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Three Point Identities and Inequalities for n-time
Differentiable Functions

P. Cerone and S.S. Dragomir

ABSTRACT. Identities and inequalities are obtained involving n-time differen-
tiable functions in terms of evaluations at an interior and at the end points.
It is shown how previous work is recaptured as particular instances of the cur-
rent development. Generalised Taylor type series expansions are obtained and
applications to numerical quadrature are demonstrated.

1. Introduction

Recently, Cerone and Dragomir [2] obtained the following three point identity
for f:[a,b] > Rand a: [a,z] = R, B : (z,b] — R then

b
(1.1) / f@)dt —[(B(z) —a(x) f(z) + (a(x) —a) f(a) + (b= (x)) f (b))

b
- /K(a:,t)dfm,

where

t—a(z), tel]a,x]
(1.2) K (z,t) =

t—p(x), te(zb.

They obtained a variety of inequalities for f satisfying different conditions such
as bounded variation, Lipschitzian or monotonic. For f absolutely continuous then
the above Riemann-Stieltjes integral would be equivalent to a Riemann integral and
again a variety of bounds were obtained for f € L, [a,b], p > 1.

Inequalities of Griiss type and a number of premature variants were examined
fully in the comprehensive article covering the situation in which f exhibits at
most a first derivative. Applications to numerical quadrature were investigated
covering rules of Newton-Cotes type containing the evaluation of the function at
three possible points: the interior and extremities. The development included the
midpoint, trapezoidal and Simpson type rules. However, unlike the classical rules,
the results were not as restrictive in that the bounds are derived in terms of the
behaviour of at most the first derivative and the Peano kernel (1.2).
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2 P. CERONE AND S.S. DRAGOMIR

It is the aim of the current article to obtain inequalities for ™ € L, [a,b],
p > 1 where f(") are again evaluated at most at an interior point z and the end
points. Results that involve the evaluation only at an interior point are termed
Ostrowski type and those that involve only the boundary points will be referred to
as trapezoidal type. In the numerical analysis literature these are also termed as
Open and Closed Newton-Cotes rules (Atkinson [1]) respectively.

In 1938, Ostrowski (see for example [32, p. 468]) proved the following integral
inequality:

Let f : I C R — R be a differentiable mapping on I (I is the interior of I),
and let a,b €l with a < b. If f' : (a,b) — R is bounded on (a,b), i.e., 1f o =

sup |f’ (¢)| < oo, then we have the inequality:

te(a,b)
P <[ = s
(1) |f<x> s [ roa < | B ](b D)1

for all z € [a, b].

The constant i is sharp in the sense that it cannot be replaced by a smaller
one.

For applications of Ostrowski’s inequality to some special means and some
numerical quadrature rules, we refer the reader to the recent paper [24] by S.S.
Dragomir and S. Wang who used integration by parts from f;p(x,t) F (@) dt to
prove Ostrowski’s inequality (1.3) where p (z,t) is a peano kernel given by

t—a, te€l]a,x]
(1.4) p(a,t) =

t—>b, te(x,b.

Fink [27] used the integral remainder from a Taylor series expansion to show
that for f(»=1 absolutely continuous on [a,b], then the identity

b n—1 b
(1.5) / Ft)dt - % ((b—a)f(x)—i—ZFk (x)) :/ K (2, 6) f™ (2) dt
a k=1 a

is shown to hold where

(@—0"" plab)

(16) KF (1‘,t) = (’I’L—l)'

with p(z,t) being given by (1.4)

and

n]; k o a)k f(k_l) (a) + (_1)1@71 (b :,C)k f(k—l) (b)} .

Fink then proceeds to obtain a variety of bounds from (1.5), (1.6) for ) € L, [a,b].
Milovanovié¢ and Pecarié¢ [31] earlier obtained a result for (™) € L, [a,b] although
they did not use the integral form of the remainder. It may be noticed that (1.5) is
again an identity that involves function evaluations at three points to approximate
the integral from the resulting inequalities. See Mitrinovié¢, Pecari¢ and Fink [33,
Chapter XV] for further related results and papers [19], [20] and [21].

A number of other authors have obtained results in the literature that may
be recaptured under the general formulation of the current paper. These will be
highlighted throughout the article.

The paper is structured as follows.

F (z) =
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A variety of identities are obtained in Section 2 for f("~1) absolutely contin-
uous for a generalisation of the kernel (1.2). Specific forms are highlighted and a
generalised Taylor-like expansion is obtained. Inequalities are developed in Section
3 and perturbed results through Griiss inequalities and premature variants are dis-
cussed in Section 4. Section 5 demonstrates the applicability of the inequalities to
numerical integration. Concluding remarks are given in Section 6.

2. Some Integral Identities

In this section identities are obtained involving n-time differentiable functions
with evaluation at an interior point and at the end points.

THEOREM 1. Let f : [a,b] — R be a mapping such that f"=Y is absolutely
continuous on [a,b]. Further, let a : [a,2] — R and B : (z,b] — R. Then, for all
x € [a,b] the following identity holds,

(2.1) (=1)" /bKn (@, 1) £ (1) dt

b
= [ rwa= 3 5 [Re@ 0 @)+ S @)

k=1
where the kernel K, : [a,b]> — R is given by
(t=a@)" e

oy s a, ‘T]

(2.2) K, (z,t) =
U=BEN" ¢ ¢ (g0,

o)+ (-1 (@ - a(2)"
a)" f*D (a) + (=1)*7 (0= B (2))" FED ()

Ry, (x) = (B (z) -
(2:3) { and S: (2) = (a(z) —

ProoOF. Let
b
(2.4) I, (z) = (—1)”/ K, (z,t) f™ (t)dt = (—=1)" J,, (a,,b)
then from (2.3)

