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Midpoint Type Rules from an Inequalities Point of View
P.C. Cerone and S.S. Dragomir

ABSTRACT. The article investigates interior point rules which contain the mid-
point as a special case, and obtains explicit bounds through the use of a Peano
kernel approach and the modern theory of inequalities. Thus the simplest open
Newton-Cotes rules are examined. Both Riemann-Stieltjes and Riemann inte-
grals are evaluated with a variety of assumptions about the integrand enabling
the characterisation of the bound in terms of a variety of norms. Perturbed
quadrature rules are obtained through the use of Griiss, Chebychev and Lupas
inequalities, producing a variety of tighter bounds. The implementation is
demonstrated through the investigation of a variety of composite rules based
on inequalities developed. The analysis allows the determination of the parti-
tion required that would assure that the accuracy the result would be within a
prescribed error tolerance. It is demonstrated that the bounds of the approx-
imations are equivalent to those obtained from a Peano kernel that produces
Trapezoidal type rules.

1. Introduction

The following inequality is well known in the literature as the midpoint inequal-
ity:

b a g
(1) [r@a-o-ar(*50) < S5 08

2

where the mapping f : [a,b] C R — R is assumed to be twice differentiable on
the interval (a,b) and having the second derivative bounded on (a,b). That is,
17 e = S0Py | (2)] < 0.

Now, if we assume that I, :a = xg < 21 < ... < T,,_1 < T, = b is a partition of
the interval [a, b] and f is as above, then we can approximate the integral f: f(z)dx
by the midpoint quadrature formula Ay (£, I,) having an error given by Ry (f, I,),
where

n—1
(1.2) Av (FL) = f (“12”) hi
=0
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2 P.C. CERONE AND S.S. DRAGOMIR

and the remainder Ry (f, I,) satisfies the estimation

w3 a1 < W= Zh

where h; = x;41 —x; for i =0,1,2,...,n — 1.

Equation (1.2) is known as the midpoint rule for n = 1 and as the composite
midpoint rule for n > 1. The midpoint rule is the most basic open Newton-Cotes
quadrature in which function evaluations occur at the midpoints of equispaced
intervals.

The current work investigates an interior point (which contains the midpoint
as a special case) and obtains explicit bounds through the use of a Peano kernel
approach and the modern theory of inequalities. This approach allows for the
investigation of quadrature rules that place fewer restrictions on the behaviour of
the integrand and thus allow us to cope with larger classes of functions. Expression
(1.1) relies on the behaviour of the second derivative whereas bounds for the interior
point are obtained in terms of Riemann-Stieltjes integrals in Sections 2, 3 and 4 for
functions that are of bounded variation, Lipschitzian and monotonic respectively.
In Section 5, interior point rules are obtained for f(™ e L, [a,b], implying that

-(f

and || = sup,cq £ )]
Further, a generalised Taylor series representation is presented that enables an
expansion about any point on an interval.
In Section 6, perturbed interior point rules are obtained using what are termed
as premature variants of Griiss, Chebychev and Lupag inequalities. Atkinson [30]
uses an asymptotic error estimate technique to obtain what he defines as a corrected
rule. His approach, however, does not readily produce a bound on the error.
Further, in 6.2, alternate Griiss type results are obtained to produce perturbed
interior point rules with bounds given in terms of norms associated with f’ (z) — S,
where S = W is the secant slope.

Finally, in Section 7, a perturbed interior point rule is obtained whose per-
t f’(bl))—f’(a).
—a

H £
P

1
P P
(l‘)‘ dx) <oo forp>1

turbation involves S and no The bound relies on the behaviour of

).

The current work brings together results for interior point type rules giving ex-
plicit error bounds, using Peano type kernels and results from the modern theory of
inequalities. Although bounds through the use of Peano kernels have been obtained
in some classical review books on numerical integration such as Stroud [35], Engels
[34], and Davis and Rabinowitz [33], these do not seem to be utilised to perhaps
the extent that they should be. So much so that even in the more recent compre-
hensive monograph by Krommer and Ueberhuber [34], a constructive approach is
taken via Taylor or interpolating polynomials to obtain quadrature results. This
approach does not readily provide explicit error bounds but rather gives the order
of the approximation.



2. The Ostrowski Inequality for Mappings of
Bounded Variation

In this section we develop interior point type quadrature rules for functions that
are of bounded variation. It includes the midpoint rule as a special case. Functions
of bounded variation include a very large class in contrast to traditional interior or
specifically midpoint rules which rely on the second derivative of the function for
its error approximation.

2.1. Some Integral Inequalities. The following inequality for mappings of
bounded variation holds [2]:

THEOREM 1. Let u : [a,b] — R be a mapping of bounded variation on [a,b].
Then for all x € [a,b], we have the inequality

(2.1)

< B(ba)Jr‘za;rbH\:/(u),

b
/ u(t)dt — (b—a)u(x)

where \/Z (u) denotes the total variation of w.
The constant % s the best possible one.

ProoF. Using the integration by parts formula for Riemann-Stieltjes integrals
we have

/j(ta)du(t)—u(x)(xa)/ju(t)dt

and

b

b
/(t—b)du(t):u(x)(b—x)—/ w(t)dt.

x
If we add the above two equalities, we obtain

b

b
(2.2) (b—a)u(w)—/ u(t)dt:/ p(z,t)du(t),

where

(2.1) = t—aiftela,x)

PRE= Y —bita e [z,0]’

for all z,t € [a,b].

It is well known [30] that if p : [a,b] — R is continuous on [a,b] and v : [a,b] — R
is of bounded variation on [a, b], then

b

< sup |p()| \/(v).

z€la,b]

b
(2.3) / p () do (z)

a



4 P.C. CERONE AND S.S. DRAGOMIR

Applying the inequality (2.3) for p (z,t) as above and v (z) = u (), = € [a,b], we
get
b

< sup |p(z,1)]\/ (w)

t€la,b]

b
(2.4) / p () du (1)

a

b
= max{z —a,b—z} \/ (u)

-y

a

and then by (2.4), via the identity (2.2), we deduce the desired inequality (2.1).
Now to prove that % is the best possible constant assume that the inequality (2.1)
holds with a constant C' > 0. That is,

b
(2.5) / w(t) dt —u(z) (b a) g[C(b—a)+

x_a;LbH\z/(“)

for all z € [a,b].
Consider the mapping u : [a,b] — R, given by

w(z) = { 0if x € [a, 0] \ {22}

. _ a+b
lifx =%

in (2.5). Then wu is of bounded variation on [a,b], and

b b
\/(u):2,/ u(t)dt=0.
a+b ’

For x = 432, we get in (2.5)
1<20,
which implies that C' > % and the theorem is completely proved. i
The following corollary holds for monotonic mappings.

COROLLARY 1. Let u : [a,b] — R be a monotonic mapping on [a,b]. Then we
have the inequality
a+b
2

€T —

b
/u(t)dt—(b—a)u(x)

S[;(b—aH

o) - (@l

The case of Lipschitzian mappings is embodied in the following corollary.

COROLLARY 2. Letu : [a,b] — R be an L-Lipschitzian mapping on [a,b]. That
is, we recall

lu(z) —u(y)| < Lz —y| forall z,y € [a,b].
Then, for all x € [a,b] we have the inequality
_a+b

b
/ w(t)dt — (b—a)u(x)

ct[bo-a+|e- 2 6o,

giving a midpoint type rule.



COROLLARY 3. Let u: [a,b] — R be as above. Then we have the inequality:

/abu(t)dx—(b—a)u<a;b>

Similar inequalities can be found if we assume that w is monotonic or Lips-
chitzian on [a, b] by taking z = %” in Corollaries 1 and 2 respectively.

(2.6)

1 b
gi(b—a)\/(u).

REMARK 1. If we assume that u is continuous differentiable on (a,b) and v’ is
integrable on (a,b), then, by (2.1), we get

b
/ u(t)de — (b—a)u(x)

1 a+b
< |50-a+ o= 52 I,

which is the inequality obtained by Dragomir and Wang in the recent paper [7].

REMARK 2. [t is well known that if f : [a,b] — R is a convex mapping on [a,b],
then the Hermite-Hadamard inequality

(2.7) f(a;b>§bia/abf(x)dngw

holds [1].
Now, if we assume that f : I C R — R is convex on I and a,b € Int(I), a < b;
then f! is monotonic nondecreasing on [a,b] and, by Corollary 3, we obtain

b b
29 0t [rwae—r (5 < S,

which gives a counterpart for the first membership of Hadamard’s inequality.

Similar results can be obtained if we assume that f is convex and monotonic
or convex and Lipschitzian on [a,b] .

2.2. A Quadrature Formula of Riemann Type. Let I, : a = xp < 1 <
. < XTp—1 < x, = b be a division of the interval [a,b] and &, € [z;,xi41] (i =
0,...,n — 1) a sequence of intermediate points for I,,. Construct the Riemann sums

n—1

Ro(f,1n,8) =Y [ (&) D

=0

where h; := z;11 — ;.
We have the following quadrature formula [2].

