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FURTHER REVERSE RESULTS FOR JENSEN’S DISCRETE
INEQUALITY AND APPLICATIONS IN INFORMATION
THEORY

I. BUDIMIR, S.S. DRAGOMIR, AND J. PECARIC

ABSTRACT. Some new inequalities which counterpart Jensen’s discrete in-
equality and improve the recent results from [20] and [22] are given. A related
result for generalized means is established. Applications in Information Theory
are also provided.

1. INTRODUCTION

Let f: X — R be a convex mapping defined on the linear space X and z; € X,
p; >0 (i=1,...,m) with P, Epz>0

The follovvlng inequality is Well known in the literature as Jensen’s inequality

(11) f <Pl Zm) < o> omif ().
moi=1 moi=1

There are many well known inequalities which are particular cases of Jensen’s in-
equality, such as the weighted arithmetic mean-geometric mean-harmonic mean
inequality, the Ky-Fan inequality, the Holder inequality, etc. For a comprehensive
list of recent results on Jensen’s inequality, see the book [1] and the papers [2]-[14]
where further references are given.

In 1994, Dragomir and Ionescu [13] proved the following inequality which coun-
terparts (1.1) for real mappings of a real variable.

Theorem 1. Let f : I C R — R be a differentiable conver mapping on I (I 18
the interior of 1), x; el pi >0 (i=1,...,n) and > p; = 1. Then we have the

i=1
inequality

(1.2) 0

IN

Zpif(xi) - f <sz$z>
< sz zf xz szxzzpz xzv

where f' is the derivative of f on I
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2 I. BUDIMIR, S.S. DRAGOMIR, AND J. PECARIC

Using this result and the discrete version of the Griiss inequality for weighted
sums, S.S. Dragomir obtained the following simple counterpart of Jensen’s inequal-
ity [20]:

Theorem 2. With the above assumptions for f and if m, M elandm<z; <M
(i=1,...,n), then we have

(1.3) 0< sz ;) (ZPM%) < —(M—-m) (f (M) — f! (m)),

and applied it in Information Theory for Shannon’s and Rényi’s entropy.
In this paper we point out some other counterparts of Jensen’s inequality that
are similar to (1.3), some of which are better than the above inequalities.
2. SOME NEw COUNTERPARTS FOR JENSEN’S DISCRETE INEQUALITY
The following result holds.
Theorem 3. Let f: I CR — R be a differentiable convex mapping on Iand z; €1
n
with x1 <xo < ... <zp andp; >0 (i =1,...,n) with > p; =1. Then we have
i=1

(2.1) 0 < Zpif(xi) - f (ZPM&)
< (2 —21) (f (zn) = f (21)) | pax { P Pit1 }
< 4G m) (f (@) — (@),

k _
where P, := Y p; and Pr11 :=1— Py.

=1

Proof. We use the following Griiss type inequality due to J. E. Pecari¢ (see for
example [1]):

1 & 1 &
(2.2) Qn ;Chaz i @ ;%ai : @ ;%‘bi

Qk Qk+1:|
Qz ]’

< lan = aaf[bn — by Loy [

n
provided that a, b are two monotonic n—tuples, ¢ is a positive one, @, := > ¢; > 0,
i=1

k _
Qr:= > ¢ and Qri1 = Qn — Qi1
=1

If in (2.2) we choose q; = p;, a; = x;, b; = [’ (z;) (and a;,b; will be monotonic
nondecreasing), then we may state that

n
(23) Zpixi szxz sz z
i=1

< lonm ) (o) - £ 20) L {P P}

Now, using (1.2) and (2.3) we obtain the first inequality in (2.1).
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For the second inequality, we observe that
_ 1 1
mﬂﬁpﬂ%u—mhgﬂm+1—mfzi
for all k € {1,...,n — 1} and then

1
P, P, < =
,Jmax {PePen} < g,

which proves the last part of (2.1). I

Remark 1. It is obvious that the inequality (2.1) is an improvement of (1.8) if we
assume that the order for x; is as in the statement of Theorem 3.