Jn (a,z,x) = /z M]v(n) (t)dt

n!

giving, upon using integration by parts

25) Jp(a,z,0) = %JM_U @
alz) =a)” fn=1) (4
T R LT R
Similarly,
o (x,2,0) = ()" Wﬂnm (z)
(b-pB@)"

+ FOV (b)) — Ty (2, b)

n!

and so upon adding to (2.5) gives from (2.4) the recurrence relation
(2.6) I, (x) — In—1 (z) = —wy, (z),
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where
(2.7) nlw, () = [Rn (z) ™ (2) + S, (x)}

with R, (z) and S, (z) being given by (2.3).
It may easily be shown that

(2.8) In(x) = =) _wi () + 1o (2)
k=1

is a solution of (2.6) and so the theorem is proven since (2.8) is equivalent to (2.1)
and I, (z) is as given by (2.4). 1

REMARK 1. Ifwe taken = 1 then an identity obtained by Cerone and Dragomir
[2] results. In the same paper Riemann-Stieltjes integrals were also considered.

REMARK 2. If a(z) = a and 3 (z) = b then Sk (z) = 0 and the Ostrowski
type results for n-time differentiable functions of Cerone et al. [9] are recaptured.
Merkle [30] also obtains Ostrowski type results. For o (x) = B (z) = x then R (x) =
0 and the generalized trapezoidal type rules for n-time differentiable functions of
Cerone et al. [10] are obtained. Qi [36] used a Taylor series whose remainder was
not expressed in integral form so that only the supremum norm was possible. If
the integral form of the remainder were used, then similar to Fink [27], the other
L, (a,b) norms for p > 1 would be possible. However, this will not be pursued
further here. For a(x) and B (x) at their respective midpoints, then the identity

(2.9) (-1)" / b K (z,t) f™ (t) dt
b n _k
- / fOd-) 2? {[e-"+ ()@= 0] F&D (@)

+ @ =) 5 (@) + ()F - o)t £ )]}
results, where

(i-52)"
n! ’

t € la,z]
(2.10) K, (z,t) =
ﬁ te (Z‘ b}
PR 29l
As demonstrated in the above remarks, different choices of a (z) and 5 (x) give
a variety of identities. The following corollary allows for « (z) and (z) to be in

the same relative position within their respective intervals.

COROLLARY 1. Let f satisfy the conditions as stated in Theorem 1. Then the
following identity holds for any v € [0,1] and = € [a,b]. Namely,

e (U [ 1 W
b 1 k k k-1 k] p(k—1
= [ rwa=Y g {0-t (o=t -0 @ -0 0 @)
@ k=1 "

2 (o=@ £ (@) + (<) = 100 )],



where
[t—(vx-ir(%—v)a)]"’ t € [a, 2]
(2.12) Oy (2,1) = "
r e (g,
ProOOF. Let
(2.13) a(z)=yr+(1-v)a and f(z) =~z +(1-7)b,
then
(2.14) { r—az)=01-v)(x—a), a(z)—a=v(x—a)
' and B(z)—z=(1-7)(b—2z), b—pB(x)=7(—1)

so that from (2.3)

Rk (3?)

Il
—
—_
|
=2
—
ko
—
—~
(=
|
5
~
ol
Jr
—
|
—
—
ol
|
—
—~
&
|
S
~
-
[

and
Sk (2) =7 (@ = @)* FE7V (@) + (-1 - ) FED )]

In addition, C), (z,t) is the same as K, (z,t) in (2.2) with « (z) and 5 (x) as given
by (2.13) and hence the corollary is proven. i

The following Taylor-like formula with integral remainder also holds.

COROLLARY 2. Let g : [a,y] — R be a mapping such that g™ is absolutely
continuous on [a,y]. Then for all x € [a,y] we have the identity

(2.15) g(y)

= 1@+ L [B@ - + (D @ —a@)] s @)
k=1

+ (@@ -0 g® (@) + (-1 (r - B @) 9P )] }
s [ g

where

%7 t € [a, 7]

(2.16) T (x,1) =
C e (g4,

n!

PRrROOF. The proof is straight forward from Theorem 1 on taking f = ¢’ and
b=y so that 8 (x) € (x,y] and 7, (z,t) = K, (z,t) for t € [a,y]. 1

REMARK 3. If a(z) = (8 (x) = x then we recapture the results of Cerone et al.
[10], @ trapezoidal type series expansion. That is, an expansion involving the end
points. For a(z) = a, B (x) = b then a Taylor-like expansion of Cerone et al. [9]
is reproduced as are the results of Merkle [30].
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3. Integral Inequalities

In this section we develop some inequalities from using the identities obtained
in Section 2.

THEOREM 2. Let f : [a,b] — R be a mapping such that f"=Y) is absolutely
continuous on [a,b] and, let a : [a,z] — R and B : (x,b] — R. Then the following
inequalities hold for all x € [a, ]

b "q
(3.1) |P, ()] : = / f () dt — Z 7 {Rk (z) f=1) (x) + S (x)} ’
@ k=1 "
g o) o 1 eLala),
< 1, .
= - [Qn (g, x)]7 if f) € Lya,b]
withp>1, o+ 2 =1,
w n(x)’ Zf f(n) €L1 [a,b],
where
62 Qo = g [e@-0 T @ —a@)
+(B@) ="+ =B @),
1(b—a a+x T+b
33 M@ = {7 e - T3
b b
tlo= 5 24 |aw - 4o - 5|},

Ry (z), Sk (z) are given by (2.3), and

= ess sup ‘f(n) (t)‘ < oo and Hf(n)
o0 t€la,b]