THEOREM 2. Let f : [a,b] — R be a mapping of bounded variation on [a,b] and
I1,,¢ (i=0,..,n—1) be as above. Then we have the Riemann quadrature formula

b
(2.9) / J (@) de = Ry (f, Lo, €) + W (f. I, €) |
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where the remainder satisfies the estimation

b
210) W8l < s g o= SRV ()
b
< Bu(h)Jr sup Sizﬁxﬁl]\/

1=0,...,n

b
< v(h)\/(f)

forall&; (i =0,...,n—1) as above, where v (h) := max {h;|i =0,1,...,n}.
The constant L is sharp in (2.10).

PROOF. Apply Theorem 1 on the interval [x;, ;1] to get

T; + X1

(2.11) 5

[ seon

i

& —

} v 0

Summing over i from 0 to n — 1 and using the generalized triangle inequality we

get
/ @) de - 7 ()b

1
< | Zh:
_[2h1+

(W (f, In, €)| < Z

=0
n—1 Ti41
1 Ti+ Tyt
< hy o |g, - DT
< 3 [ghrle- R Vo
n—1%Ti4+1
1 mz+xz+1
< o [l Ve
[ =0 x;
1 T; + x; b
_ ~h; i it )
e [2 + 1€ 5 ]\/(f)

a

The second inequality follows by the properties of sup (-) .

Now, as

Z; + 1‘7;4_1 1
St T < Cpy,

& 5 5

for all &, € [z;,x;41](i = 0,...,n — 1) the last part of (2.10) is also proved. I

COROLLARY 4. Let f : [a,b] — R be a monotonic mapping on [a,b] and I, &,
(1=0,...,n—1) be as above. Then we have the Riemann quadrature formula (2.9)
where the remainder satisfies the estimation

Walr )l < s [Ghrle - 22— s )
< [grme sw o2 0 - )
1=0,..., n
< vmIFB) S (@)

forall&, (1 =0,....,n—1) as above.

The case of Lipschitzian mappings is embodied within the following corollary.
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COROLLARY 5. Let f : [a,b] — R be an L-Lipschitzian mapping on [a,b] and
I,,& (i=0,....,n—1) be as above. Then we have the Riemann quadrature formula
(2.9) where the remainder satisfies the estimation

|

n—1 1

LZL}WF

-

< LY n.
=0

The proof is obvious by Corollary 2 applied on the intervals [z;,x;11] and
summing the resulting inequalities.

We shall omit the details.

Note that the best estimation we can get from (2.10) is that one for which
& = %7 obtaining the following midpoint formula for functions of bounded
variation.

_ Tit Tig

W (10, €) -

IN

§;

COROLLARY 6. Let f,I,, be as Theorem 2. Then we have the midpoint rule

b
/ f (@) de = M, (f,1,) + 5o (f.1.) .

where

n—1
M, (1))=Y f (””;“) h,
1=0

and the remainder Sy, (f,I,) satisfies the estimation

b
S0 (Tl < 5 )V ()

Similar results can be obtained from Corollaries 4 and 5.

REMARK 3. If we assume that f : [a,b] — R is differentiable on (a,b) and

whose derivative f' is integrable on (a,b) we can put instead of \/Z (f) the Li—
norm || f'||, obtaining the estimation due to Dragomir and Wang from the paper
[7].

3. An Inequality for Monotonic Mappings

Bounds were obtained for monotonic mappings in Corollary 2 as a particular
case in the development for functions of bounded variation. This section treats
specifically monotonic functions and obtains tighter bounds.

3.1. Integral Inequalities. The following results of Ostrowski type holds
[37].
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THEOREM 3. Let u : [a,b] — R be a monotonic nondecreasing mapping on
[a,b]. Then for all x € [a,b], we have the inequality

b

(3.1) (b—a)u(z) - / w(t) dt

b
< [Qz—(a—l—b)}u(aj)—i-/ sgn(t — x)u (t) dt
< (@ —a)(u(z) —u(a)) + (b —z)(u(b) —u(z))
< [b_a—k‘x—a;bu(u(b)—u(a)).

2

All the inequalities in (3.1) are sharp and the constant % is the best possible one.

ProoF. Using the integration by parts formula for Riemann-Stieltjes integrals,

we have the identity as given by (2.2).

(n) ()< (n) (n)

Now, assume that A,, : a = x; <z, 2y <xn’ = bisasequence of

divisions with v (A,) — 0 as n — oo, where v (A,) := max;c(o,..., n,l}(xl(i)l - :L‘En))

and fgn) € [xl(-n), Ei)l} If p : [a,b] — R is continuous on [a,b] and v : [a,b] — R is

monotonic nondecreasing on [a, b], then

/a (@) (2)

A
X
°E
Mt
=
/N N N
S
N——

A\
s
g=d
T8
o
i
i}

[
S
®
=
U
<

—
g

a

As u is monotonic nondecreasing on [a, b], and p(z, -) is continuous on the intervals,
then using the above inequality we can state that

/ab (x,t) du (t) /|pxt|du)

Now, let us observe that

(3.2)

/ " Ip ) du (1)
= /\t—a|du /|t—b|du

- /a(t—a)du() A(b—t)du()



T b
- (t—a)u(t)]j—/ u(t)dt—(b—t)u(t)]i—&-/ u(t)dt
_ [235—(a+b)]u(m)—/1u(t)dt+/ w(t) dt

b
2z — (a + b)|u(x) + / sgn(t — x)u (t) dt.

Using the inequality (3.2) and the identity (2.2) we get the first part of (3.1).
Now let us observe that

/absgn(t:r)u(t)dt/amu(t)dtjt/:u(t)dt.

As w is monotonic nondecreasing on [a, b] , we can state that

/azu(t)dt> r—a)u and/ B dt < (b— 2)u (b)

so that

b
/ sgn(t —z)u(t)dt < (b—z)u(b) — (z —a)u(a).

Consequently

b
22 — (a + b)|u (x) + / sgn(t — z)u (t) dt
< Pz —(a+b)u(z)+ (0 -2)ud) - (z—a)u(a)
= (0-2)(u®) —u(@))+ (z—-a)(u(r) —u(a)

and the second part of (3.1) is proved.
Finally, let us observe that

(b—z)(u(b) —u(z)) + (z —a)(u(z) —ula))
< max{b—z,z—a}u(d) —u(x)+u(x) —u(a)
b—a a+b
_ [2 oot

and the inequality (3.1) is thus proved.
Now for the sharpness of the inequalities, assume that (3.1) holds with a constant
C > 0 instead of % That is,

b
(3.3) (b—a)u(z) - / w(t) dt

' b
< [sz(aer)}u(x)Jr/ sgn(t —x)u (t) dt
< (z—a)(u(e) —u(a) + (b—z)(u(b) —u(x))
< [C(b—a)—i—x—a;bu (u (b) — u(a)).

Consider the mapping ug : [a,b] — R given by

(@) = -1 if z=a
Y= 0 i ze(ab]
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Putting in (3.3) u = ug and x = a, we have
b
u (z) —/ w(t) dt

2z — (a + b)|u /sgnt—x (t)dt
= (z—-a)(u(z) —u(a) + (b—-z)(u(d) —u(r) =1
< [C’(ba) ‘x

_ <c+;) (b—a),

which proves the sharpness of the first two inequalities and the fact that C' should
not be less than % 1

The following corollaries are interesting.

COROLLARY 7. Let u be as above. Then we have the midpoint inequality:

(b—a)u(a;_b> —/abu(t)dt
/bsgn (t—+b>u(t)dt
b

% [u(b) — u(a)].

Also, we have the followmg “trapezoid inequality” for monotonic nondecreasing
mappings.

(3.4)

IN

IN

COROLLARY 8. Under the above assumptions, we have

b—a b—a

b
(3.5) S @ +u®) - [Cud] <

[u(b) = u(a)].

ProoF. Taking = a and x = b in Theorem 3, summing, using the triangle
inequality and dividing by 2, we get the desired inequality (3.5). 1

3.2. A Quadrature Formula. Let I, ;a=2g <21 < ... <Zp_1 <Tp=0>
be a division of the interval [a,b] and &; € [z;, z11] (i = 0,...,n — 1) a sequence of
intermediate points for I,,. Construct the Riemann sums

o (f. 10, €) = Zf

where h; :=z;41 —
We have the following quadrature formula.
THEOREM 4. Let f : [a,b] — R be a monotonic nondecreasing mapping on

[a,b] and I,,,&; (i =0,...,n—1) be as above. Then we have the Riemann quadrature
formula

b
(3.6) / J (@) de = Ry (f, Lo, €) + Wi (f. L0, €) |
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where the remainder satisfies the estimation

(3.7)

IN

IN

IN

IN

<

for all &; (i

PROOF.

