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A GENERAL OSTROWSKI TYPE INEQUALITY FOR DOUBLE
INTEGRALS

G. HANNA, S.S. DRAGOMIR, AND P. CERONE

ABSTRACT. Some generalisations of an Ostrowski Type Inequality in two di-
mensions for n—time differentiable mappings are given. The result is an Inte-
gral Inequality with bounded n—time derivatives. This is employed to approxi-
mate double integrals using one dimensional integrals and function evaluations
at the boundary and interior points.

1. INTRODUCTION

The classical Ostrowski Integral Inequality (see [2, p. 468]) in one dimension
stipulates a bound between a function evaluated at an interior point x and the
average of the function f over an interval. That is,

b
(1) f@)- [

on (a,b).

Here, the constant i is sharp in the sense that it cannot be replaced by a smaller
constant. We also observe that the tightest bound is obtained at x = a7+b’ resulting
in the well-known mid-point inequality. In [1], P. Cerone, S.S. Dragomir and J.
Roumeliotis proved the following Ostrowski type inequality for n—time differen-
tiable mappings.

Theorem 1. Let f : [a,b] — R be a mapping such that f"=Y) is absolutely contin-
uous on [a,b] and f™ € Ly, [a,b]. Then for all x € [a,b], we have the inequality:

b n—1 _xk+1 - kx—ak+1
1) /f<t>dt—2l<b ) ()" (2 — a) ]fo@ (@)
a k=0

(k+1)!

(n)
L ot

1l 0 — )™
- (n+1)!
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2 G. HANNA, S.S. DRAGOMIR, AND P. CERONE
where ||f(”)H = sup ’f(") (t)| < 00.

For other similar results for n—time differentiable mappings, see the paper [7]
by Fink and [8] by Anastassiou.

In [3] and [4] the authors proved some inequalities of Ostrowski type for double
integrals in terms of different norms.

In this paper we combine the above two results and develop them in two dimen-
sions to obtain a generalization of the Ostrowski inequality for n-time differentiable
mappings using different types of norms.

The result presented here approximates a two-dimensional integral for n—time
differentiable mappings via the application of function evaluations of one dimen-
sional integrals at the boundary and an interior point.

2. INTEGRAL IDENTITIES
The following result holds.

Theorem 2. Let f : [a,b] x [c d] — R be a continuous mapping such that the

ollowing partial derivatives %, k=0,1,...n—1,1=0,1,...,m—1 exist and
oxk oy

are continuous on [a,b] X [¢,d]. Further, for K, : [a,b]> — R, Sp : [c,d]> — R
given by

%, t € [a,z]
K, (z,t) :=
=" ¢ e (x,0]
2.) o
m! ’y]
S (y,8) =
M7 s € (y,d]

then for all (z,y) € [a,b] X [¢,d], we have the identity:

(2.2) / / f(t,s)dsdt

k=0 [=0
- 2 ()
-1) ———"d
+( kzz: / Sm(y, s Bakgsm 0
m—1 n+l
Z Yily / Ko 5 f(ty) oIy
otn oyt
g (1, 5)
m+n
K, (x,t)S dsdt
/ / ‘T y? ) 8tn8 m )
where
) ()R (p—a) et
Xk(x) = (-z) JE](H_ll))I( ) )
(2.3)

d—y) 4 o)+t
Yi(y) = (d—y) (l(-i-l))' (y—c)
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Proof. Applying the identity (see [1])

b n—1 b—:l?k_H —lk x_ak+1
[awa - Z[( s PTG RN

/P (z,t) g™ (t) dt,

% if tela,x],
Py (x,t) =
=" §f ¢t e (a,b],

n!

where

which has been used essentially in the proof of Theorem 1, for the partial mapping
f(-,9), s € e, d], we can write

b n—-1 _ )kt 1 (g — a) ! kf(p s
(2.4) /Qf(t,s)dt — Z[(b ) J(rk(+11))!( ) 8J;ika)

k=0

b '
/K (z,1) oS (t:5) 4
otn

for every = € [a,b] and s € [c,d].
Integrating (2.4) over s on [c,d], we deduce

(2.5) / / f(t,s)dsdt

—~[0—2)" + (D) @—a)""| [0 (2,9)
ZZ:[ (k+1)! / ok %

/K (x,t) </Cdes>dt

Applying the identity ( I ) again for the partial mapping akgfif") on [c,d], we
obtain

(2.6) /d Mds

Oxk
& @ D o] 9 0 ()
B ;l I+ 6y( oz )

+enr [ S 5) (%gf 2 as

for all = € [a, b].