Hf(n)

(L

PRrROOF. Taking the modulus of (2.1) then
(3-4) [P (2)] = [In ()],
where P, (z) is as defined by the left hand side of (3.1) and

9

b
(3.5) mwz/mmwwwm

with K, (z,t) given by (2.2).
Now, observe that

IN

(3.6) @] < || 1% @0l

- Hf(”) Oo/ab|Kn (z, )| dt,




where, from (2.2),

b a(z) z
1 n n
(3.7 / | Ky, (x,t)|dt = n'{/ [t —a(z)] dt+/ [t —a(x)]"dt
a . a a(x)

B(x) b
+/w it — 8 () dt+/{3(£)lt—ﬂ(w) dt}

= o e@-a @ —a@)

+(B) )"+ (- B @)

Thus, on combining (3.4), (3.6) and (3.7), the first inequality in (3.1) is obtained.
Further, using Holder’s integral inequality we have the result

H £

IN

(3.8)  n ()]

11
IIKn (z,-)[l, where =+ — =1, withp>1
P q

1

(/ |K,, xt|th> :
Now,

b a(z) T
3.9 K, (z,t)|"dt 1 t—a(x)|"dt + t—a(z)™dt
a n! a a(z)

B(z) b
+/ |t—ﬁ(z)|"th+/ﬁ( )|t—ﬁ(x)|"th}

1
= EQTL (qax) 9

where @, (¢, ) is as given by (3.2).
Combing (3.9) with (3.8) gives the second inequality in (3.1).
Finally, let us observe that from (3.4)

e

(3.10) |fn<x>|
< NKn @l |70 = |7 sup (K p)
oo 1te(a,b]
11l

= o max{le—a (@), |z —a@)]" b= S@)" e - 5 @)"}

15l

n!
where
(3.11) M () = max {M; (x), Mz ()}
with
M (z) = max{a(z) —a,xz — a(x)}
and

Ms () = max {0 (z) —x,b— B (x)}.
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The well known identity

X+Y X-Y
(3.12) max {X,Y} = —2|— + ‘ 5 ’

may be used to give

My (x) = 232 + o () — 52|,
(3.13)
and M, (z) =252 + |3 (2) — 252,

Using the identity (3.12) again gives, from (3.11),

M (z) + My ($)+ M (z) — M3 (x)
2 2

M (x) =

which on substituting (3.13) gives (3.3) and so from (3.10) and (3.4) readily results
in the third inequality in (3.1) and the theorem is completely proved. I

REMARK 4. Various choices of a(-) and [ (-) allow us to reproduce many of
the earlier inequalities involving function and derivative evaluations at an interior
point and/or boundary points. For other related results see Chapter XV of [32].

If « (z) = a and B (z) = b then Sy, (x) = 0 and Ostrowski type results for n-time
differentiable functions of Cerone et al. [9] are reproduced (see also [35]). Further,
taking n = 1 recaptures the results of Dragomir and Wang [22]-[25] and n = 2
gives the results of Cerone, Dragomir and Roumeliotis [5]-[8]. The n = 2 case is
of importance since with = % the classic midpoint rule is obtained. However,
here the bound is obtained for f” € L, [a,b] for p > 1 rather than the traditional
f" € L [a,b], see for example [16] and [17].

If a(x) = B(z) = z then R(z) = 0 and inequalities are obtained for a gen-
eralised trapezoidal type rule in which functions are assumed to be n-time differ-
entiable, recapturing the results in Cerone et al. [10]. Taking n = 2 the classic
trapezoidal rule in which the bound involves the behaviour of the second derivative
is recaptured as presented in Dragomir et al. [18].

Taking « (+) and 3 (-) to be other than at the extremities results in three point
inequalities for n—time differentiable functions. Cerone and Dragomir [2] presented
results for functions that at most admit a first derivative.

REMARK 5. It should be noted that the bounds in (3.1) may themselves be
bounded since a (+), B(-) and x have not been explicitly specified.

To demonstrate, consider the mappings, for t € [A, B],

ht)=t—-A"+B-1)",0>1
(3.14)
andfm(t)z%—ﬂt—#‘.

Now, both these functions attain their maximum values at the ends of the interval
and their minimums at the midpoints. That is, they are symmetric and convex.



Thus,
sup hy (t) = hy (A) = hy (B) = (B — A)’,
te[A,B]
sup hs (t) = ha (A) = ha (B) = B — 4,
te[A,B]
(3.15)

. _ 0
iy (0= hn (452) =2 (25"

: A —A
and | infho (t) = he (455) = £52.

Using (3.14) and (3.15) then from (3.2) and (3.3), on taking «(-) and G (-) at
either of their extremities gives

1
ng+1

(b . a)anrl
ng+1

Qu(g.2) < QY (4.2) = (2= )" + (b — )

IN

and
M(m)gMU(x):%[bfaercfaHgbfa,

where the coarsest bounds are obtained from taking x at its extremities.
The following corollary holds.

COROLLARY 3. Let the conditions of Theorem 2 hold. Then the following result
is valid for any x € [a,b]. Namely,

(3.16) t)dt — Z Qkf{ [(b — x)k + (—1)1671 (x — a)k} Fl=1) (x)
k=1
e 0 @+ 0 ot s ) )
L P (= a4 o —2)" ], F € Lo a,b],
: Ww)xiiﬁ{@aﬁﬁl+@xwﬁqé f € Ly [a, 0]
with p > 1, ]%Jr%:l’
||f<n [EA s b2 4 |z — a2 ]" f™ e Ly[a,b].