IN A

IN

(Wo (f, I, €]
22( l‘z“!‘lﬁ-{-l) /Stln,£
n—1

Dol @) (F(E) = f @) + (@ier = E)(f (i) = [ (£0)))

swp g+ foo = 25 (0= 7 (0)
1=0,..., n
1 Z; + Ti+1

v(h)(f (b) = f (a))

=0,...,n — 1) as above, where v(h) := max;—o, .. n{h:} and

S(t, I, &) =sgn(t — ;) if t € [z, 2i41)(E=0,....,n—1).

Apply Theorem 3 on the interval [x;, z;41] to get

[ r@de-rn

206, - ")+ [ S of @i

(& =) (f (&) = f (@) + (@ig1 = §)(f (wig1) = f (&)

[;hi + ¢, — % ] (f (@iv1) = f (1))

Summing over ¢ from 0 to n — 1 and using the generalized triangle inequality we

get

IN

IN

IN

IN

IN

W (f, In, §)|
n—-1 Tit1
/ f(@)de— f () hi

>

=0

QZ K W) f (&) Jr/:i+1 S(t, I, €)f (t)dt
n—1

S — 20 (€)1 ) + s — €D wins) — S €)]

Bhi + & — L Jr;iﬂ ] (f (zig1) — f(z4))
1=0
n—1
sup |t ZEEE Y ) - £ 00)
i=0,..., n =0
s[5+ [6 - 2 () - £ a)
1=0,..., n
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The fourth inequality follows by the properties of sup(-).
Now, as

T+ T

1
; < —h;
Si 2 -2

for all &, € [z;,2;41](i = 0,...,n — 1) the last part of (3.7) is also proved. I

COROLLARY 9. Let f, I, be as in Theorem 4. Then we have the midpoint rule

b
/ f (@) de = My (f, 1) + S (f. 1)

where
n—1
T+ x;
My, (f, 1) = Zf (2+1> h;
i=0

and the remainder S, (f,I,) satisfies the estimation

b 1
Su(F L) < [ () f (0t < o) (B) = 1 (@),
where
1 (1) = sgn <t - "””*2”3“) if t €l zis1) (i=0,.,n—1).

4. Ostrowski Inequality for Lipschitzian Mappings

In Corollary 2, bounds were obtained for an interior point rule for Lipschitzian
mappings as a special instance of functions of bounded variation. Treating specifi-
cally Lipschitzian mappings, tighter bounds are now obtained.

4.1. Integral Inequalities. The following inequality for Lipschitzian map-
pings holds [38].
THEOREM 5. Let u : [a,b] — R be an L— Lipschitzian mapping on [a,b]. That
18,
|u(z) — u(y)| |< L|x—y| for all x,y € [a,b].
Then we have the inequality

(b—a)? a+b

(4.1) 1 + (z — > 2|,

b
/ u(t)dt — (b — a)u(z)| <

for all x € [a,b].
The constant i 1s the best possible one.

ProOF. Using the integration by parts formula for Riemann-Stieltjes integrals

we have the identity as given in (2.2).

(n) (n)

Now, assume that A, : a = 3" < z; (n)

nly < 2" = b is a sequence of

divisions with v(A,) — 0 asn — oo, where v(A,,) := max;eco,... n—1} (xgi)l - xgn))

< ..<x
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and 51(-") € [xgn), 1(1)1] If p : [a,b] — R is Riemann integrable on [a, b] and v : [a, ]

— R is L-Lipschitzian on [a, b], then

[ vrte)

A, S () o (e2) = (o)

(n)\ (n)
<t S| ()[R
< m S (o)
and so
b b
(4.2) / p(z)dv(z)| < L / Ip(x)]| dz.

Applying the inequality (4.2) for p(z,t) as given in (2.2) and v(z) = u(x), = € [a, b],

we get
b
/ p(z, t)du(t)

[z b
< L / |t —aldt+ [ |t—Db|dt

= g [(z — a)? + (b— x)Q]
_(b —a)? a+b\’
(4.3) = L 1 + <x ~-—3 )

and so by (4.3), via the identity (2.2), we deduce the desired inequality (4.1).
Now to determine the best constant, assume that the inequality (4.1) holds with a

constant C' > 0. That is
b 2
/ w(t)dt — (b — a)u() Clb—a) + (sc - b)
for all z € [a, b].
Consider the mapping f : [a,b] — R, f(x) =z in (4.4). Then

2
-t scoane (o-23)

(4.4) <L

for all € [a,b]; and then for z = a, we get

b;“ < <c+i> (b - a)

which implies that C' > % and the theorem is completely proved. I

The following corollary holds, giving a midpoint rule for Lipschitzian functions.
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COROLLARY 10. Let w: [a,b] — R be as above. Then we have the inequality:

/abu(t)da:— (b—a)u (a;b> L

S ZL(b — CL)2.
REMARK 4. It is well known that if f : [a,b] — R is a convex mapping on [a, b],
then the Hermite- Hadamard inequality holds
a+b I f(a)+ f(b)
. < < =",
(4.6) f( 5 )b_a/af(x)dx .

Now, if we assume that f: I CR — R is convex on I and a,b € Int(I),a < b; then
[l is monotonic nondecreasing on [a,b] and by Theorem 5 we obtain

(4.1 o< [ () < 1w o,

which gives a counterpart for the first membership of Hadamard’s inequality.

(4.5)

4.2. A Quadrature Formula of Riemann Type. Let [, : a =29 < 71 <
. < XTp—1 < x, = b be a division of the interval [a,b] and &, € [z;,xi41] (i =
0,...,n — 1) a sequence of intermediate points for I,,. Construct the Riemann sums

n(f 10, €) = }jf

where h; ;= z;41 —
We have the following quadrature formula [38].

THEOREM 6. Let f : [a,b] — R be an L— Lipschitzian mapping on [a,b] and
I,,& (i=0,...,n—1) be as above. Then we have the Riemann quadrature formula

b
(48) l/f@Mx:RAﬁu@y+waﬁhfm

where the remainder satisfies the estimation

T; + Xy 2
L Z R4 Z ( +1>
< LS
-2 i=0 Z

for all&; (i =0,...,n—1) as above. The constant § is sharp in (4.9).

(4.9) (W (f, 1n, €I

IN

PRrROOF. Apply Theorem 5 on the interval [x;, z;11] to get

2
x; +x;
_ 2+(§Z_2H) ]

Summing over i from 0 to n — 1 and using the generalized triangle inequality we
get

(4.10)

| sws - s <

n—1

Walf L&) < 3

=0

n—1
1 Ti + Tigy
LZ [4}%2 + (& — 2+)1 :
i=0

[ r@ac - seon,

IN
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Now, as

2
<§i _ x+2$+1) <Ly

for all §; € [z;,2;11](i = 0,...,n — 1) the second part of (4.9) is also proved. I

Note that the best estimation we can get from (4.9) is that one for which

&= m# obtaining the following midpoint formula.

COROLLARY 11. Let f,I, be as above. Then we have the midpoint rule

b
[ e = 2,(1,1) + S04 1)

where

— Ti + Tit1
=Yg (T,
i=0

and the remainder S, (f,I,) satisfies the estimation

n—1
1
I) <=L 2.
Salf )l < 3L 3

REMARK 5. If we assume that f : [a,b] — R is differentiable on (a,b) and
whose derivative f' is bounded on (a,b) we can put instead of L the infinity norm
Ilf'|l. , obtaining the estimation due to Dragomir and Wang from the paper [4].

5. A Generalisation for Derivatives that are Absolutely Continuous

In 1938, Ostrowski (see for example [1, p.468]) proved the following integral
inequality.
Let f: I C R—R be a differentiable mapping on I°( I° is the interior of I),
and let a,b € I° with a < b. If f': (a,b) =R is bounded on (a,b), i.e., || f'|l, =
sup |f’ (t)| < oo, then we have the inequality:

te(a,b)
\ / Fod <

for all x € [a,b].

The constant % is sharp in the sense that it can not be replaced by a smaller
one.

For applications of Ostrowski’s inequality to some special means and some
numerical quadrature rules, we refer the reader to the recent paper [4] by S.S.
Dragomir and S. Wang.

In 1976, G.V. Milovanovi¢ and J.E. Pecari¢ (see for example [1, p. 468]), proved
the following generalization of Ostrowski’s result.

L oo’

(b—a)*

] b—a)llfll
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Let f : [a,b] — R be an n-times differentiable function, n > 1, such that
||f(”)||Oo = sup |f™ ()| < oo. Then
te(a,b)

1<ﬂm+@4”—k ﬂ“”mxx—@k—ﬂ“”@uwww>

n — k! . b—a
L P € i ()
_a/f ‘ (n+1) b—a

for all x € [a, b].
In [8], P. Cerone, S.S. Dragomir and J. Roumeliotis proved the following Os-
trowski type inequality for twice differentiable mappings:
Let f : [a,b] — R be a twice differentiable mapping on (a,b) and f” : (a,b) — R
is bounded, i.e., | f"||, = sup |f” (t)] < co. Then we have the inequality:
te(a,b)

‘ = IRL ﬁ—(—“*ﬁfuﬂ
bt e i

for all x € [a,b].