_ mZ l(d D G VU C)ﬂ o

= I+ 1) Oxkdy!

d k
m (i) +7rLf z,5
1) / Sm@’s)Wim)d&
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In addition, the identity (2.4) applied for the partial derivative 9% () also gives

otn
9" (t5) | — [d=-"T + (D) - | 0" (L)
27) / otn Z;l (1+1)! otndy!

6"+mf(t 5)
/ Sm (¥:5) —gmgem 19

Using (2.6) and (2.7) and substituting into (2.5) will produce the result (2.2), and
thus the theorem is proved. I

Corollary 1. With the assumptions as in Theorem 2, we have the representation

(2.8) / b / Y ts) dsdi

n—1m-—1
B a+b al+kf(a+b c;d)
- S ()n(S) s

k=0 1=0
mn 1 ak+mf(a+b S)
+(=1) ];)Xk< >/ kO ——————>=ds
nm 1 c+d an—l—lf (t c+d)
+(~1) lZY( >/ oy —— 22t

. b d _ _ an-‘rm t
4 (—nmt //Kn(t)Sm(s)stdt,

where Xy, (-) and Y (+) are as given in (2.2) and so

a+b 1+ (-D)"] (b—a)"™
Xy, :

2 (k+1)! 2F+1
v (et 1+ (=)' (d—o)'!
2 (I +1)! 2T

and K, : [a,b] = R, S,, : [¢,d] — R are given by

K, (t) =K, <a2+b,t)

and

on using (2.1).
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Corollary 2. Let f be as in Theorem 2. Then we have the following identity

(2.9) / b / ’ F(t,s)dsdt

B 1 n—1m-—1 (b N a)kJrl (d _ C)l+1
- Zkzzo | (k+1)! (I+1)!
e [ @0+ () F@d + (<1 F o)+ (-1 £ )
Ok oyt ’ ’ ’ ’
1 mnfl (b _ a)k:+1
1 (=0 kZ:O (k+ 1)1
d k+m
« / Yoo ( )aikasm [ (a,5) + (-1 £ (b,5) ds]
1 nm 1 N l+1 6n+l
1 1=0 l+ 1 l/ Xn-1( Ayl [f (te) +(-1)" f (t’d)] dt]

ortmf(t
/ / Xn 1 : m 1(8) atng(mS)d dt;

where X,,_1 () and Yp,—1 (s) are as given by (2.3).

Proof. By substituting (z,y) = (a,¢), (a,d), (b, c), (b, d) respectively and summing
the resulting identities and after some simplification, we get the desired inequality

(2.9). 1
3. SOME INTEGRAL INEQUALITIES
We start with the following result

Theorem 3. Let f : [a,b] X [¢,d] — R be continuous on [a,b] x [c,d], and assume

that at"ay{t exist on (a,b) x (¢,d). Then we have the inequality

b d n—1m—1 8l+kf( ’ )
(31) I/ F(ts)dsat =32 37 Xule) W)
)05 (@)
— (=™ S(y,s) =
kz:;) / © dakosm
m—1 n+-1
(=" Y Vi / K@) 3tf3(tzy)dt
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Ry [(w —a)"" (b~ w)”H} x [(y —e)" M (d - y)mH] X ‘

grtm
atnIs™
LS

an+7n

if Spmosi € Loo ([0, 8] x [e.d]) ;

6n,+Mf
otnds™
p

1 1
1 (x_a)nq+1+(b_x)nq+1 q (y C)1nq+1+(d y)'mq«i»l q %
n!m! nqg+1 mq+1

IN

an+7n

if Srpel € Ly ([a,b] % [e,d]), p> 1, 1plaoy

fm (@ = @) + (b= a)" + (@ = a)" = (b= )"
x[(y= 0" +[@d=y)" +ly— )"~ (@d=y)"[ x|

8n+'m.f
otmos™ |||

antm

if at"aém € Ly ([a,b] x [e,d])

for all (z,y) € [a,b] x [c,d], where

- g e

otos™|| (t,s)€lab]x[c,d] | Ot"Os™ ’
8"+mf gntm p P

H S Dam Hp = < e —f(t,s)| dtds| < oo.