PRrROOF. Taking a/(-) and §(-) at their respective midpoints, namely « (z) =
o and B (z) = ZE in (3.1)-(3.3) and using (2.3) readily gives (3.16) I

REMARK 6. Corollary 8 could have equivalently been proven using (2.9) and
(2.10) following essentially the same proof of Theorem 2 from using identity (2.9).
The more general setting however, allows greater flexibility and, it is arqued, is no
more difficult to prove.
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COROLLARY 4. Let the conditions on f of Theorem 2 hold. Then the following
result for any x € [a,b], is valid. Namely, for any v € [0, 1]

b n k
1 B
e | [ rwa= Y S [0 @) 1470 @)+ <x>}‘
a k=1 ’
Hf<n)HooH G (n) L b
(nt1)! 11 (7) 1 (l‘> > f € Loo [a7 ] )
Nrll, 2 1 ()
< 7'( H);Hq (v)G§ (z), f" € Lyla,b]
n!(ng q
p>1 o +,=1,
Hf(n)Hl n (n)
n! v (:IZ) ’ f € Ll [CL, b] )
where
Hy (y) = 4"+ 4 (1 — )"
Gy (@) = (2 —a)""™ 4+ (b—a2)"""
(3.18) v(z) =[5+ =5[] [’5* + ]z — 4],

(@) = (b—2)" + (1) (@ - a)",

and sy, (z) = (z —a)* fE=D (@) + (1) (b — 2)" FE=D (b).

PrROOF. Take a(-) and S (-) to be a convex combination of their respective
boundary points as given by (2.13) then from (3.1)-(3.3) and using (2.14) and (2.3)
readily produces the stated result. We omit any further details. |

REMARK 7. It is instructive to note that the relative location of () and 3 (+)
is the same in Corollary 4 and is determined through the parameter v as defined in
(2.13). Theorem 2 is much more general. From (2.13) it may be seen that o (x) =
B(x) = x is equivalent to v = 1, giving trapezoidal type rules while o (x) = a,
B (x) = b corresponds to v = 0 which produces interior point rules. Taking v =0
and v = 1 reproduces the results of Cerone et al. [9] and [10] respectively.

Taking v = 3 in (3.17) produces the optimal rule while keeping x general and
thus reproducing the result of Corollary 3. Following the discussion in Remark 5
and as may be ascertained from (3.18) the optimal rules, in the sense of providing
the tightest bounds, are obtained by taking v and x at their respective midpoints.

The following two corollaries may thus be stated.
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COROLLARY 5. Let the conditions on f of Theorem 2 be valid. Then for any
v € [0,1], the following inequalities hold

b
(3.19) f(@)dt
2 (—1)* ko (atb\ iy (ath v (a+D
_ 1—
1; A (=) 7k 5 f 5 ) T sk
7”f(n)”°°H Gy (&b ") e b
(n+1)! 1 (7) 1 ( 2 ) 5 f € Loo [CL, ] s
< ”‘f(n)”p H% ( )G% (LHJ) f(n) cL [ b]
- n!(anrl)% @ \7 ? 2 ’ P 1%
p>1, o +o=1,
(n)
an! ||1Vn (aT—H))? f(n) €L1 [a,b],
where
H, () is as given by (3.18),
a _a\n4q+1
Gy (%t) =2(%5)""",
(3.20) v(4t) =034 G+ =3,

PROOF. The proof is trivial. Taking z = “£ in (3.17)-(3.18) readily produces
the result. i

REMARK 8. [t is of interest to note from (3.20) that

(3.21)

b—a\F
a+b 2(%3%)", k odd
Tk B =

0, k even

so that only the evaluation of even order derivatives are involved in (3.19). Further,
for fE=1) (a) = fE=1) (b) then

(3.22) Sk (“;b) — 5D (g) p (a;rb> 0D (b (a—2|—b>

so that only evaluation of even order derivatives at the end points are present.
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COROLLARY 6. Let the conditions on f of Theorem 2 hold. Then the following
inequalities are valid

b n k
D gk [ (2ED) por-n (2£D a+b
2 _ : a+b atb
(3.23) /a f(t)dt ; o (452 s 0
f(") (e ntl .
”(n+1||>!°° Lg(n) (b=a)n S € Lot
1E N 0 bea \ T (bea\?
< — P_ . n a b—a (n)
B nl(ng+1)9 2 (nq+1) (5%, " e Lyla,b]

with p > 1, %+§=1,

f('n.) S Ll [CL,b],

where Ty, (“'H’) and sy, (“TH’) are as given by (3.20).

Py
A E)
—
—
o
S

SN—"

PrOOF. Taking v = 3 in Corollary 5 will produce inequalities with the tightest
bounds as given in (3.23). Alternatively, taking v = % and z = «£°
will produce the results (3.23). 1

in Corollary 4

The results (3.21) and (3.22) together with the discussion in Remark 8 are also
valid for Corollary 6.

The following are Taylor-like inequalities which are of interest (see [12] and
[14] for related results).

COROLLARY 7. Let g : [a,y] — R be a mapping such that g™ is absolutely
continuous on [a,y]. Then for all x € [a,y]

n

(3:24) |9 —g(@) =Y kl,{ (6@ =) + ()" @ —a@)*] ¥ (@)
k=1 "
+ (@@ = a) g® (@) + (1) (g - B(@)* 9P ()] H
|| ("+1)HxQ ( ) g(n+1) € Lo, [a,b],
< ”g(nH)H [Qn (g, )F, gt € L, [a,b]
with p>1, 3+ 2=1,
Iy @), g € L fact),
where
Qn (g z) = nql—k . {(a (x) — a)nq+1 + (-« (gp))nqﬂ
+(B(2) = )"+ (y - B )"
M) = {150 e - |+ o - 5
a—+y a—+x
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PRrROOF. The proof follows from Theorem 2 on taking f (-) = ¢'(-) and b = y
so that G (x) € (x,y]. Alternatively, starting from (2.15) and (2.16) and, following
the proof of Theorem 2 with b replaced by y and f (-) replaced by ¢’ (-) readily
produces the results shown and the corollary is thus proven. |

REMARK 9. Similar corollaries to 3, 4, 7 and 8 could be determined from the
Taylor-like inequalities given in Corollary 6. This would simply be done by taking
specific forms of o (+), B () or values of x as appropriate.