In this section we establish another generalization of the Ostrowski inequality
for n-time differentiable mappings which naturally generalizes the result from [8].
Further, work on representation in terms of power series expansion of functions on
an interval is presented, giving a generalisation of Taylor series which produces an
expansion about a point.

1
— "

1
1Mo <

5.1. Integral identities. The following theorem holds [15] (see also [39]).

THEOREM 7. Let f : [a,b] — R be a mapping such that "= is absolutely
continuous on [a,b]. Then for all x € [a,b] we have the identity:

b N TR VR ()R
(5.1) / ftydt = Z [(b ) 4(_k(+11))! ( ) FO ()

-1)" /b K, (z,t) f™) (t) dt

where the kernel K,, : [a,b]> — R is given by

(t—a)"

p if t € [a,z]
(5.2) K, (z,t) = ' .z € [a,b]

(t=0"
— if t € (x,b]

and n is a natural number, n > 1.

PROOF. The proof is by mathematical induction [15]. For a different argument,
see [39].
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For n =1, we have to prove the equality

b b
(5:3) [ rad=-afe- [ Ko o

where
t—a ifte€a,z]
Kl (x,t) = .

t—b ifte(x,b
Integrating by parts, we have:

/ Ko () 1O (1) dt

x b
/( )f()dt+/(t*b)f()dt

a

b
(t—a) |f/f Ydt+ (t—1b) f t|b7/f(t)dt

— - f@+b-2)f /f

= (b—a)f /f

and the identity (5.3) is proved.
Assume that (5.1) holds for “n” and let us prove it for “n 4 1”. That is, we
have to prove the equality

b n L (L) (g — )R
O 0P kzzovb AR ]f(k)(x)

I
~
\
S

b
L / Ko (1) £ (1) dt.

We have, using (5.2),

b
/ Kt (z,t) fOFD (8) dt

x —a b _ g\ntl
— / (t(n +) ) f(n+1 ( )dt+/ (t(n —i)l)' f(nJrl) (t) dt

and integrating by parts gives

b
/ Ko (a,t) fOFD () dt

n+1 z T
= L <>| o [amar g a
-0 | ’ " pn)

(=)™ 4 () ()
(n+1)!
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That is

/ Ko ) £ (0t =

(=)™ 4 ()" )
(n+1)!

b
_/ Ky (2,) fOFV (1) dt.

Now, using the mathematical induction hypothesis, we get

b =)+ (D) (@ — o)

h— m)n—&-l + (—1)" (l‘ _ a)n+1
(n+1)!
(=" /b Ky () fOF0 (¢) dt

n (b _ l‘)k+1 + (_l)k (1‘ _ a)k+1
N Z l (k+1)!

£ ()

_|_

£ ()

] % ()

k=0

b
H D™ [ Ko (o) £ (0
That is, identity (5.4) and the theorem is thus proved. B

COROLLARY 12. With the above assumptions, we have the representation

b n—1 k k+1
B 1+ (=1)"| (b—a) (k) [(a+D
(5:5) /a ORI Z (k+1)! 2k+1 ! 2
k=0
b
I R TAGFIOY
where
(t — a)" . a
o ift € [a, %b]
M, (t) :==
t—b)"
Y
The proof follows by Theorem 7 by choosing z = 22 so that M, (t) =
Ko (%52,1)-

COROLLARY 13. With the above assumptions, we have the representation:

/bf(t)dt = Tf(b—a)kﬂ lf(k)(a)—i—(—l)kf(k)(b)]

— (k+1) 2
b
(5.6) + / T, (t) f™) (t) dt
where
(5.7) T, (#) :il{(b_t) +(21) (t—a) ] t e ab]
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PrOOF. Choose z = a and z = bin (5.1), then summing the resulting identities
and dividing by 2, gives

' S 0—a) T (@) + (DB b
/af(t)dt - Z((k+1)! [ 2 =

k=0
b
+ / Ty (1) f™) (t) dt
a
and the corollary is proved. i

The following Taylor-like formula with integral remainder also holds.

COROLLARY 14. Let g : [a,y] — R be a mapping such that g\™) is absolutely
continuous on [a,y]. Then for all x € [a,y], we have the identity

n 2)F 4 (—1)F (@ — a)F !
g(y) = g(a)+kZ:0 {y ) }g(’““) (z)
(5.8) +(=1)" /y K, (y,t) g™t (¢) dt.

The proof is obvious by Theorem 7 choosing f = ¢’, and b = .

REMARK 6. If we choose n = 1 in (5.1), we get the identity (5.3) which is
the identity employed by S.S. Dragomir and S. Wang to prove an Ostrowski type
inequality in paper [4].

If in (5.5) we choose n = 1, then we get

(5.9) /abf(t)dt=(b—a)f<a;b>—/;Ml(t)f’(t)dt

where

t—a ifte [a,aTer]
M (t) =
t—b ifte (%2 0]
which gives the midpoint type identity useful in Numerical Analysis, although here

only the first derivative is involved.
Also, if we put n =1 in (5.6), we get the trapezoid identity

b b
(5.10) / Ftydt =" (f (@) + (b)) + / Ty (1) £ (1) dt
where
Tl(t):a;—b—t, t€[a,b].

Finally, if in the Taylor-like formula (5.8) we put n = 1, we get

g =g(@)+ - /K1 (0, 1) 9@ () dt

where x € [a,y].



20 P.C. CERONE AND S.S. DRAGOMIR

REMARK 7. If we choose n =2 in (5.1), we get the identity:

(511) [row = o-0re-(r- ) 1w

b
+ / Ko (o) 7 (8) dt

where Ko (x,t) is as given in (5.2), which is the identity employed by P. Cerone,
S.S. Dragomir and J. Roumeliotis to prove some Ostrowski type inequalities for
twice differentiable mappings in the paper [8].

If in (5.5) we choose n = 2, then we get

b a b
(5.12) /a f@)ydt=b-a)f ( ;b) +/a My (t) £ () dt
where
(¢ ;“’2 if ¢ € [a, 2]
My (1) = .
(t_zb) if t € (22, 0]

which is the classical midpoint identity.
Also, if we put n =2 in (5.6), we get the identity

b —u —a? F(a)—
(5.13) /f(t)dt = 52 (f(a)+f(b))+(b2) 'f()zf(b>

+ / ' T (t) £ (t) dt

where T3 () is as given in (5.7).
Finally, if we put n =2 in (5.8), we get

610 9w = 9@+ =g @)= (o= 5) @

y
+ [ Ka(y,t)g® (t)dt,

a

where K is given in (5.2) and a < z < y.

5.2. Some integral inequalities. The following theorem holds (see also [15]
for the case of the |||, norm).
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THEOREM 8. Let f : [a,b] — R be a mapping such that f"=1) is absolutely
continuous on [a,b]. Then for all z € [a,b], we have the inequalities

-1 VS 1V (g — )Rt
[@ ) &&%f ) ]ﬂmm

t) dt —

£ n 7 . n
e (@ —ay™ + 02 i S € Lafab],
R e e
- n! ng+1 p T p q
and f™ e L,a,b],
n)
L ge-a+le-2" 7 swerna,
where
b Nl
Hf(") = sup ‘f ") ‘ < oo and Hf(") = / o (t)‘ dt
t€la,b] p a

PrOOF. Using the identity (5.1), we have:

n—1 VL YR ()
t)dt—Zl(b Ll ten ]f““)(x)

b
/Kmmﬁwwm:Q@»

Now, observe that

1Ko (o, )y = ||

/|K (z,t)|dt

ot <[,

and so using (5.2),

Q@ < s OOVQC“;“)?LC;H/}’ (b;!t)ndt]
oo,

and the first part of inequality (5.15) is proved.
Further, using Holder’s integral inequality, we have
1

(/ |K, xt|th>
(n) T q
= Hme”V (t—a)"th+/b(b—t)"th1 ,

and so, on evaluation of the above integrals, the second inequality in (5.15) is
proven.

Q(z)

IN

e
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Finally, let us observe that,

Q@) < K (w1,
= |7 sup 1K (@)
1 tcfa,b]
(n)
- an! i max {z —a,b—x}]|"
I A P atb|]"
- m[gﬂx‘a}

and the theorem is completely proved. i

REMARK 8. It may be noticed that the expressions for the bounds of a gener-
alised interior point rule such as that given by (5.15) are upper bounded by taking
x =a orx = b in the bound while keepz'ng a general x € [a,b] for the rule. The
sharpest bound is obtained by taking r = “+b , giving the result expressed in the
following corollary.

