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MONOTONICITY OF SEQUENCES INVOLVING CONVEX FUNCTION AND
SEQUENCE

FENG QI AND BAI-NI GUO

ABSTRACT. Let f be an increasing, convex (concave, respectively) function defined on [0,1],

{ai}ieN an increasing, positive sequence such that {i(ai/ai_H — 1)} decreases (the sequence

i€N
{i(ait1/ai — 1)}i€N increses, respectively), then the sequence {(1/n)> 7 ; f(ai/a")}neN is
decreasing.

Let f be an increasing, convex (concave, respectively) function defined on [0, 1], {ai}ieN an

increasing, positive sequence such that {i(ai/aHl — 1) decreases (the sequence {i(ai+1/ai —

}iEN
1) }ieN increses, respectively), then the sequence {(1/n) > 7 ; f(aq;/an)}nEN is decreasing.

1. INTRODUCTION

Let I be an interval in R. Then f: I — R is said to be convex if for all z,y € I and X € [0, 1],

(1) fOz+ (1= Ny) < Af(z) + (1 =N f(y).

If (1) is strict for all x # y and A € (0,1), then f is said to be strictly convex.
If the inequality in (1) is reversed, then f is said to be concave. If inequality (1) is reversed and
strict for all z # y and A € (0,1), then f is said to be strictly concave.

The finite difference of a sequence {a; };cn can be defined by
(2) A%, = a;, Aa; = a;11 — a4, AMa; = A(Am_lai).

We shall say that a sequence {a;};en is convex of order m (m-convex) if A™a; > 0 for m > 0,
i € N. If {a;}ien is 2-convex, we have a;11 + a;—1 > 2a; for i > 2, the sequence {a; };en is called
convex; if a;41 + a;—1 < 2a; for i > 2,, we call {a;};en being concave.

Let {a;}ien be a positive sequence. If a;11a,_1 > a? for i > 2, we call {a; };en a logarithmically

convex sequence; if a;y1a;—1 < a? for i > 2,, we call {a;};en a logarithmically concave sequence.
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Let f be a strictly increasing convex (or concave) function in (0, 1], Professor J.-C. Kuang in [4]

verified that
n K n+1 3 1
® () 2 () > ) s

In [11], the author generalized the results in [4] and obtained the following main result and some

corollaries: Let f be a strictly increasing convex (or concave) function in (0, 1], then the sequence
E7L+kk+1 f(n+k) is decreasing in n and k and has a lower bound fo t)dt, that is,
] etk ; ntk+1
) ni§1f<7zﬂf) n+1 Z f(n+k+1 /f
where k is a nonnegative integer, n a natural number.

With the help of thses conclusions, we can deduce the Alzer’s inequality, the Minc-Sathre’s
inequality, and more other inequalities involving the sum of powers of positive numbers. These
inequalities have been investigated by many mathematicians. For more information, please refer
to the references in this paper.

In this article, by similar method as in [4, 11], considering the convexity of a given function or

sequence, using the Hermite-Hadamard inequality in [3, 7], we obtain

Theorem 1. Let f be an increasing, convex (concave, respectively) function defined on [0,1],
{ai}z’eN an increasing, positive sequence such that {i(ai/ai+1 — 1)}2,6N decreases (the sequence

{i(ais1/a; — 1) }ieN increses, respectively), then the sequence {(1/n) 31", f(ai/an)}, o is de-

creasing. That is

(5) ;gf(g?i)/n—klzf a+1 /f

Theorem 2. Let f be an increasing, convex (or concave), positive function defined on [0,1], ¢

an increasing, convex, positive function defined on (0,00) such that {¢(i) [¢(i)/p(i + 1) — 1] }ien
decreases, then {(1/¢(n)) 31y f(@(i)/@(n))}, o 18 decreasing. That is

n+1

() e ()

i=1

2. PROOFS OF THEOREMS

Proof of Theorem 1. The left inequality in (5) is equivalent to
<+ (),
an( ) <03 r(3

=) 4 nf(1) < (n+1)] f(%),

Ap+41

Il
—

NE

a
n+1 1

N
|
-
.
Il
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“) <Xl v ena()

=1

g S s(e) < Xl + (- ()]

=1 i=1

Ap+1

n
_ n

where we let ag = 0.

Since the sequence {z (L - 1)} . decreases and {z (ﬂ — 1)} . increases, then we have
ie i€

ait1 ai

(8) n(%—l) < (¢—1)(a;‘il —1),
9) n(®E 1) > (M 1),

Qp Q;

Inequality (8) can be rewritten as

(’L — 1)0,1‘_1 + (TL -1+ 1)(1@ > a;

10 = I
( ) nan Gnp41

and inequality (9) yields

(n+1)(2E - 1) > (55 - 1),

Qp, Q;
(11) iaip T (n it e a4
(n + 1)a'n+l an,

Since f is increasing, from (10) and (11), we have

(12) f((i—l)ai_l-l—(n—i—&—l)ai)>f( a; )

na,, An41
141 + (n — 1+ 1)0@ a;
(13) f( (n+ Dayy1 ) < f(ﬁ)

If f is convex, then

(14) i;lf(a;:) n (1_ i;l)}C(%) >f<(i—1)ai1:ain—i+1)ai>.

Combination of (14) with (12) leads to

19 1) < 5o = -]

inequality (7) follows.

If f is concave, then

1f(ff;i) )i )

+
G n —i+1 a;
(16) ( + : )
n -+ 1 an+1 n+1 Anp+1
(zaH_l +(n—i+ 1)a2>
(n+ 1Dani1 ’
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(From (13) and (16), we obtain

Sl (o) + () G < ()

that is
P ) AW Cea e i o)
(17) :nilf(l)—i_nilzn;f(a:il)

n+1

:nilZ (an_,_l) ;f(an)

The final line in (17) implies the left inequality in (5).

