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ON ACZEL’S INEQUALITY FOR REAL NUMBERS

S. S. DRAGOMIR AND Y. J. CHO

ABSTRACT. In this note, we point out some new inequalities of Aczel’s type
for real numbers.

I. Introduction

In 1956, J. Aczél has proved the following interesting inequality (]2, p.
57], [3, p. 117 ]):

Theorem A. Let a = (a1,a2, - ,a,) and b = (by,ba, -+ ,b,) be two se-
quences of real numbers such that

0<ai—a3—---—a2 or 0<b]—b3—---—12.
Then
- (@}~ o= )3 1~ — 1)
. < (a1by — agby — -+ — apby)?,

with the equality if and only if the sequences a and b are proportional.

For various generalizations of Theorem A, see the recent book ([3, p. 117])
where further references are given.

Now, in this note, we give another proof than that embodied in [2, p. 57]
for a weighted variant of (1.1).

Assume that . .
Zpia? <a? and Zpib? < b
i=1 i=1
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where a;, b;, a, b € R and 0 < p; for : = 1,2,--- ,n. Then we have the
following inequality:

n n n 2
(12) (a2 — Zpﬂl?) (b2 — Zpﬂ)?) S <ab — Zplazbl> .
i=1 i=1 i=1
Indeed, by a simple calculation, we have
(a* = )(b* — d*) < (|ab] — |cd])?

for all a,b,c,d € R. Thus we have
<a2 - Zpiaf) (b2 - Z]h’@z)
i=1 i=1
n 1/2 , 2 1/25 2
< (o= (SSot) ()
i=1 i=1

By Cauchy-Buniakowski-Schwarz’s inequality, we have

‘zn:pz‘aibi < (Zn:pia?>l/2<zn:pib?>
i=1 i=1 i=1

(1.3)

1/2

and so
1/2

o< ot~ (Yomat) (S 0a?)
=1 =1

< |ab| — )zn:piaibi
=1

i - | S piats
i=1

n
< ‘ab - Zpiaibi
i=1

Thus, we have

an (- (Xpad) " (Swt2) ) < (b= S pan)”
=1 =1 =1
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Therefore, from (1.3) and (1.4), we have the inequality (1.2). This completes
the proof.

II. The Results

We will start with the following theorem which give a refinement of the
following variant of Aczél’s inequality:

Y

n 1/2 n 1/2 n
(2.1) <a2 — mef) (b2 - Zpﬂ)?) < ‘ab — Zpiaibi
i=1 i=1 i=1
assuming that

n n
Zpia? <a® and Zpib? < b?
i=1

i=1
and a;, b;, a, be R, 0<p; fori=1,2,--- ,n.

Theorem 2.1. Assume that a;, b;, p;, a, b are as above and 0 < q; < p; for
all i =1,2,--- ,n. Then we have the following inequality:

0< iQi|aibi| — ‘ i%‘aibi
i=1 i=1
(2.2) < [Z gia; Z Qib?} - ‘ Z ¢ia;b;
i=1 i=1 i=1
ab — ipiaibi - <a2 — En:pia?) V2 <b2 — ipd)?) 1/2.
i=1 i=1 1

<

Proof. From a® — Y p;a? >0 and b* — Y"1 | p;a? > 0, it follows that

n

n
a® = (pi—q)al = a® =) pial >0,

i=1 i=1
b* — Z(pi —q)b; > b — Zpib? > 0.
i=1 i=1

Now, for t; = p; — q; > 0, by (1.2), we have

n n n 2
2 2\ (12 _ 72 _ b,
(a ;tzaz) (b ;t@) < (ab ;tlal@) )
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ie.,

[<a2 - Zn:pia?) + Zn:qiaﬂ [(bZ - Zn:pib?) + Xn: qib?]
i=1 i=1 i=1 i=1
n n 2
< [(ab — ;piaibi> + ;(Iiaibz} .