Proof. Using Theorem 2, we get from (2.2)

n—1m—1
6“”’“f(m,y)

k=0 =0

- ak+nzf (x S)
- (=1 Z / S5 dzkdsm “oatosm O

k=0
- (-1 "TZOIYZ Y R AT
/K (z,t) S )8n;;g(is)d dt
// | (,8) Sin (3, 5)| GHZL];(Z %) 4 d.

Using Holder’s inequality and properties of the modulus and integral, then we have
that

vt f(t,s)
(3.3) //|K (2,8) S (4, 5)]

S 9em dsdt
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gnt+m b ~d
W - fa fc | Ky (2,t) S (y,5)| dt ds

Q=

n—+m b d
S| (S0 1K @) S ()| d ds)

< P
8n+m
W sup |Kn (,t) Sim (Y, 8)] -

1 (t,s)€[a,b] x[c,d]

Now, from (3.3) and using (2.1),

//|K x,t) Sm (y, s)| dtds
/abKn(x,t)|dt /cd|Sm(y,s)|ds
. V;(t;ﬁ’m/x G-y dt] [/j@—nﬁ’@dﬁ/dw—n;y"@]

[(55‘ —a)"™ (b m)"“} [(y — o)™ 4 (d - y)mﬂ}
(n+ D! (m+1)!

giving the first inequality in (3.1).
Further, on using (2.1) and from (3.3)

(/ab/cdKn(x,t)Sm(y,s)Pdsdt)é
(/ab K, (:v,t)th> (/d 1S, (y7s)|qudt>é
ﬁ Vam(t—a)"th+/:(b—t)"th];

« l/cy(s—c)qus+/yd(d—s)qus]q

1 1
o [ema ™ ] o™ s @]
 nlm! ng+1 mq+ 1

Qe

-

producing the second inequality in (3.1).
Finally, from (2.1) and (3.3),
sup | Ky (2,t) S (y, )|
(t,s)€[a,b] x[c,d]

= sup |Kn ($vt)| sSup |Sm (y,S)‘
te(a,b] s€(c,d)

- {0 O, (" @)

n! n! m 7 ml
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|
|

nlm! 2 2

y—o"+d-y" |y—"+(d-y)"
et

1 [(m—a)"—i—(b—x)n (x—a)"—(b—x)"

X

gives the inequality in (3.1) where we have used the fact that
X+Y ‘ Y -X
+ .

max {X,Y} = 5

Thus the theorem is now completely proved. i

JFrom the results of Theorem 3 above, we have the following corollary.

Corollary 3. With the assumptions of Theorem 8, we have the inequality

d
(3.4) f(t,s)dsdt
n—1m—1
a+b c+d\ o'k a+b c+d
— X Y,
2 (5 (%) st (57 )
k=0 1=0
n—1
ym a+b grtm a+b
o (5[ (252
k=0
m—1
+d o+l c+d
A / Ko (t dt
(55%) [ o0 et (25
1=0
1 n+1 +1 gntm .
s (0= @)™ (d— )" x HWHQo
< . [<bfa>w+1<dfc>mq+l}% oy e H .
- 2ntmplm! (ng+1)(mg+1) ot os™
1 n m antm
it (0 —a)" (d—¢)" x HW L
where ||-||,, (p € [1,00]) are the Lebesgue norms on [a,b] x [c,d].
Proof. Taking z = ‘“Lb and y = <t in (3.1) readily produces the result as stated.

These are the tightest possible for their respective Lebesgue norms, because of
the symmetric and convex nature of the bounds in (3.1).

Remark 1. Forn=m=11in (3.4) and g:aj; belonging to the appropriate Lebesgue
spaces on [a,b] X [¢,d], we have

(3.5)

ab/cdf(t’s)det_(b_a)(d_c)f<a;b’c;rd>

_a/sl (a+b )ds+(d—c)/abf(l(t)gtf(uc;d)dt
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8% f
OtOs
oo

%(bfa)z(dfcfx‘

3*f
Otds
D

IN

bl

(bfa)q'*'l(dfc)q*l} a

1
1 . X
4 (q+1)2 ‘

2
Lo—a)d—o x| 5],

)

and thus some of the results of [5] and [6] are recaptured.