COROLLARY 15. Let the conditions of Theorem 8 hold. Then

t)dt_nil(b;a)k—H [1+( ) } Fk) (a-‘rb)

(k+1)!
% IF™l. i ™ € Laclant],
(5.16) < %!I @i p>1, iei=1
2nnl(ng+1) 4
and ™ € L, a,b],
e £, if  f™ e Lifab].

REMARK 9. Taking n = 1 in Theorem 8 and Corollary 14 reproduces some
of the results obtained by Dragomir and Wang ( [4]-[7]) while n = 2 reproduces
the results of Cerone, Dragomir and Roumeliotis ([8]-[11]). It is important to note
that assuming that the behaviour of the first derivatives determines the bound on the
rule allows greater flexibility than assumptions about the second derivative. Taking
n = 2 allows a comparison with traditional midpoint (w = “T'H’) or interior point
rules. It should further be noted that only even derivatives occur in the rule given
in (5.16).

REMARK 10. It is most interesting to observe that the bounds given in (5.15)
for a generalised interior point method obtained from investigating various norms of
K, (z,t) as given by (5.2) are the same as the bounds obtained from the generalised

trapezoidal type rule resulting from wvarious norms of the Peano kernel given by
(z—t)"
n!

The following corollary is a generalisation of the trapezoidal inequality [15].
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COROLLARY 16. With the above assumptions, we have the inequality:

(b— @) 8 (@) + (=1)" F0 ()
(5:17) :0 CES] 3
1 ifn=2r
< w—’”WMn A
(n 1)1 T n=2r
Proor. Using the identity (5.6), we get
n—1 k+1 k
(b—a) F®) (a) + (=1)" f* (0)
(5.18) o = (k1) [ 2
b b
| [ T s wal <] [ mola
If n = 2r, then
b
(5.19) / [T, (t)| dt

dt

N S e N R O
B (2r)!/a [ 2

11 [(b—a)”“ (b—a)” ™!

(b _ a)2r+1
2r+1)!

@2 2| (2r+1) (2r +1)

For n = 2r + 1, put hgyy1 (t) := (b— )" — (t —a)* ", t € a,b]. Observe
that ho,y1(t) = 0 iff t = %2 and ho,y1 (t) > 0 if ¢ € [a, E2) and hoypq (£) < O if
te (b, b

Then

/ |Top41 (1)] dt
b

= / {(b H> (¢ )27+1] dt+/+b [(t_a)27-+1_(b_t)27'+1 dt

2

= 9 - 7
2r + 2 2r + 2
2r+42
2r 4+ 2 22r
(b _ a,)27‘+2 2 1 B (b _ a)2’l"+2 22’I‘+1 _ 1
B 2+ 2 22 | T 942 22r

Using (5.17) we get the desired inequality (5.18). I

The following inequalities for the Taylor like expansion (5.8) also hold.
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COROLLARY 17. Let g be as in Corollary 14. Then we have the inequality:

it - o)+ () @ -0

9(W)—gla)=> I 9

k=0

(k+1) (I)

(n+1)
Hg(n+1)|1|°°’ [(SU —a)" 4 (y— x)"“} , gt € Lo [a,b],

| =

(5.20) < lg

)| |:(I_a)m1+1+(y—w)nq+1j| . g™t e L,[a,b]

n! ng+1

1 1 _
5+5—17p>17

L - s g € o

n!

foralla <z <uy.

ProoF. From equation (5.8) and using norms, or else from (5.15) on choosing
f = ¢ and b = y readily produces the above result. I

REMARK 11. Since the right hand side of (5.20) are convex functions, then up-
per bounds may be found by taking either x = a or b on the right.
It is well known that for the classical Taylor expansion around a we have the in-
equality

<= o)

n k
e IO o

k=0

o0

for all y > a. It is clear now that the above approximation (5.20) around the arbi-
trary point x € [a,y] provides a better approzimation for the mapping g at the point
y than the classical Taylor expansion around the point a.

If in (5.20) we choose x = ¥, then we get
n [1 + (—1)’“*1} v a)*
y—a) aty
g)—ga)—> o o7 g(’“)< 5 )
k=1 '
—a)n 1
bt ol o € Lo,
ntl
(5.22) < =" )| gt ¢ L [a, b
2nnl(ng+1) 9 p
with %+%=1, p>1,
e lg™ ), 9"t € Lya,b].

The above inequality (5.22) shows that for g € C* [a,b] the series

o (14 (=1)* _ )Rl a
e e (25

g(a)+
k=0

converges more rapidly to g (y) than the usual one

i (y—a)" g™ (a)

!
= k!
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which comes from Taylor’s expansion. Further, it should be noted that the Taylor-
like expansion in (5.22) only involves odd derivatives of g.

REMARK 12. If in the inequality (5.15) we choose n =1 we get

b z—a)’ + (b—x)?
[ r0d—0-a @) < T EEZ
As a simple calculation shows that

%{(x—af—&-(b—x)ﬂ :i(b—a)2+(x—a;_b>2

consequently we obtain the Ostrowsk: inequality:

b
(5.23) / Ftydt—(b—a) f (2)

for all x € [a,b].

] (=) 1f'll o

If in (5.18) we put n = 1, we get the midpoint inequality

/f B dt— (b— )f(a+b)

From the inequality (5.17), for n = 1, we get the trapezoid inequality

/abf(t)dt—

Also, from (5.20) we deduce

(5.24)

1 21 o
<1001

1 20
<5 6-a |7l

a+vy 2
2

REMARK 13. If in the inequality (5.15) we choose n = 2, then we get

(5.25) RORII0)

(5.26)  lg(y) —g(a) = (y—a)g (z)| 19" 1l o

IN
L — |
—
<
el
S
S~—
+
7 N
|

foralla <z <uy.

Ot = (-0 f @)+ b-a) (o= 257) 1 @

< g[<m—a>3+< D] 1)
for all x € [a,b].

From which, on noting that

ot oot o o-25)

we recapture the result obtained in [8], namely

(5.27)

Ot =001 @)+ 0-a) (2= 52) £ @

1(‘%7@7—&-17)2 "
> 24+2(b—a)] (b_a)3 ||f ||oo
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For f” € Lo [a,b] with n = 2 in (5.16) , we get the classical midpoint inequality

/f b di — )f(a;rb> 1

< —(bh— 3| £/
<o 0= I ]e.
while from (5. 17) we get a perturbed trapezoid inequality,

@+ o - C= L ) -

(5.28)

(5.29)

(b_a) "
< o

Finally, if we put n = 2 in (5.20) for ¢""" € L [a, ], then we get the inequality:
a+y
90— 9@) - =g @)+ -0 (2= ) 5" 2)

2
1 1 (x aty ) "
ﬂJri'i( 2)2 ] (y*a)gﬂg lloo

valid for any z € [a,y].

Equivalent results may also be produced which involve the L, [a, b] spaces for
p=>1.

The following particular case for euclidean norms is of particular interest.

COROLLARY 18. Let f : [a,b] — R be twice differentiable on (a,b) and f" €
Lo (a,b). Then we have the following inequality

(5.30) £)dt — (b—a) [f(x) - <w— a;b) 7 (x)H
(b;\/c%)% [(b;a>4+1o<b;a>2<x_a;—b>2+5<x_a;—b>4 :

PROOF. Let p = ¢ =2 and n = 2 in (5.15) to give the left hand side of (5.30)
with the right hand side given by

172 3
2!\/52 [(xfa)5+(b—:v)5] )

Now, expansion of (z —a)® + (b—z)® in a Taylor series about z = 2t readily
produces the first bound in (5.30). The coarser bound is obtained from evaluating
at either of the end points. Hence, the corollary is proved. I

REMARK 14. The optimal rule from (5.80) in terms of obtaining the tightest
bound occurs on taking x = aT'H’ since the bound is symmetric and convex.

Now, using the celebrated Hermite-Hadamard integral inequality for convex
functions, g : [a,b] — R, which may be written as

b
(5.31) g(a;b)gbla/g(x)dxgg(a);g(b),
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we obtain the following theorem [40].

THEOREM 9. Let f : [a,b] — R be twice differentiable and v < f(x) < T for
all x € (a,b). Then we have the following double inequality:

(5.32) (b;a / e <a;b) < Do

24

and the estimation

[ 1@a-0-ar () - (41 0-a)°

LC=n0-a®
2 48

(5.33) < s

PROOF. Let us choose in (5.31) g(x) = f(z) — Vzﬁ, then g (z) is a convex
function in x, since g” () > 0, and hence

f<a;b)_"y(a;rb)2 < bia (Lbf(x)dx_ﬂliiﬂ)’

which is equivalent to

1 b a+b v ( b —a’ a+b\?

b—a/a f(”:)d:”—f( 2 ) = 2(3(1)—@)_( 2 ) )
y(b—a)’

24 ’
and the first part of (5.32) is therefore obtained. For the second part, let g (z) =
”J%F — f(x), and similar manipulations, as previously lead to the second part of
(5.32). The inequality (5.33) is now obvious by (5.32). The details have been
omitted. I

5.3. Applications for numerical integration. Consider the partition I, :
a=zy <1 < ... <ZTym—1 < Ty, = b of the interval [a,b] and the intermediate
points & = (fo, ...,fmfl) where §; € [zj,2j11], j =0,...,m — 1. Define the formula

e [l =) 0 (g -]

Fo (1 €)= 3 3 )

j=0 k=0

M ()

which can be regarded as a perturbation of Riemann’s sum

m—1

where h; :=2;11 —2;, j=0,...m—1
The following theorem holds.