Another result is embodied in the following theorem.
Theorem 4. Let f : I C R — R be a differentiable convez mappmg on I and
m, M el withm <z; <M (i=1,...n) andp; >0 (i =1,.. )wzchpl—l If
S is a subset of the set {1,...,n} minimizing the expression =

1
Zpi_§

€S

(2.4)

then we have the inequality

(2.5) 0 < Zpl ;) <Zp1x7>

Q (M —m) (f' (M) — f'(m)) <

IN

(M —m) (f' (M) = f"(m)),

B~

where
Q=> pi (1 - ZI%) :
i€s i€s

Proof. We use the following Griiss type inequality due the Andrica and Badea [21]:

Qaniaz ; quaﬁ Z(h ;
< (Myp—my) (M —mg) Zqi <Qn - Z%‘)

ies i€s
provided that m; < a; < My, mo < b; < M, for i = 1,...,n, and S is the subset of
{1, ...,n} which minimises the expression

1
ZQi_iQn .

i€S

(2.6)

Choosing ¢; = p;, a; = x;, b; = f’ (x;), then we may state that

szxzf ) szxz sz
(M —m) (f' (M) — ' (m)>_ p; <1 —Zm) :

€S €S

(2.7) 0

IN

IN
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Now, using (1.2) and (2.7), we obtain the first inequality in (2.5).
For the last part, we observe that

2
1 1
o< (zpﬁlzpi) !

i€S €S

= |

and the theorem is thus proved.

The following inequality is well known in the literature as the arithmetic mean-
geometric mean-harmonic-mean inequality:

(2.8) An (p,2) = Gn (p,2) 2 Hy (p,2)
where
A, (p,z) : = Zpﬂi - the arithmetic mean,
i=1
Gn(p,x) : = fo - the geometric mean,
i=1
1 .
H, (p,x) : = - the harmonic mean,

NgE

Dbi
17

.
Il

n —
and > p;=1 (pi >0,i= l,n).
i=1
Using the above two theorems, we are able to point out the following reverse of
the AGH - inequality.

n
Proposition 1. Let x; >0 (i =1,...,n) and p; > 0 with Y p; = 1.
i=1

(@) If t1 <9 < ... <xp_1 < x,, then we have

An (pa CE) (l‘n - xl)Q D
) < n\B) o Mo 7))
e A A IR
- [1@1—%)2]
4 T1Ty,

(i3) If the set S C {1,...,n} minimises the expression (2.4), and 0 < m < z; <
M <oo (i=1,...,n), then

Ay, (px) (M —m)?
1 (M —m)?
S exp [4 ' li :

The proof goes by the inequalities (2.1) and (2.5), choosing f (z) = —lnz. A
similar result can be stated for G,, and A,,.

n
Proposition 2. Letp>1 and z; >0, p; >0 (i =1,...,n) with > p; = 1.
i=1
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(@) If t1 < w9 < ... <zp_1 < x,, then we have

(2.11) 0 < Zpixff (Zpﬁ%)

< — p—1 P—l) D
< plzn — 1) (xn i) Jmax {PiPis1}
< g(a:n — 1) (xffl — x'f_l) )
(i7) If the set S C {1,...,n} minimises the expression (2.4), and 0 < m < x; <
M < oo (i=1,...,n), then
n n P
(2.12) 0 < > pal— <pr>
i=1 i=1
< pQ (M —m) (MPH —mPH)
1
< Zp(M —m) (MP~h—mPh).

Remark 2. The above results are improvements of the corresponding inequalities
obtained in [20].

Remark 3. Similar inequalities can be stated if we choose other convex functions
such as: f(z) =xzlnz, x >0 or f (z) =exp (), z € R. We omit the details.

3. A CONVERSE INEQUALITY FOR CONVEX MAPPINGS DEFINED ON R"”

In 1996, Dragomir and Goh [14] proved the following converse of Jensen’s in-
equality for convex mappings on R™.

Theorem 5. Let f: R™ — R be a differentiable convex mapping on R™ and
of (x of (z
1)) = (5 2,

Ozl 77 O
the vector of the partial derivatives, x = (xl, ,x”) e R"™.

m

Ifx, eR™ (i=1,....,m), p; >0,i=1,....,m, with Py, :== Y p; >0, then
i=1

% Z}pif () — f <le 2?#&)

< PL Zpi (Vf (i), z:) — <Pl Zinf (7)), Pi szxl> :
=1 =1 =1

and applied it for different problems in Information Theory, by providing differ-
ent counterpart inequalities for Shannon’s entropy, conditional entropy, mutual
information, conditional mutual information, etc.

For generalisations of (3.1) in Normed Spaces and other applications in Informa-
tion Theory, see Mati¢’s Ph.D dissertation [17].

