_kk+ 1)) < f(nik)

”Z*’“[zkf( i+ 1 )+n+k7i+1f( ; )}
n+1"\n+k+1 n+1 n+k+1

i=k+1
n+k i n n+k
> f( )+ <> ()
n—&—l_k_H n+k+1 n+1 M) n+k
n+k+1 n+k
n Y o) <@ S p(=).
1=k-+1 n+k+1 1=k+1 n+k

The proof is complete. 1

Proof of Corallary 1. Substituting f by In(1+ x) or by In(z/(1+ x)) in (5) and simplifying yields
the first or the second inequality in (6), respectively.
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Since

[(n + k)!/kl"H [ [G+RYEPT G+ k= DYRY [(k+2)1/k3 k(K +2)!
[(n+k+1)/kl]" Z{ (j+k+1)!/k!)I [(j+k)!/k!}j—1}+[(k+3)!/k!}2 (k+3)2"

the third inequality in (6) is obtained. I

Proof of Theorem 2. Using the Hermite-Hadamard inequality in [3] and [4, pp. 10-12], we have

n+k n+k i/(n+k)
Z f( ><(n+k) Z / f(z)dx
i=kt1(

i i—1)/(n+k)
<3 5 [l ()
2: n+k n+k
n—+k . 1 k
; <n+k)_§[f(1)_f<n+k)]’

that is
n+k _ 1
n+k Z f( T ></k/(n+k) flw)dz
n+k .
k;1f<nik) 2(n1+k)[f(1)f(nik)]'

The inequality (7) is proved.
Combining (8) with (7) yields inequality (9).
The proof of theorem 2 is complete. i
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