THEOREM 10. Let f : [a,b] — R be a mapping such that f~Yis absolutely
continuous on [a,b] and I,, a partitioning of [a,b] as above. Then we have the
quadrature formula

b
(5.34) / J (@) de = Fon (fy I €) + B (2 Iy €)
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where Fy, , 15 d
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efined above and the remainder R, , satisfies the estimation:

[Brnn (f, I €|

(5.35) <

£ m=1 n n
||(n+1||)T° j;o [(@ — )" (20— ) +1}

for f™ e Lo [a,b],

1
||f("'>||p m—1 1 m—1 41 q
—2 | > ('fj - j)nq + Z ($J+1 _£j>nq
nl(ng+1)4 | j=0 =0
for f(m) € L,la,b], where %—F%—l, p>1,

||f<n>||1 1 (h)+max
7=0,...,m—1

5,_%
n! 2 J 2

for f € Ly [a,b],

for all € as above and v (h) = max{h;|j =0,...,m —1}.

PrOOF. Apply Theorem 8 on the interval [z, z;41] to get

/%‘Jrl
oy

J

IA

ot [ (g = &) 4+ (08 (g - )™
f(t)dt_z [( - (k+1)! } f(k) (gj)

k=0

wm s |F @[ —a)™ + (@ - 6)",

n+1)!
P! oy 5]

1
(fj—%‘)nq+1+(%+1—5z‘)ﬂq+l} q
b

: €

3 (e o ) [
"

S (5)] ds) [y + [ - mtmes

Tj

i (

Summing over j from 0 to m — 1 and using the generalized triangle inequality, we

have
|Rm77l (fa IYL7€)|
m=1 n n+1 n+1
sam 2 s [FO @[ - )" T+ (- g)"
J=0 t€lz;,x;41]
m—1 1 LTS e S OREPSLE E I
SR i L e el
j=
1 m=1 Tj41 (n) 1 Tj—Tj41 n
o> (S 1) ()] ds) [, + )@' -z ||
J:
As  sup ‘f(") (t)’ < Hf(”) Hoo, the first inequality in (5.35) readily follows.
]

t€[w;, @41
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Now, using the discrete Holder inequality, we have

e o T P I R L S
(nq+1)1/q — . J J J+1
J]= J
m—1 Ti11 . » % P
gt D17 Z / (s)’ ds
Jj=
m—1 1 1 119 %
n n q
X [[ T (i — )™ } ]
7=0
1
m—1 m—1 a
n n —+1 n —+1
= i(w 7 7 |2 =)™+ Y (e - €)™
j=0 7=0

and thus the second inequality in (5.35) is proved.
Finally, let us observe that

1S (5 1

n m—1 .
1 x;+x SEARN I
e ek B (ol
m = \Ja,
1 xi+xil |1
< |Zp. _ J i+ H (n)
= |:2hJ +]:01,na:>1;— E] 2 :| f 1

and the last part of (5.35) is proved. [

REMARK 15. As (z —a)* + (b—2)* < (b—a)” for a > 1, x € [a,b], then we
remark that the first branch of (5. 35) can be bounded by

m—1

n+1
>t
j=0

(5.36)

Hf(n)

n+1

The second branch can be bounded by

Q=

1

= |l
nl(ng + 1)1/4 f

(5.37)

Z hnq+1

and finally, the last branch in (5.35) can be bounded by
1
il nl f£(n)
(5.38) o el
Note that all the bounds provided by (5.86)-(5.38) are uniform bounds for Ry, », (f, Im, &)

in terms of the intermediate points &.

As an interesting particular case, we can consider the following perturbed mid-
point formula
m—1n—1

My (£ T E

=0 k=0

(-1)"
k—l—l

k
h o f Tj+Tj1
2k+1 2 ’
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which in effect involves only even k.

We state the following result concerning the estimation of the remainder term.
The traditional midpoint rule (1.2), (1.3) is obtained if we take n = 2 and f” €
L2 [CL, b]

COROLLARY 19. Let f andl,, be as in Theorem 10. Then we have

(539) [ PO = Mo (5100 + R 1)
and the remainder term R, , satisfies the estimation
[ R (f Im)|
Vo S 1 7™ € Lo [a,)
(n) v

R [mz h?“] A
1221 i(:—)ée:Ll[ pb>1
2 ) 1]a,b].

F® (@) + (D" SP (@01)
2

T (f I sz+1

By the use of Corollary 16, we have the following approximation of the integral
f; f (t)dt in terms of Ty, 1, (f, Iim)

COROLLARY 20. Let f and I,, be as in Theorem 10. Then we have

b ~
(5.41) / F()dt =Ty (f: To) + R (2 In)

and the remainder I:Zm’n (f, In) satisfies the inequality

m—1
) E hn—i—l
00 4 J
Jj=0

o ()| < ¢

where
1 if n=2r
C" = 22r+1 -1
o if n=2r+1
REMARK 16. a) If we choose n = 1 in the above quadrature formulae

(5.34) and (5.39), we recapture some results from the paper [4].
b) If we put n = 2, then by the above Theorem 10 and Corollary 19, we recover
some results from the paper [8].

‘We omit the details.
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5.4. Application of Taylor like Expansions for some particular map-
pings.
a) Consider g: R — R, g(z) = e*. Then ¢ (z) = ¢*, n € N and

Hg<n+1>Hm: sup g+ (t)‘:ey,

t€la,y]

Using inequality (5.20), we have

-+ ()P @ -0
(5.42) eV —e?—e kzz:o ]
< iy [o-o -]
< (n%yl)! (y—a)"

foralla <x <uy.
In particular, if we choose a = 0, then we get

n—1 |:(y _ .Z‘)k+l + (_1)k $k+1

(5.43) ey —1—¢"

— (k+1)!
e¥ n+1 n+1:| e¥ n+1
— (y - <
(n+1)! [(y S S I o K4
Moreover, if we choose x = ¥, then we get
Pty (—l)k Thans eyyntl
(5.44) eV —1—e2) | <
— (k+ 1)1 2k 27 (n+1)!
for all y > 0.
b) Consider g : (0,00) — R, g(z) = Inz. Then
~1)" " (n—1)!
g(")(m)zw7 n>1,2>0
In
and
R [ (R

Using the inequality (5.20) we can state:

Iny —Ina — nil (y — x)k+1 n (_1)k (z — a)kJrl (_1)k il

— (k+1)! kT
n! n+1 n+1
S s ad A D R
n! n+1
o et @)
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which is equivalent to

(5.45)

IN

get
n—1 k41 k k+1
1 -1
(5.46) n(z+1) -y - + (1) (,fﬂ w)
imo ° 1 (w+1)
ow) et 1,
z
- n+1 (n+1)
Finally, if we choose in (5.45), y = ua,x = wa with 4 > w > 1, then we have
In nz_:l L (=D 4 (=) (w— )™
w E+1 wh L
k=0
- n+1 - (n+1)

6. Perturbed Interior Point Rules Through Griiss Type Inequalities

In 1935, G. Griiss (see for example [14]), proved the following integral inequality
which gives an approximation for the integral of a product in terms of the product
of integrals.

THEOREM 11. Let f,g : [a,b] — R be two integrable mappings so that ¢ <
h(z) < ® and v < g(x) < T for all x € [a,b], where ¢, ®,~,T are real numbers.
Then we have

(61) T (h,g)| < § (@~ 6)(T =)
where
b 1 b 1 b
(6.2) T(h’g>:b—a/ h(sc)g(a:)dm—m h(m)dw-m g (z)dz

and the inequality is sharp, in the sense that the constant i cannot be replaced by
a smaller one.

For a simple proof of this fact as well as for extensions, generalisations, discrete
variants and other associated material, see [14], and the papers [23]-[28] where
further references are given.

A premature Griss inequality is embodied in following theorem which was
proved in the paper [21]. It provides a sharper bound than the above Griiss in-
equality. The term premature is used to denote the fact that the result is obtained
from not completing the proof of the Griiss inequality if one of the functions is
known explicitly.
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THEOREM 12. Let h,g be integrable functions defined on [a,b] and let d <
g(t) < D. Then

Nl=

(6.3) T (hg)l < 22 (nomy?

where T (h, g) is as defined in (6.2).

The above Theorem 12 will now be used to provide a perturbed generalised
interior point rule.