Recently, Dragomir [22] provided an upper bound for Jensen’s difference

(3:2) A(f,p,x) = Pi szf(ffz) —f <; ZPz%) )
moi=1 mo=1

(3.1) 0

IA
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which, even though it is not as sharp as (3.1), provides a simpler way, and for
applications, a better way, of estimating the Jensen’s differences A.

His result is embodied in the following theorem.

Theorem 6. Let f : R" — R be a differentiable convex mapping and x; € R",
i=1,...,m. Suppose that there exists the vectors ¢,® € R™ such that

(3.3) ¢ <x; <@ (the order is considered on the co-ordinates)
and m, M € R" are such that
(3.4) m < Vf(z;) <M

for alli € {1,....,m}. Then for allp; >0 (i =1,...,m) with P,, > 0, we have the
inequality

1 & 1 &
(3.5) 0< (@) ( pﬁ%) <

| — o[ [|1M —ml],

NG

where ||-|| is the usual Euclidean norm on R™.

He applied this inequality to obtain different upper bounds for Shannon’s and
Rényi’s entropies.

In this section, we point out another counterpart for Jensen’s difference, assum-
ing that the V—operator is of Holder’s type, as follows.

Theorem 7. Let f : R®™ — R be a differentiable conver mapping and x; € R™,
p; >0 (i=1,...,m) with Py, > 0. Suppose that the V—operator satisfies a condition
of r — H—Hdélder type, i.e.,

(3.6) IVf () =VfWIl <Hlz—yl", foralzyeR",

where H >0, v € (0,1] and ||| is the Euclidean norm.
Then we have the inequality:

1 « 1 &
(3.7) 0 < 5= Zpif(%') —f (P sz$z>
mo=1 moi=1
H r
< Pz Z pipj |z — x| i
™ 1<i<j<m

Proof. Using Korkine’s identity, we may simply write that

F,lz:: Vf xl xz < szvf T 7P1mi2=;pimi>

- 2]132 ZprJ (Vf(zi) = Vf(x5),zi —xj).

1,j=1
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Using (3.1) and the properties of modulus, we have

0 < Pi Zpif (xi) = f <Pl ZPi%)
™ i=1 ™ i=1

1 m
< 3P > pipi (Vf (i) = Vf (25) 23 — )]
mogi=1
1 m
< 3p3 > pipi IV (i) = Vf (2)|] s — a4
m g =1
H - r—+1
< i Z pipj o — ;|
mogj=1

and the inequality (3.7) is proved. I

Corollary 1. With the assumptions of Theorem 7 and if A = max |z; — ]|,
1<i<j<m

then we have the inequality

1 «— 1 &
(3.8) 0 < 5= > pif (i) - f (P ZP@;)
™ =1 ™ i=1
HAr+1 m )
< —~pz <1sz’>~
m i=1

Z pip; ||z — $j||T+1 < ATHL Z DiDj-

1<i<j<m 1<i<j<m

Proof. Indeed, as

However,

m
DORECIREE I DE TR B
i=j

1<i<j<m i,7=1
m
E 2
1 - pi )
i=1

The case of Lipschitzian mappings is embodied in the following corollary.

DN | =

and the inequality (3.8) is proved. [

Corollary 2. Let f : R® — R be a differentiable convex mapping and x; € R™,
p; >0 (i=1,...,n) with P, > 0. Suppose that the V—operator is Lipschitzian with
the constant L > 0, i.e.,

(3.9) IVf (@) =VfWl <Llz—yl, foralzyecR",

where ||-|| is the Euclidean norm. Then

(3.10) 0 < ;n;pif(xi)—f<;n;pixi>

1 & 1 &
L P sz‘ ||5Uz‘||2 NP sz‘i’?i
moi=1 moi=1

2

IN
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Proof. The argument is obvious by Theorem 7, taking into account that for r = 1,

m m
2
S pipi i — ail® = P Y pillaal® = || D pizs
i=1

1<i<j<m i=1

2

)

and ||-|| is the Euclidean norm. §

Moreover, if we assume more about the vectors (x;)
result that is similar to the one in [22].

,—T7» We can obtain a simpler
—

Corollary 3. Assume that f is as in Corollary 2. If
(3.11) ¢ <xz; <P (on the co-ordinates), , o € R™ (i=1,..,m),

then we have the inequality

1 m 1 m
12 < =—Spif@) - pii
(3.12) 0 < Pm;pzf(xz) f(Pm;pzxz>
< Lre—gp
_ 4 .