Finally, by definition of definite integral, the right inequality in (5) follows.

Proof of Theorem 2. Since

" ot (i 1) <ot 0 (B 1)
therefore we obtain
(19) o) (20 1) < pti-n (EED 1),
that is
¢ (4) ¢*(i = 1) + [p(n) — p(i — D)]ep(i)
20) ECEST 2 |
(From monotonicity of f, letting ¢(0) = 0, we have
(i) ¢*(i = 1) + [p(n) — (i — D]p(i)
21 (i) </ ( N )
)+ n)—p(—1 )
- Zf( 0 Zf( 1 () —eli= Dl

Since ¢ is convex and f is positive, if f is convex, then

(i — 1) + [p(n) — (i — 1)](4)
2. ( 2() >

2.
(23) <§:
2
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(From (22) and (23), we get

e 2 n}n)<i{w$<;>1)f(¢$<;>1)>+ e (@)

= :
that s
#ln) 2 Homtn)
= <¥{ (Zo )+t 0 e (55)
_ n+1)§;f( ) o)
Inequality (25) is equivalent to
(26) <p(n+1)éf<§((i))> >w(n):§§f< 205,

@) 5 (55> i ot (22)
Now assume f is concave. Then
® iy (j,f’((njll))) ’ (1 - 1)) / (wi(i) 1>>

@(1)p(i +1) + p(i)p(n + 1) — ¢*(i)
<7 < @2(n+1) > '

Since ¢ is increasing and convex, then easy computation gives us

()i +1) + p(i)p(n +1) — (@) _ (i)
(29) ©2(n+1) '

Therefore, from convexity of ¢, we have

;f@((n))) >§{¢€Z?M(E&ii§) " (1‘ w(i(f:l))f(so(i(?l))}

e 1) 4o —1) — (i) o(i)
(30) =2 ot 1) ! (som T 1))

oo ()

=1

The proof is complete.
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3. COROLLARIES
As special cases of Theorem 1 and 2, we will obtain many inequalities for the sum of powers of
positive numbers.

Corollary 1. Let f be an increasing, convex (or concave) function defined on [0,1], {a;}ien
a logarithmically conver (or a logarithmically concave), increasing, positive sequence, then the
sequence {(1/n) Y21 f(ai/an)}, oy 15 decreasing.

Corollary 2. Let f be an increasing, convezr (or concave), positive function defined on [0, 1], ¢ an

increasing, convex, logarithmically convex, positive function defined on (0,00), then the sequence
{(1/(n) 2252, f(@(i)/o(n))}, ey is decreasing.

It is clear that the function f(x) = 2" is strictly increasing in [0, 1] for » > 0 and is convex for

r > 1, and is concave for 0 < r < 1, take a; = 7 in Theorem 1, then we have

Corollary 3 ([1]). Let n € N, then for any r > 0, we have

n 1 P Y
31 < | - o )" .
(31) n+1 <n;Z/n+1;Z>

The lower bound is best possible.

If let f(z)=2a", r >0, 2 €[0,1], and a; = i + k, k is a given natural number, in Theorem 1,

then we obtain

Corollary 4 ([10]). Let n and m be natural numbers, k a nonnegative integer. Then

n n+m 1/r
n+k 1 +k 1 +m-+k
32 — < | - )" "

i=k+1 =k+1

where r is any given positive real number. The lower bound is best possible.

Let a; = a'™*, a > 1, k is a nonnegative integer, and let f(x) = 2", » > 0, z € [0,1], in

Theorem 1, then

Corollary 5. Fora > 1, letn € N and r > 0, then

1< 1l Yoy
33 = P

Let p(x) = a®**, o > 0, a > 1, k is a nonnegative integer, and let f(x) = 2", r > 0, z € [0, 1]

in Theorem 2, then

Corollary 6. For n,m € N, k € NU{0} and r > 0, we have

1 ]k | hmik 1/r
o R EPOT Sl

i=k+1
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that is,
n+k n+m-+k
r
(35) a7n(r+1 \ Z a Z a s
i=k+1 i=k+1

where a > 1 is a positive real number.

Let f(z)=2",r >0, x € [0,1], ¢ = x + k, k is a given natural number in Theorem 2, then we

have

Corollary 7. Let n and m be natural numbers, k a nonnegative integer, then

n+k n+k+m 1/"'
n+k
36 )T >
(36) n—l—k /n—l—k—i—m :;HZ n+k+m
where r is any given positive real number.
Since In(1 + z) and In 7 are strictly increasing concave function in (0, 1], let f(z) = In(1 + z)

or f(z)=1In Tz In (5) respectively, by direct calculation, we have
Corollary 8. If {a;}ien is an increasing, positive sequence such that { (al“ — 1)}Z.€N increases,

then we have

n n+1 n
(37) an g n H(ai+an)/n+l H(ai+an+l) g n Hai/n+1
=1

a
n+l i=1 i=1

n+1

I o

i=1

Let f(z) =1n(1l + z) in (6), by direct computation, we obtain
Corollary 9. If the function ¢ is an increasing, convez, positive function defined on (0,00) such

that {o(2) [p(i)/(i + 1) — 1] }ien decreases, then

(38) [90( )]”/sa(n) @(n) ﬁ ]/4,0(111»1) Tﬁ[ ()+ ( +1)]
[o(n + 1)](n+D/e(n+1) < o(1) + o(n .

i=1 i=1

Remark 1. The inequalities (37) and (38) generalize those obtained in [4], [11], and [14].
Remark 2. If taking more special functions f, ¢, and {a;};en in Theorem 1 and 2, we can obtain

more new concrete inequalities involving sums or products of positive sequences.
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