Corollary 4. With the assumptions on [ as outlined in Theorem 3, we can obtain
another result which is a generalization of the Trapezoid inequality

)l+1

b pd n—1lm— )k-‘rl (d—C
a/cf(t’s)d“lt ;Z G+l (It

. lf (a,0) + (=1 f (a,d) + (=1 f (b.0) + (1" 1 (0, d)]
4

zkOsm 4

n=l oy kL pd k+m a. s —1)* s
T it ’!/ms);“ lf<,>+< " £ &, st

m—1 417 b I+ 1
d—c) 5} fte)+ (=1) f(t,a)
— (=" (7 / X (t d ’ dt
(=1) l; EE A k()atnayl[ 4
(b_a)7L+l(d_C)17L+l 8n+mf .
Fonm = tn D mt 1)1 oo ||

gntm

if at”é)s’" Lo ([a’ b] X [Cv dD ;

Q=

Hg;g:i“ (f T, ( abt|th)%<f [T, cds|qu)

IA

antm

Zf 8tné)sm P ([a’7b] X [07 d])7 p > 17

(b—a)™ (d—c)™ || antm ¢
4n!m! otnos™

’
1

an+m

if g € L1 ([a.8] x [c,d]).

where
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1 if n=2r; and m =2rq,
27;[1 if n=2r;+1 and m=2ry,
Knm =
221;1 if n=2r; and m=2r,+1,
@' =1)  @2"=1) i = _
T o if n=2r;4+1 and m=2r; +1

Proof. Using the identity (2.9), we find that

/ f " anmzzl k+1 (d—c)lH
ts sdt — .
== k+ (I+1)
Or | fla,0) + (1) f(a,d) + (=1)" £ (b,¢) + (=1)""" f (b,d)
Xaxkayl 4
m“l —a)" )"+ (s—a)"
Z (k+1)! /C m!

aker f (CL, S) + (_1)k f (bv s)
x Oxkds™ 4 ds

3

I+1
—0)

/” (t—a)"+(t—0b)"
n!

wfwmlﬂ

= l+1

mﬂlfw@+e

" Byl 4

n+mf
otnos™

(a,b;t) Tryy (e, d; 8) dsdt

3;;:,{” f f Ty (a,b;t) Trn (c,d; s)| dt ds

ot

if 2k € Lo (Ja,b] X [e,d]);

Q=

1
g;:;;;g” ( T, abt|th)“(f T, cds\qu)

<
if 2L eyl x[ed), p>1, t+1=1;
|t sup T by T e 5

1 (¢,5)€[a,b] x[c,d]

if g:n+asm € Ly ([a,b] X [e,d]) .
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where
T, (a,bit) = ;{(b—ﬂ +(;!1) (t —a) ]
Tn(c,d;s) = ;{(ds) +(n—1'1) (s—¢) }

Now consider fab [Ty (a,b;t)| dt. As may be seen, explicit evaluation of the integral
depends on whether n is even or odd.

(#) If n is even, put n = 2r;. Therefore,

b b 2ry 2r1
1 (b—t)°" + (t —a)
T, (a,b;t)|dt =
[ manoie - o : a

! 1[((;—@)2““ (b—a)* !

2r)! 2| 2r+1 2r1 + 1
B (b . a)27’1+1 B (b o a)nJrl
2ri+ 1) (n4 1)
Similarly,
d d 27 27 m+1
1 (d—s)"+(s—¢)"? (d—c¢)
T (c,d;s)|ds = = .
/C Ton (e, 5)] ds (QTQ)!/C 2 = T

(i) Now, if n is odd, that is, n = 2r; + 1, then

(b _ t)27‘1+1 _ (t _ a)27‘1+1
221 + 1)

T, (a,bit) =

Let g (t) = (b—t)*" T — (t —a)*"
We can observe that

g(t) <0 for allteJr(b“T'H’,b]
g(t):O att:%
g(t) > 0for all t € [a, %£P).

Thus
b
2(2r1 + 1)!/ |, (a,b;t)| dt

a+b
2

[(b B t)2r1+1 (- a)2r1+1:| dt

a

+/lb {(t _a)?n (- t)27“1+1] dt]

atb
2

(b o a)2'r1+2 (b—a)2n+2
— 42
27‘1 + 2 27‘1 + 2
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and so
b 2r1+42
(b—a) 1
T, (a,b;t)|dt = 1—
L | (a )| (27"1 4 2) (2’["1 + 1)] 22r1+1
o (b—a)? 22t 1] (b—a)" (27 -1
o (2r +2)! 22ri+l | (p 4 1)! on |7
Similarly,