Proof. Tt follows by the fact that in R™, we have the following Griiss type inequality
(as proved in [22])
2

1 & 1 5
Ezlpzxz <Z||(I)*¢|| )

1 & 5
(3.13) EZJ%H%H -

provided that (3.11) holds. R

Remark 4. For some Griiss type inequalities in Inner Product Spaces, see [23].

4. SOME RELATED RESULTS
Start with the following definitions from [24].

Definition 1. Let —oc0 < a < b < oo. Then CM [a,b] denotes the set of all
functions with domain [a,b] that are continuous and strictly monotonic there.

Definition 2. Let —c0 < a < b < oo, and let f € CM [a,b]. Then, for each
positive integer n, each n—tuple x = (z1,...,,), where a < z; <b (j =1,2,...,n),
n

and each n-tuple p = (p1,p2; ..., Pn), where p; >0 (j=1,2,...,n) and > p; = 1,
j=1

let My (x,y) denote the (weighted) mean f=! {
J

n

pif(z;) ¢
=1
We may state now the following result.

Zpi_%-

€S

Theorem 8. Let S be the subset of {1, ...,n} which minimises the expression
If f,g € CM [a,b], then
Sup{|Mf (xap) - Mg (I,p)‘}

< Q|| |wes™”

_lg®) —g (P,

oo
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provided that the right-hand side of the inequality is finite, where, as above,

o=(5)(-x)

and ||-|| ., is the usual sup-norm.
Proof. Let, asin [24], h= fog™!, n > 1,
x = (z1,22,...,xy) and p = (p1,P2,...; Dn)

be as in the Definition 2, and y; = ¢g(z;) (j =1,2,...,n). By the mean-value
theorem, for some « in the open interval joining f (a) to f (b), we have

S pif () p =71 RS pig ()
j=1 j=1

Mf (l‘,p) - Mg (.%‘,p)

= (f_l)l(a) ij -T] ijg ;)

= ("Y' (a) ij (v5) ijy]

= () (@ Z:Pj{h(yj)—h<zn:pkyk>}

Using the mean-value theorem a second time, we conclude that there exists points
21,22, ..., Zn, in the open interval joining ¢ (a) to ¢ (b), such that

My (2,p) = My (x, p)

= (Y (@[ {0 =p)y1 — p2v2 — . — Payn} B (1)
+p2 {=p1y1 + (1 = p2) y2 — ... — Ppyn} A’ (22)
+...

o {—p1y1 —p2y2 — .. + (L —pn) yn} n (Zn)]
= (™) (@) [pr {p2 (1 — y2) + oo + D (Y1 — yn)} I (21)
+p2{p1 (2 —y1) + oo+ Pn (Y2 — Yn) } I (22)
+...
+pn {pl (yn - 111) + .+ Pn-1 (yn - ynfl)} h‘/ (Zn)]
= (Y@ D0 ps =) {0 (20) = W ()}

Using the mean value theorem a third time, we conclude that there exists points
wi; (1 <4< j < n)in the open interval joining g (a) to g (b), such that

(F 1 () Z pipj (yi — y;) {0 (z1) = h' (2))}

= (f_l)/ (a) Z DiPj (y y]) ( Zj) n (wij) .

1<i<j<n
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Consequently,

[ My (z,p) = My (2, )]

< | @ X pily =l f = ]I )
1<i<j<n
_ !/
< EY| e S paws s -l -l 2l
o 1<i<j<n
< (by the Cauchy-Buniakowski-Schwartz inequality)
< ‘(ffl)/ ~H(fog*1)// : Z pip; lyi — i - Z pips |z — %
e e 1<i<j<n 1<i<j<n
< (by Andrica and Badea result)
< ||| e (Zm) (1 - ZpZ) 19 (8) — g (a)?
> >~ i€s =

: (Zm) (1—27%) 19 (b) — g (a)?

€S €S

ol

sy

oo

and the theorem is proved. I

Corollary 4. If f,g € CM [a,b], then

sgp{|Mf (w,p) — My (x,p)|}

i (5)
g \g .

provided that the right hand side of the inequality exists.