REMARK 10. If in particular we take o (x) = a and B (x) = y in (3.24) then
for any x € [a,y]

(3.25) |g(y) —g(a)— 7 [(y - z)k + (—1)’“_1 (x — a)k} g (z)
k=1 "
§ €n (‘T7y)
(nt1)
% |:(.’L' _ a)n+1 + (y _ x)n+1:| 7 g(n+1) c LOO [a’y]7
= M ( _ )n(I"Fl 4 ( _ )nq+1 é (n+1) cl [ ]
n!(nq+1)% roa y—x g p &Y
with p > 1, %+§:1’
(n+1) n
Jo™ 2 [z — )", g™ € Ly [a, 4]

Merkle [30] effectively obtains the first bound in (3.25).
It is well known (see for example, Dragomir [14]) that the classical Taylor
expansion around a point satisfies the inequality

~ (y—a)
(3.26) 9 =Y 9" (@
k=1
1 v " (n
< E/ (y—w)" g" " (w) du| = En (y),
where
—a n+1 n n
besdse g™V, 97 € Locla,yl,
n+%
(3.27) E, (y) < % g™V, gD € Lylay)
nl(ng 4
with p>1, L+1—1,
L= gD gt € Ly [a,y]

fory>aandye I CR.

Now, it may readily be noticed that if z = a in (3.25), then the classical result
as given by (3.26) is regained. As discussed in Remark 5 the bounds are convex so
that a coarse bound is obtained at the end points and the best at the midpoint.



14 P. CERONE AND S.S. DRAGOMIR

Thus, taking x = # gives

" B k—1
(3.28) 9(y) —gla) =) ka (v=a)g® (Hy>

2
k=1
a+y
S €n (23y>

gD - L
%2 " (y - a’)n+ ) g(n+1) S Loo [aay] )
D B (] M ntl ()
= ¢ — 27" (y—a)" 7, gV eLay
nl(ng+1)4
with p > 1, %—l—%:l,
(n+1)
% (%)n (y - a)n 9 g(n+1) € Ll [aa y] .

The above inequalities (3.28) show that for g € C* [a, b] the series

3.2
=
[14-;!21: } (y — a)* g (‘1;‘?/>

g (y) than the usual one

— (y—a)k (k)
> e (),

k=0
which comes from Taylor’s expansion (3.26). It should further be noted that (3.27)

only involves the odd derivatives of g () evaluated at the midpoint of the interval
under consideration.

REMARK 11. If a (z)

g(a)+

M8

=
Il

1
converges more rapidly t

o

B (x) =z in (5.24), then for any x € [a,y]

NIE

(329) o) 9@ -3 3 [ - 0" o @+ ) -2 g )]

E
I

1
é €n (xv y) )
where e, (x,y) is as defined by (3.25). See Cerone et al. [10] for related results.

4. Perturbed Rules Through Griiss Type Inequalities

In 1935, G. Griiss (see for example [32]), proved the following integral inequality
which gives an approximation for the integral of a product in terms of the product
of integrals.

THEOREM 3. Let f,g : [a,b] — R be two integrable mappings so that ¢ <
h(z) <®(z) and v < g(x) <T for all z € [a,b], where ¢, ®,~,T" are real numbers.
Then we have

(11) T ()l < (2~ ) (T ),
where
b b b
(4.2) T(h,g):bia/ h(x)g(z)dx—bia/ h(x)dx~bia/ g (x)dx
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and the inequality is sharp, in the sense that the constant i cannot be replaced by
a smaller one.

For a simple proof of this fact as well as for extensions, generalisations, discrete
variants and other associated material, see [32], and the papers [6], [11], [13], [15]
and [22] where further references are given.

A premature Griiss inequality is embodied in the following theorem which was
proved in the paper [29]. It provides a sharper bound than the above Griiss in-
equality. The term premature is used to denote the fact that the result is obtained
from not completing the proof of the Griiss inequality if one of the functions is
known explicitly. See also [2] for further details.

THEOREM 4. Let h, g be integrable functions defined on [a,b] and let d < g (t) <
D. Then

D—d

(4.3) T (h,g)| < [T (h, )2,

where T (h, g) is as defined in (4.2).

The above Theorem 4 will now be used to provide a perturbed generalised three
point rule.