6.1. Perturbed Rules From Premature Inequalities. We start with the
following result.

THEOREM 13. Let f : [a,b] — R be such that the derivative f*=1, n > 1 is
absolutely continuous on [a,b]. Assume that there exist constants v,T' € R such that
v < f™ (1) <T a.e on [a,b]. Then the following inequality holds

b nel | (b—2)" !+ (1) (2 - )
pwal - <| [ roa-5] " L
@ k=0 ’
(w®“1+(1ﬁ@xﬁ“{f“1W®f“lNMH
(n+1)! b—a
I — 1
< T’y =1 (z,n)
-y n (b—a"™
(64) S T sl Vgl
where
1 2 2n+1 2n+1
I(z,n) M—%m{n (b—a)[(m—a) T rb-x) }
(6.5) +@n+1)@—a)(b-o)[@-a)" - @-v""}
PROOF. Applying the premature Griiss result (6.3) by associating f(™ (t) with
g (t) and h (t) with K, (z,t), from (5.2), gives
/ bKn (x,t) f) () dt — ( / b K, (z,1) dt> T (bz),:i:(n_l) =
r—

[N

(66) < (b—a)

LT (K, K]

where from (6.2)

b
T(Kn,Kn):bl /K (2, 1) dt — ( /K :ctdt)
-a ), b—a

Now, from (5.2),

T _ n b "
/K (1) d ! /(t C‘)dt+/(t D) 4t
b—a b—a |/, n! - n!
1

_ Ot {(m _ a)n+1 + (=) (b— x)n+1:|




34 P.C. CERONE AND S.S. DRAGOMIR

bia/$K§u¢ﬁﬁ = U}tiUMQL/x@afnﬁ%m/abw%d%

1 (I _ a)2n+1 + (b _ z)2n+1
(n})? ) '

and

(b—a) (2n + 1
Hence, substitution into (6.6) gives
/ K, (z,t) ( ) dt
(x — a)n+1 + (=)™ (b— gg)n+1 Fn=1) (b) — fn=1) (a)
- (’I”L + 1) ' |: b—a ]
67 < %%J( n)
where
? ! 2 2n+1 2n-+1
e (2n+1)(n+1)2{(n+1) (4+B) (A7 4 57

~@nt 1) (4 ()" B

with A=z —a, B=b—1.

Now, in the proof of Theorem 31 in the previous chapter relating to the trape-
zoid type inequalities it was shown that J (x,n) = (n+ 1)v/2n + 1I (x,n), where
I(z,n) is as given by (6.5). Thus, using identity (5.1) into (6.7) readily produces
the result (6.4) and the first part of the theorem is proved. The upper bound results
on noticing that I (x,n) is convex and symmetric so that the maximum occurs at
either of the end points. Thus, the theorem is now completely proven. |

COROLLARY 21. Let the conditions of Theorem 31 hold. Then the following

result holds
1 b—a\" k a+b
2 G (2> IR (z)

) <ba>"+1 1+ (=1)"] [f“”) (b) = fD (a)H
2

(n+1)! b—a

2n
r— 1 /b— g\t 1 . N oeven
68) =< 27"( 2a> Y, ' '
G 2n+1 2, n odd

Proor. Taking z = %£2 in (6.4) gives (6.8), where

I (‘l;rbn) - (n+1)1\/m (b;a)w {4n2+(2n+1) [1+(—1)"}2}%.

Examining the above expression for n even or n odd readily gives the result (6.8). I
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REMARK 17. For n odd, then the third term in the modulus sign vanished and
thus there is no perturbation to the generalised midpoint rule (6.8). Further, it may
be noticed that only even derivatives are present.

For n =1 then there is no perturbation term, giving

[rwa—e-ar (") < (50)

where v < f(t) <T.
If n = 2 is taken, then there is a perturbation term giving

The above result may be compared with (5.24).
N2
/f vat-0-af(“57) - L5 0 - @)

2 24
_ <ba)3
— 5\/7 2 9

where v < f"(t) <T.

THEOREM 14. Let the condition of Theorem 13 be satisfied. Further, suppose
that () is differentiable and is such that

Hf(”H)H = sup ‘f”“ (t)| < 00.
t€la,b]
Then
h—
(6.9) |Pys ()] < \/ﬁ“ Hf(nH)H 1 (@),

where Pyy (x) is the perturbed interior point rule given by the left hand side of (6.4)
and I (z,n) is as given by (6.5).

PROOF. Let h,g : [a,b] — R be absolutely continuous and 4/, ¢’ be bounded.
Then Chebychev’s inequality holds (see [14])

(b — a)2 I !
1T (h.9)] < sup [ ()] sup. g (1),
V12 iefab)] te(a,b]

Matié, Pecari¢ and Ujevié¢ [21] using a premature Griiss type argument proved that

—a
) sup g’ (t)] /T (o).
t€la,b]

(6.10) T (h,g) <

Thus, associating f(™ (-) with g(-) and K (z,-), from (5.2), with i (-) in (6.10)
produces (6.9) where I (x,n) is as given by (6.5). 1

THEOREM 15. Let the conditions of Theorem 13 be satisfied. Further, suppose
that f™) is locally absolutely continuous on (a,b) and let f*+Y) € Ly (a,b). Then

1
—1I (ac,n) 5

(6.11) |Par ()] < b_Ta Hf(n+1)Hz n

where Py () is the perturbed generalised interior point rule given by the left hand
side of (6.4) and I (x,n) is as given in (6.5).
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PROOF. The following result was obtained by Lupasg (see [14]). for h,g :
(a,b) — R locally absolutely continuous on (a,b) and h', ¢’ € Ly (a,b), then

(b—a)’
T (h,9)l < ——5— IWll l9"ll2 »

1 :
Ikl = (H/ |k(t)|2> for k € L (a,b).

Matié, Pecari¢ and Ujevié [21] further show that

where

b—a
(6.12) T (h,g)l < —— I9'lly /T (hy h).

Now, associating f(™ (-) with g (-) and K (z,-), from (5.2) with & (-) in (6.12) gives
(6.11), where I (z,n) is as found in (6.5).

REMARK 18. Results (6.9) and (6.11) are not readily comparable to that ob-
tained in Theorem 13 since the bound now involves the behaviour of f™+1) () rather
than f (..

6.2. Alternate Griiss Type Results for Perturbed Interior Point Rules.
Let

(6.13) o(h(z)) =h(z)— M(h)
where
b

(6.14) M (h) = 5 i " / h (u) du.
Then from (6.2),
(6.15) 7 (h,g) = M(hg) = M (h) M(g).

Dragomir and McAndrew [36] showed effectively, that
(6.16) 7 (h,g) =T (0 (h),0(9))

and proceeded to obtain bounds for the trapezoidal rule. We now apply identity
(6.16) to obtain interior point rules.

THEOREM 16. Let f : [a,b] — R be a mapping such that f(-) is absolutely
continuous on [a,b]. Then for all x € [a,b]

/f Dt (-0 @)+ 0-a) (o= 237) s

(52)% o (f)e » if f'€Lolab]

(6.17) < 3 5 (5) e, ¥ f el
with %—&—%:1, p>1,

bealo ()], , if f€ Lyla,b],

where S = W, the secant slope.
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Proor. Using identity (6.16), associate with h (t), Ki (z,t) from (5.2) and
1 () for g (t) then

/ Ky () f/ (8) dt — (b— a) M (K, (z,-)) S

(6.18) - / (K (2,1) — MK (2, )] () - S) dt,
where, from (5.2),

B a+b

D)

and from (6.13),
t—a+ %t — =z, tea,q]
(6.20) o (Ki(x,-)) =

t—b+ 22—z, te(z,b]

Thus, (6.18), on utilising (6.19), (6.20) and (5.3) may be written, on taking the
modulus, as

/abf(t)dt—(b—a)f(x)+(b—a) (x—“;b> s’
b

(6.21) = /U(Kl (z,8)) (f' (t) — S) dt| :== B (z).

a

Now, observe that

IN

1) =Sl [ o (s (ot

b—a atb_
/ |u|du+/ Udv]
e ()

2

B (z)

17 () = Sl

and so after some algebra, the first bound in (6.17) is obtained.
Now, from (6.21) using Holder’s inequality we have that

q

b
(6.22) B(x) < o (S, (/ o (K (x,t))th>

Now,

b—a a+b

b = —x
/|0(K1 (x,t))|th:/ ’ |u\Qdu+/ T e
o ST ()

2 2

That is,
L= L1 + LQ, say.
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For z < %Hﬂ

b—a
> b—a q+1 a+ b q+1
— q — —_ —
(q—'—l)Ll_/a;b_IUdu_( 5 ) ( 5 x)
and
0 “'z*'bfm
(q+1) Ly = / |U|de+/ vidy
_b—a 0
2
b—a q+1 a+ b q+1
Hence,

L:bia' b—a q'
g+1 2

A similar argument holds for z > %t and so from (6.22) and (6.21), the second
inequality in (6.17) is obtained.
For the third inequality we note from (6.21) that

B(x) < oo (K ()l

(6.23) = sup o (K (z,0)] o (f);-
t€la,b]
Now,
b— b—
sup |U(K(a:,t))|=max{a, x— ¢ }
tela,b] 2 2
and using the result
X+Y 1
max {X,Y} = ;r + 5V - x|
gives, on treating the cases r > ‘ITH’ and z < “T“’ separately,
b—a b—a b—a
max |z — = .
2 2 2

Thus, on substitution into (6.23), we obtain the third result in (6.17), and the
theorem is completely proved. I

REMARK 19. The results of this section allow the consideration of f' € Ly, [a,b],
p € [1,00) whereas the results of Section 6.1 to produce the perturbed rules are valid
using ||-|| - The working, however, for explicit results with K, (x,t) as given by
(5.2), is somewhat more difficult with the methodology of the current section.