Applying the well-known Cauchy-Buniakowski-Schwarz’s inequality for real
number, we have

(2.4)

”.21/2 ”‘21/2 2_" '21/2 2_”.21/22
[(;qzaz) (;qzbz> +<a ;pzaz> (b ;pzbz> }
< (St (01 Sot) T (St + [0~ Sot) )
i=1 i=1 i=1 i=1

and, by the triangle inequality,
n n
’ (ab - Zpiaibi> + Z qia;b;
i=1 i=1

n n
< ‘ab — ) piaibi| + ) > giaib;
i=1 i=1

Thus, from (2.3), (2.4) and (2.5), it follows that
n 1/2 n n 1/2 n
(Saut) () ™ (- Somet) (- St
i=1 i=1 i=1 i=1

< )ab — ipiaibi + ‘ i qia;b;
i=1 i=1

which implies that
0< Zn:%|az‘bi| - ‘ i%’aibi
i=1 i=1
< (aat) " (Tatt)” - |2 it
i=1 i=1 i=1
< ’Gb - Zn:piaibi - (az - ipia?)lﬂ (52 - im@)
i=1 i=1 i=1

This completes the proof.

(2.5)

1/2 1/2

Y

1/2
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Corollary 2.2. With the above assumptions for a;, b;, a, b € R and 0 < p;
fori=1,2,--- n, we have the following inequality:

0< zn:pdaibﬂ - ‘ zn:piaibi
i—1 i—1
< [Zpia? Zpib?] - ‘ Zpiaibi
i—1 i=1 i—1
ab — zn:piaibi — (a2 — ipm?) i <b2 — Xn:pib?)l/?
i—1 i—1 i—1

Another result of Aczél’s type is as follows:

<

Theorem 2.3. Assume that a, b, a;, b; € R and 0 < p; fori=1,2,--- ,n
are such that

n n
Zpia? <a? and Zpibf < b2,
i=1

=1

Then we have the following inequality:

et = (X mt) ] [ = (w) "

1/2

1/2

n
< |ab|'/? — ‘ > piaib;
i=1

Proof. We will start with the following elementary inequality:

(2.7) V= y)(z —u) < vaz - i,

where x > y > 0 and z > u > 0. Indeed, the inequality (2.7) is equivalent
with

(z— y)(z —u) < (Va7 — \/Ji)? = 2z — 2,/TZGT + yu.

ie.,
rz +yu —yz —xu < xz — 2./T2YU + Yu,

which is equivalent with

2/rzyu < yz + ru
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for x,y, z,u > 0, which is obvious.
Now, putting

o=l y=(Spat)” a=pl = (e,

i=1 1=1

then, by the inequality (2.7), we have

ol = (pa?) ] b - (w2) ]

i=1 i=1

n 1/4 , ™ 1/4
< lab|"/? — ia ib7
= (S ) ()

1/2

(2.8)

By Cauchy-Buniakowski-Schwarz’s inequality, we have

’ Zpiaibi < [ZPN? Zpibﬂ v
i=1 =1 i—1

1/2

and so, by (2.8), we have the desired inequality (2.6). This completes the
proof.

Corollary 2.4. Leta, b, a;, b; € R fori=1,2,--- ,n be such that
n n
Za? <a® and Zb? < b2
i=1 i=1
Then we have the following inequality:

- () "o (5]

i=1 =1

n 1/2
S ]ab|1/2 — ’ Zazbz
=1

Remark. The inequality (2.9) was proved in [1] as a particular case of an
inequality holding in inner product spaces.



ON ACZEL’S INEQUALITY FOR REAL NUMBERS 7

REFERENCES

1. S. S. Dragomir, A generalization of J. Aczél’s inequality in inner product spaces, Acta
Math. Hungarica 65(2) (1994), 141-148.

2. D. S. Mitrinovi¢, Analytic Inequalities, Springer-Verlag, 1970.

3. D. S. Mitrinovié, J. E. Pecari¢ and A. M. Fink, Classical and New Inequalities in
Analysis, Kluwer Acad. Publ., 1993.

DEPARTMENT OF MATHEMATICS, VICTORIA UNIVERSITY OF TECHNOLOGY, MEL-
BOURNE, VICTORIA 8001, AUSTRALIA

DEPARTMENT OF MATHEMATICS, GYEONGSANG NATIONAL UNIVERSITY, CHINJU 660-
701, KOREA