4.1. Perturbed Rules From Premature Inequalities. We start with the
following result.

THEOREM 5. Let f : [a,b] — R be such that the derivative f=1 n > 1 is
absolutely continuous on [a,b]. Assume that there exist constants v,I' € R such
that v < f™ (t) <T a.e. on [a,b]. Then the following inequality holds

b nq
@) @)l o = ([ r@d- Y g [R@ Y @)+ S o)
@ k=1""
w O (@) fO7V(0) = [0V (a)
- (=1 n+1 b—a
I'— 1
< gl
e S .(b—a)n+1
- V2 (n+1D)! Vo411
where
(45) Izm) (- aae
: z,n CESIN S| n a)Qn (2,z
4
) S sn b - (2)F |
Z = {a@) —-az—a@),f@) —2,b-0(x)}, € Z, i=1,..,4,
Qn(x) = 2n+1)Q, () with Q, (-,x) being as defined in (3.2),

)
O (z) = (-1)"2f 4207 4+ (-1)" 24 4 20
)
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PROOF. Applying the premature Griiss result (4.3) by associating f(™ (t) with
g (t) and h (t) with K, (x,t), from (2.2) gives

(4.6) |<—1)" / " Ko (o) £ (1) di

n f* SO () = fY (a)
- ((—1) /Kn(m)dt)
I'—~

b—a
[T (K, )2

< (b—a)

2
where from (4.2)

2
1t 1t
T(Kn,Kn):m/ K,%(x,t)dt—<ba/ Kn(x,t)dt> .

a a

Now, from (2.2),

(@7) bia/bKn(x ) dt
B [ / oa)y, / (=0 @Y dt]
]- n+1 n n+1
— Gm | @ e @) D ) - 0
=B+ (1) (5 ) ) |
1
“G-amrn@
and
(4.8) bia/bKEL (z,t) dt
1 v 2n b 2n
= b a) ) l/a (t —a(x)) dtJr/x(t—ﬁ(:z:)) dt]
1

(b—a)(n)* (2n+1)

(b— B ()™ + (8 (z) - x)Q"ﬂ

1 ~
= n(2,x
(b—a)(n!)2(2n+1)Q( )

on using (3.2).
Hence, substitution of (4.7) and (4.8) into (4.6) gives

/ 0 (@) FOD(B) = D (a)
a (n+1)! b—a

1
S T EJ(:L',TL),

(4.9)

Kn (‘T7t) f(n) (t) dt — (71)n
,‘Y .
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where
(4.10) (2n+1) (n+1)* J? (z,n)

= m+1)°(b—a)Qn(2,2)— (2n+1)62 (z).
Now, let

(4.11) A=a(z)—a, X=z—a(x),Y=0(x)—zand B=b—f(x),
then (4.7) and (4.8) imply that
O, (2,1) = AZH1 4 X204l 4 y2ndl | pantl
and
On (x) = (—1)" A™TH 4+ X" 4 (—1)" YT 4 B
Hence, from (4.10) and using the fact that b—a=A+ X +Y + B,

(4.12) (n+1)°(b—a)Qn (2,2) — (2n+ 1) 62 (2)

= nQQn(Q )+ (2n+1) [(A—l—X—&-Y—i—B)Qn(Q x) — Gi(x)]
4
= n2Q, (2,2)+ 2n+ 1)) 2z )n]2
1

=
7>

after some straight forward algebra, where Z = {A, X, Y,B}, 2z, € Z, i =1, ..., 4.

Substitution of (4.12) into (4.10) gives I (x,n) = ﬁifﬁ)ﬁl as presented by

(4.5). Utilising identity (2.1) in (4.6) gives (4.4) and the first part of the theorem
is proved.

The upper bound is obtained by taking « (+), 8 (+), = at their end points since
I(x,n) is convex and symmetric. The second term for I (x,n) is then zero and
Qn (2,2) < 2(b—a)*"" and hence after some simplification, the theorem is com-
pletely proven. i

COROLLARY 8. Let the conditions of Theorem 3 hold. Then the following result
is wvalid,

k
(4.13) _ % [rk (z) F*D (2) + 85 (x)}
k:l
27" [+ (=D)"](A" + B") - o (b()) - i(n_l) =
S T — v 2—2(n+1)

S s s ] s e

+[4n® +2@2n+1)] AB (A% + B™) +4(2n+ 1) (-1)" " (A B)"*! }

where Ty, (x) and sy, (x) are as given by (3.18) and A=z —a, B=b—x.

PROOF. Let o (z) = 2~ and 3 (z) = Z£2 in (4.4), readily giving the left hand
side of (4.13). Now, for the right hand side. Takmg A=x—a, B=0b—x, we have

Qn (2,.%) _ 272n [A2n+1 + B2n+1]
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and

4

Zzizj (22 — <—Zj)n]2 —  9—2(n+1) |:A2(n+1) _i_BQ(n—i-l)} (1 n (_1)n—1)

i

n—1 2
+2AB (A” +(-1) B")

so that from (4.5) and using the fact that b —a = A + B,
(4.14) (n+1)V2n+1I (z,n)

— 2—2(n+1){4n2 (A + B) [A2n+1 + BQn+1]

+(2n+1) { (4200 4 B2 (14 (-1)" )
+24B (A" + (-1)" B")T }
= 27200 flan? 4 (14 (-1)" ") @n+ 1) [420D 4 B2
+[4n2 +2(@2n+1)] AB (A + B>) +4(2n + 1) (—1)"" (AB)”“} .

A simple substitution in (4.4) of (4.14) completes the proof. I

COROLLARY 9. Let the conditions of Theorem 8 and Corollary 8 hold. Then
the following inequality results,

[ [ (5505 (5 o (7))

k=1

2 (14 (1)) [ ) - 1 @) |

F;! 2 <b < G)Z(W) [8n2 +3@2n+1) (1 + (—1)”*1)] ,

(4.15)

where ry, (“E2) and s,, (%52) are as given in (3.20).

PROOF. The proof follows directly from (4.13) with z = %t so that A = B =
b’?“, giving for the braces on the right hand side

2 (T)Q(HH) {8712 +3@2n4+1) (1 + (—1)"‘1)} .

Some straight forward simplification produces the result (4.15). I

REMARK 12. It may be noticed (See also Remark 8) that only even order de-
grees are involved, in (4.15), at the midpoint while this is only the case at the
endpoints if the further restriction f*=V (a) = f*=1 (b) is imposed. Further, if n
is odd, then there is no perturbation arising from the Griss type result (4.15).