[

and this gives the first inequality in (3.6).
Now, for the third inequality we have,

sup (b—t)"+(t—a)") = (b;;!)n for all n even
1 t€la,b]
sup |To(a, bit)] = —
tzl[ipb] Tn(a, bit)| = o % . T
’ sup |(b—1t)" —(t —a)"| = 57— for alln odd
t€la,b] i

and this gives last part of the inequality in (3.6). The corollary is thus completely
proved. 1

Remark 2. Forn=m =1, we have that

bord —a)(d—c
//f(t,s)dsdt+%[f(a,c)+f(a,d)+f(b,c)+f(b,d)]

—a d —C b
n V <f<a,s>+f<b,s>>ds]d2 [/ <f<t,c>+f<t,d>>dt]

C= 0= (o= 0 4 (0= 0] [ty = o + (- )] x |k

oo

1
1 [((b=a)(d=c))it ] 2 f 1,1 _ 1.
=< Z[ (g+1)? } X’ata‘sp’p>1’5+5*1a
(b—a)(d—c) ‘82]‘
1 t0s ||| *

Again, the same result was obtained by G. Hanna et al. in [5] and S. Dragomir et
al. in [6].
4. APPLICATIONS TO NUMERICAL INTEGRATION.
The following application in Numerical Integration is natural to be considered.

Theorem 4. Let f : [a,b] X [¢,d] — R be as in Theorem 3. In addition, let I, and
J,, be arbitrary divisions of [a,b] and [c,d] respectively, that is,

Ivla:é-0<£1<...<fyzb,
where x; € (fi,fiﬂ) fori=0,1,...,v—1, and
J ic=Tm9< 1 <...<T, =d,

123 I
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with y; € (75,7j41) for j =0,1,...,u — 1, then we have the cubature formula

n—1lm—-1v— 1#21 @ o) Jf({E y)
(4.1) // f(t,s)dsdt = X0 ()Y () L Lo 8)
k=0 =0 =0 j=0 61‘161}3

Tj+1 . k+m i
Z z; / 5 (v;,5) wds
=0 T

kHem
s ; 0xk0s
m—luv—lp-1 . Sit1 . an+l toy.
-1)" V) [ KD (@it) #dt
1=0 i=0 j=0 3 Y
+R (f,IU,J#,a:,y),
where the remainder term satisfies the condition
‘R(fa Ina Jma x, y)'
H d;;r‘;:m H n+1 n+1
[CESHICESVIIRS Z { E)"T 4 (i1 — i) }
"l m—+1 +1
x ZO [(yi ) + (i1 — ¥5) }
i=

gntmyf

i 2 e Lo ([a,b] x [e d)s

3n+m
A

—1 1
ZO [(-75@ _ Si)nq+1 n (§z+1 . )nq-‘rl} q

n!m!(ng+1) ¢ i=

< = mq+1 mg+1 %
= < [0 =) (= )]
J:
if o ([a, ] X [c,d]) >1, L4179
8t”85"’ P ) ) , P )’ p ¢ = b
|| Bk ||, % . . .
Anlm/! Z ) + (5714’,1 - .’L'l) + |(xl - é‘z) - (£i+1 - xl) H
p—1 m - . .
X2 [(y; — 7)™+ (Tj1 —y)™ + 1y — 7)™ = (7541 — ¥)" ]
j=
n+
Zf gt"@sm € Ll ([a’7b] X [07 d])7
where
XDk =01,.n-1;i=0,1,.0-1), ;0 =0,1,.m—1;j =
0,1,..u—1)
and

KW (i=0,1,.v—1), S,(,Z)(j =0,1,...u — 1) are defined by
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(5z‘+1—xi)k+l+(—1)k($i—§i)k+l

XIEZ)(CEZ') = "1 )

j i1 —y) T (=) (g =)
}/l(])(yj) — (Ti+1—y5) (—l"il)‘) (Wi=75) ’

| S telgna
Kr(:) (],‘,‘, t) =

t—¢&; "
% 7t € (xiagi-i-l}
and .

% S € [Ti7 y’L]

S (s 8) = .
L™ s e (g
The proof is obvious by Theorem 3 applied on the interval [fl-, {H_J X [T, Tjt1]
(i=0,1,..v—1;7=0,1,..u. — 1), and we omit the details.

Remark 3. Similar result can be obtained if we use the other results obtained in
section 8, but we omit the details.
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