This section considers results involving o (f’) which may be more useful when
information is known about deviations of the slope from its mean.

7. An Ostrowski Type Inequality for Mappings Whose Second
Derivatives Are Bounded

In [4], S.S. Dragomir and S. Wang obtained the Ostrowski type inequality using
for the proof essentially, the identity

b b
(7.1) @) =5 [Tt [p@n @
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for all z € [a,b], where f is as above and the kernel, p (-, ) : [a,b]? — R, is given by

t—a if t € [a,z]
(7.2) p(z,t) :=
t—b ift € (x,b)

Identity (7.1) is easily proven from considering fab p(z,t) f' (t) dt and integrat-
ing by parts.

The main aim of this section is to obtain a perturbed interior point rule in
which the perturbation does not involve derivative evaluations.

7.1. A New Integral Inequality. The following results hold (see for exam-
ple [12]).

THEOREM 17. Let f : [a,b] — R be a continuous on [a,b] and twice differen-
tiable function on (a,b), whose second deriwative f" : (a,b) — R is bounded on
(a,b). Then we have the inequality

—a/f N b)_i‘(a) (x_a—;b>’

+ 5 ¢ (=) 1]l

(7.3)

171 oo 2
< 6 (b—a)

for all x € [a,b].

PROOF. Applying the identity (7.1) for f’(-) we can state

b b
! t):bia/ f’(s)ds—i—ﬁ/ p(t,s) f" (s)ds

which is equivalent to

£ =LOLO [ (5

Substituting f’ (¢) in the right hand side of (7.1) we get

b
f@) = o= [ roa

b _ f(a b
%f/ p(z,1) [f“’,))_j:( )+bia/a p(t,s)f”(S)dS] dt

_ F) = fla) [°
= /f dt + o /p(xt)dt

b_ // (z,t)p(t,s) f" (s)dsdt
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/abp(a:,t)dt . /:(t—a)dt+/:(t—b)dt

a+b
h— _
the integral identity

flz) = /f dt+ L a(a) (x a“’)
(7.4) - // (z,t)p(t,s) f’ (s)dsdt

results for all = € [a,b].
Now, using the identity (7.4), we get

1 fb) = f(a) a+b
‘ziaL~””ﬁ“ b—a (w‘ > )
b b
b%//h? (z,t)p (t, )| |f" ()| dsdt

IF" oo
(b—a) // Ip (z,t)| |p (t,s)| dsdt

P PR
(b—a)® (@)

and as

IN

IN

(7.5)

We have

b _ 4?2 a2
[ oras = E= 20

and so, from (7.5),

/|pxt [ — (b_t)]dt

- U (t—a) {(t—a)2+(b—t)2} dt+/b(bt) [(tfa)QJr(bft)Q} dt]

a x

| =

N | =

l/ (= a)* +(t— ) (b~ 1)?] dt+/b (= a)* 0~ 1)+ (b —1] dt] .
Note that

/x(t—a)?’dt (m_a)4, b(t—b)3dt:(x:lb)4,

Il
|
I
—
(=
I
8
~
w
—
8
I
)
~
I
—
o>
I
8
~
'
—+
—
(=l
I
8
~
'

(t—a) b—t

and

/b
/ 1 . 1

t—b)(t—a)dt = f(x—a)‘s(b—m)——(b—a)4+i(;v—a)4.
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Consequently, we have
A@ = wle-o'—20-2' @0 26—’ b2

+(b-a) +(b-a)'],

which may be simplified in a variety of ways to give

A(x)zl% [6<x—a;b)4+3(b—a)2 (x—a;b>2+;(b—a)4].

Now, using the inequality (7.5) and simple algebraic manipulations, we get the first
result in (7.3).
The second part is obvious from the fact that

b—a
<
- 2

x_a—l—b
2

for all z € [a,b]. B

7.2. Applications in Numerical Integration. Let I, ta =29 < z; < ... <
ZTn—1 < T, = b be a division of the interval [a,b], &; € [, xi41] (i =0,1,...,n—1)
a sequence of intermediate points and h; := z;41 —a; (i =0,1,..,n—1). Asin
[12], consider the perturbed Riemann’s sum defined by

n—1 n—1

(76) Ac(f,1n€) =S FE)hi— 3 (si - ““) (f (wis1) —  (2)

; . 2
1=0 =0
In that paper Dragomir and Wang [5] proved the following result:

THEOREM 18. Let f : [a,b] — R be continuous on [a,b] and differentiable on
(a,b) , whose derivative f' : (a,b) — R is bounded on (a,b) and assume that

(7.7) vy< f'(x) <T  forall z € (a,b).
Then we have the quadrature formula:

b
(78) / J(@)de = Ac (f. Lo, €) + Re (f. 10, €).

where the remainder Rg (f, I, &) satisfies the estimation

n—1
=0

B~ =

(7.9) |Re (f,1n,6)] <

for all € = (fo, ...,§n71) as above.

Here, we prove another type of estimation for the remainder R (f,I,,€) in
the case when f is twice differentiable [12].

THEOREM 19. Let f : [a,b] — R be continuous on [a,b] and a twice differen-
tiable function on (a,b), whose second derivative, f" : (a,b) — R, is bounded on
(a,b). Denote || f"||, == sup |f"(t)] < oco. Then we have the quadrature formula

te(a,b)
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(7.8), where the remainder Ra (f, I, &) satisfies the estimation:

(7.10) |Re (f,1n,6)
2 2
n— _ xitTign
RS G S I A
< o0 —_ JR— N
= 2 ; h2 Tl Tl

n—1

||f//||oo 3
< - E h?
- 6 1=0 v

for all &, as above.

PRrROOF. Apply Theorem 17 on the interval [z;, x;41] (i = 0,...,n — 1) to obtain

Tit1
T+ T

pean— [ roar- (6= 25 (1 @) - o)

1| (ff*’”*é”“f S R O P
2 ) B v] K

<

for all ¢, € [z;,x;41] and i € {0,...,n — 1}.

Summing over ¢ from 0 to n — 1 and using the generalized triangle inequality,
we get the desired inequality (7.10).

We omit the details. |

8. Concluding Remarks

The current work has demonstrated the development of interior point rules
which contains the midpoint rule as a special case. Identities are obtained by using
a Peano kernel approach which enables us, through the use of the modern theory
of inequalities, to obtain bounds in terms of a variety of norms. This is useful in
practice as the behaviour of the function would necessitate the use of one norm
over another. Although not all inequalities have been developed into composite
quadrature rules, we believe that enough demonstrations have been given that
would enable the reader to proceed further.

It has been shown that the bounds for interior point rules are the same as those
obtained for the trapezoidal rules of the previous chapter as highlighted in Remark
10.

Rules have also been developed that do not necessarily require the second de-
rivative to be well behaved or indeed, exist, thus allowing the treatment of a much
larger class of functions. Rules have been developed by examining the Riemann-
Stieltjes integral. Additionally, the results also allow for a non-uniform partition,
thus giving the user the option of choosing a partition that minimises the bound
or enabling the calculation of the bound given a particular partition.

If we wish to approximate the integral f; f (z)dz using a quadrature rule
Q (f,I,) with bound B (n), where I, is a uniform partition for example, with
an accuracy of € > 0, then we will need n. € N where

n. > [B7'(e)] +1
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with [z] denoting the integer part of x.

This approach enables the user to predetermine the partition required to assure
that the result is within a certain tolerance rather than utilizing the commonly used
method of halving the mesh size and comparing the resulting estimation.

We conclude the work by bringing to the attention of the reader that three-
point rules may be obtained by taking a convex combination of trapezoidal type
identities, I () of the previous Chapter and interior point identities of the current
chapter, Ips (). That is,

My () + (1= N) I (2).

a+b

Simpson type rules would result from taking A = 3 and x = %3

1
3
This will not be presented here.
For a three-point quadrature rule involving at most the first derivative, see
Cerone and Dragomir [19].
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