THEOREM 6. Let the conditions of Theorem 3 be satisfied. Further, suppose
that (") is absolutely continuous and is such that

Hf("H)H 1= ess sup ‘f(”“) (t)‘ < 0.
oo t€la,b]
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Then

(4.16) 1o ()] < 2

a 1
(n+1) Rl
V12 Hf Hoo n!l(x’n)’

where p,, (x) is the perturbed interior point rule given by the left hand side of (4.4)
and I (x,n) is as given by (4.5).

PROOF. Let h,g : [a,b] — R be absolutely continuous and h’, ¢’ be bounded.
Then Chebychev’s inequality holds (see [34, p. 207])

(b — a)2 I !
IT (h,g)| < sup [h'(2)[ - sup |g' (¢)].
V12 tefab) te[a,b]

Matié¢, Pecari¢ and Ujevié¢ [29] using a premature Griiss type argument proved that

(a.17 7,9l < C2 w197 0 VT

t€la,b]

Thus, associating f™ (-) with ¢ (-) and K (z,-) , from (2.2), with h(-) in (4.17)
produces (4.16) where I (x,n) is as given by (4.5). 1

THEOREM 7. Let the conditions of Theorem 3 be satisfied. Further, suppose
that ) is locally absolutely continuous on (a,b) and let f™+Y € Ly (a,b). Then

b—a 1
e I D |
(418) o @) < 22 70 a ),

where p,, () is the perturbed generalised interior point rule given by the left hand

side of (4.4) and I (z,n) is as given in (4.5).

PRrROOF. The following result was obtained by Lupas (see [34, p. 210]). For
h,g : (a,b) — R locally absolutely continuous on (a,b) and h', ¢’ € Ly (a,b), then

(b—a)’
T (h,9)l < ——5— IWll ll9"ll2 »

1 :
K|, = (b_a/ |k(t)|2> for k€ Ly (a,b).

Matié¢, Pecari¢ and Ujevié [29] further show that

(419) (7 ()| < "2 g/, VTR,

Now, associating f(™) (-) with g (-) and K (z,-), from (2.2) with & (-) in (4.19) gives
(4.18) where I (z,n) is as found in (4.5). 1

where

REMARK 13. Results (4.16) and (4.18) are not readily comparable to that ob-
tained in Theorem 3 since the bound now involves the behaviour of f+1) (-) rather

than f (-).

REMARK 14. Premature results presented in this section may also be obtained,
producing bounds for generalized Taylor-like series expansion by taking f = ¢’ and
b=1y. See also Mati¢ et al. [29] for related results.
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5. Applications in Numerical Integration

Any of the inequalities in Sections 3 and 4 may be utilised for numerical im-
plementation. Here we illustrate the procedure by giving details for the implemen-
tation of Corollary 4.

Consider the partition I, : a = zg < 21 < ... < Tym_1 < Ty, = b of the interval
[a,b] and let the intermediate points & = (&g, ...,&,, 1) where §; € [z;,2;41] for
j=0,1,...,m — 1. Define the formula for v € [0, 1],

m—1 n (_1)k .
(5:1) A (f I, €)= m{uwmgﬂﬁ”@p
j=0 k=1 ’
#* [A5£0D 0 + (-0" BEFO (w3)]
where
ri (&) = By + (-0 4]
(52) A *5 - Zj, B =Tj+1 — gja

and hj=A;+B;j =241 —z; for j=0,1,....,m—1.
The following theorem holds involving (5.1).

THEOREM 8. Let f : [a,b] — R be a mapping such that f"=Y) is absolutely
continuous on [a,b] and I, be a partition of [a,b] as described above. Then the
following quadrature rule holds. Namely,

b
(5.3) / F(@)de = Amp (F Lons€) + Romn (2 I €)

where Ay, , is as defined by (5.1)-(5.2) and the remainder Ry, n (f, Im, &) satisfies
the estimation

(54) R (f, I, €)|

f(n) m—1 n n n
e m o)S (a4 B, for f) € Loc[a,b],
p2

1
q

(n) _
an! I, H,0» [Z (Anq+1 B;.””l)] . for [ €L,ab],

- 1
(ng+1)4

IN

F n
20 (1 gy — 1)

v(h)
2

Tj+Tj1
+ max ’ e
§=0,...,m—1 & 2

:|n’ fO’I‘ f(n)ELl[(l,b],

where Hy (7) is given by (3.18), v (h) = max{h;|j =0,...,m — 1}, and the rest of
the terms are as given in (5.2).



21

ProoF. Apply Corollary 4 on the interval [z;,2;41] to give

Tjt1 no(_1)k
/ ey -3 kl!) {(1—7)% (&) FE0 ()

J k=1

AR ) (0 B ] |

Bl (457 + B;™),

(5.5)

G s £
t€lzj,z 1]

1
1 ng+1 ng+1\ ¢
< H m P p A.q+ -‘,—B,,q
- zzl |: o ‘f(n) )‘ du:| ( : nq+1J )

TiFT41
2

)

where the parameters are as defined in (5.2) and Hy (7y) is as given in (3.18). Sum-
ming over j from 0 to m — 1 and using the generalised triangle inequality gives

& -

(Gth=3D)" U;:H 170 ()] du] (% +

n!