< Q~H}, 1e®) - g @,

oo

Proof. This follows at once from the fact that

y_ 1
(=) C floft
and
vy eg ) (fMeg) —(fegT) (97097
(f g ) (g’og—1)3
- )]s
g \g '
|

Remark 5. This establishes Theorem 4.8 from [24] and replaces the multiplicative
factor % by Q. In Corollary 4, we also replaced the multiplicative factor i by Q.
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5. APPLICATIONS IN INFORMATION THEORY

We give some new applications for Shannon’s entropy

. 1
Hy (X) = Zpi log o
i=1 v

where X is a random variable with the probability distribution (p;)

i=1,r"

Theorem 9. Let X be as above and assume that py > pa > ... > p, or p1 < pg <
... < p.. Then we have the inequality

(pl _p'r)2 D,
(5.1) 0 <log,r— Hp (X) < o max {PyPii1} .
Proof. We choose in Theorem 3, f(x) = —logyx, x > 0, x; = pi (t=1,..,r).

Then we have 1 < xo < ... <z, and by (2.1) we obtain
0 <log,r — Hy (X) < oy, {PyPri1}
<logyr b =\, _i p% 1?}?; kEk+1 5

which is equivalent to (5.1).
The same inequality is obtained if p; < ps < ... < p.. 1

Theorem 10. Let X be as above and suppose that

pym 2 =max{pli=1,...,r},
Pm : =min{pli=1,...,7}.
If S is a subset of the set {1,...,7} minimizing the expression | p; — % , then we
€S
have the estimation
2
(pM _pm)
5.2 0<log,r—Hp(X)<Q - —F—+—.
(5.2) b (X) b parpn

Proof. We shall choose in Theorem 4,
1 _
f(x)=—logyx, x>0, x; = P (z = 1,r).
Then m = ﬁ’ M = ﬁ, f(z) = ——i and the inequality (2.3) becomes:

4 1
0 < log,r— p;log, —
b= 2 pilogy -

=1

1 1 1 1 1
% (3 =5 (‘;*1)

m M

IN

_ 1 (pM - pm)2
= Q. M Pn)
Inb PmPm
hence the estimation (5.2) is proved. i

Consider the Shannon entropy

(5.3) H(X):=> p;ln l
=1 Di
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and Rényi’s entropy of order o (« € (0,00)\ {1})

1Ealn<;pf‘>.

Using the classical Jensen’s discrete inequality for convex mappings, i.e.,

(5.5) f <sz$z> < Zpif (74),

(5.4) Hy (X) =

where f: I CR — R is a convex mapping on I, z; € [ (i=1,...,7) and (p;);,_1
is a probability distribution, for the convex mapping f (z) = —Inx, we have

(5.6) In <2p1z2> > Zpi Inxz;.
i=1 i=1

Choose z; = p¢~* (i =1,...,7) in (5.6) to obtain

In (ip?) > (a— l)ipi In p;,
=1 =1

which is equivalent to
(1—a) [Ha (X) = H (X)] > 0.
Now, if o € (0,1), then H, (X) < H(X), and if « > 1 then H, (X) > H (X).

Equality holds iff (p;) i—77 18 a uniform distribution and this fact follows by the
strict convexity of —In(-).

Theorem 11. Under the above assumptions, given that p,, = minp;, pyy =
i=1,r
max p;, then we have the inequality
1=1,r
(i —r )’
m
(5.7) 0<(1-a)[Hoa(X)-HX)|<Q —(ga7>

Pypr Pm
for all « € (0,1) U (1,00).
Proof. If a € (0,1), then

zi=pP e [py oY

and if @ € (1, 00), then

a—1

x; =p; "€ [pfjfl,p?v‘[_l] yforie{l,..,n}.



Applying Theorem 4 for z; := p;
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1 and f(r) = —Inz, and taking into account

that f' (x) = —1, we obtain

= —;’

(1 -a)[Ha(X)— H(X)]
Q (st =i ) (—p&+#) if ac(0,1),

=4
m

IN

Q(pir ' —pi ) (— Lo+ p%) if ae(1,00)

Py

a—1 u71)2

Q'% if ae(01),

Pm Py

(p5 t—po 1)’ i
Q- e i a€ (1,00)

(5t =)’
’ a—1 _a—1
M Pm

for all a € (0,1) U (1,00) and the theorem is proved. I

Using a similar argument to the one in Theorem 11, we can state the following
direct application of Theorem 4.

Theorem 12. Let (pi)i:M be as in Theorem 11. Then we have the inequality
(5.8) 0 < (1-a)Hu(X)—Inr—alnG,(p)

(5" —pot)?

IN

Q .

)

for all . € (0,1) U (1, 00).

Remark 6. The above results improve the corresponding results from [20] and [22]
with the constant Q@ which is less than i.
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