(56) |Rm,n (f7 Imv&)‘

Hi(7) mil sup |f(n) (t)| (A’?“ + Bnﬂ)
J J ’

n+1)! -
(0 J=0 telz;,x;41]
1 1
: » 5 (A pren
u)| du) T )

IN

g (S |5

Lyly—1])" Mo 1 x n h; xi+xT; n
(2 "Zl' 2|) Z ( J+1 ‘f( ’ ) <7J+‘£j_ J+2J+1 )
7=0
Now, since  sup [f™ t)‘ < ||f(")Hoo, the first inequality in (5.4) readily fol-

t€lw;,mj41]

lows.
Further, using the discrete Holder inequality, we have

1
m—1 Tji1 » » [ gnatl _|_Bnq+1
> ( / 7 ()| du) <] ’
. ng+1

Tj

Jj=0
1
sl

1 - |m= /zj+ P P
< (n) u‘ du
<nq+1> ZO ( o5 )

1
m—1 ) 19q | ?
nqg+1 nq+ q
x [(qu +Bj) ]
7=0
Hf m—1 %
- (Ar“lﬂ + BMH)
(nQ+1 7=0 ! !

and thus the second inequality in (5.4) is proven
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Finally, let us observe from (5.5) that

E (ij+l ) (u)‘ du) <h2] +

7=0

Tj+Tjn
ST

y

n m—1 .
h; T+ x; ity
< e (P e -5 ) 8 [0 @l
V(h) Z‘J+$J+1 ()
< [ 2= P A n
- ( 2 +j:OI,I.1.%i,?r(nfl §J Hf

Hence, the theorem is completely proved. I

REMARK 15. Following the discussion in Remark 5, coarser upper bounds to
those in (5.4) are obtained by taking &; at either extremity of its interval, giving

WOl )5 e, W 1,00 (%20
hn+1 q . hnq—&-l ,
(n+1)! Z (ng+1)a Z /
f(n) .

for ™ belonging to the obvious Ly,[a,b], 1 <p < oo. These are uniform bounds
relative to the intermediate points &.

COROLLARY 10. Let the conditions of Theorem 8 hold. Then we have

b
/ f (1‘) dx = -Am,n (f7 Im) + Rm,n (fv Im) )

where
Amn (f;Im) = Ty k:' { Ve (85) FE (85)
=0 k=1
R (107 () + (-1 14 ()] |,
with

. . hE
§; = w and 11 (6;) = ?j (1 + (—1)k_1)

and the remainder R, (f, Im) satisfies the inequality
IR (fs I

||f(n) m—1 h k
w2 2 (%) for f) € Loy [a,],
j=
1
(n) m—1 \ng+l|?
< 3 L _mo % 2 (%) . Jor J™ € Lya,l]
: (nq+1)q 7=0
p>1, % + % =1

f(") n (v n n
A G () o 0 e afed
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wJ+w.}+1

PROOF. The proof is trivial from Theorem 8. Taking {; = gives A; =

B; = %ﬂ and the results stated follow. |

6. Concluding Remarks

Taking v = 0 in Corollary 1 gives a generalised Ostrowski type identity which
has bounds given by Corollary 4 with v = 0, reproducing the results of Cerone and
Dragomir [4]. This gives a coarse upper bound as discussed in Remark 5 since the
bound is convex and symmetric in both v and x. Let the identity be denoted by
M,, () which is produced from taking a Peano kernel of

(t;i(f)n, t € la, ]
(6.1) ka (2,t) =
%, t € (x,b].

Further, taking v = 1 in Corollary 1 gives a generalised Trapezoidal type iden-
tity with bounds given by Corollary 4 with v = 1 reproducing the results of Cerone
and Dragomir [3]. This choice of v again gives the coarsest bound as discussed
in Remark 5. Let the resulting identity be denoted by T), (x), which results from
taking a Peano kernel of
(z—t)"

n!
It was shown in Cerone and Dragomir [4] that ||k (z,t)[|, = |[kr (2, ?)[[,- Let

In (z) =AM, () + (1 = \) Ty, (2)
which is obtained from the kernel
E(z,t) = Mepr (2,8) + (1 = A) kr (2, t)

where kps (x,t) and kr (z,t) are given by (6.1) and (6.2) respectively. The best one
can do for ¢ > 1, g # 2 with such a kernel when determining bounds is to use the
triangle inequality and so

(6.3) 1k (2, )ll, < AMlka (2, 0)]ly + (L= X [[kr (2, 8)]l,

=k (@, 0l = [[Fr (2, 1)l -
The results thus obtained would be given by, for ) € L, [a,b], p > 1,

(6.2) kr (z,t) =

n

/f dt—)\z 2 15D (@) = (1= 0 Y (1) s ()

k=1
f(") n
Iy (@), for £ € Lo [a,],
s, .
< Gy (2), for f") € L, [a,b],
n'(nq+1)‘1
p>1, 5 +.=1,
()
[ [b_T“—i—’x—“T'H’H , for f" € Lla,b],

n!
where 7 (2), sk (z), G, (z) are given by (3.18) and it should be noted that the
bound is independent of A\. This result would be no more difficult to implement than
(3.17) in Corollary 4, with the best bounds resulting from v = % Forq=1,2or
infinity, ||k (x,?)[|, may be evaluated explicitly without using the triangle inequality
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at which stage comparison with the results of Corollary 4 would be less conclusive.
This will not be discussed further here.

In the application of the current work to quadrature, if we wished to approxi-
mate the integral ff f (z) dz using a rule Q (f, I,,) with bound F (m), where I, is
a uniform partition for example, with an accuracy of € > 0, then we require m, € N
where

me > [E_l (5)] +1,

with [w] denoting the integer part of w € R.

The approach thus described enables the user to predetermine the partition
required to assure the result to be within a certain error tolerance. This approach
is somewhat different from that commonly used of systematic mesh refinement
followed by a comparison of successive approximations which forms the basis of a
stopping rule. See [1], [26] and [28] for a comprehensive treatment of traditional
methods.
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