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A MAPPING ASSOCIATED WITH JENSEN’S INEQUALITY
AND APPLICATIONS

S.S. DRAGOMIR AND T.M. RASSIAS

ABSTRACT. In this paper we introduce a new mapping connected with the
classical inequality due to Jensen and point out its main properties. Some
applications related to well-known inequalities are also established.

1. INTRODUCTION

Let X be a real linear space and C a convex subset in X, where f: C — R is a

convex function. Suppose that z; € C (i € I), p; > 0, with Py := Y p; > 0, where
i€l

I C N is a finite set of indices. The following inequality is well-known in literature

as Jensen’s discrete inequality:

(1.1) f (;j mel) < %} szf ()

i€l i€l

Note that some of the classical inequalities (the arithmetic mean-geometric mean
inequality, Levinson’s inequality, Ky Fan’s inequality, etc) are particular cases of
this inequality (see also [6] and [8] where further references are given). For some
results which give refinements, counterparts and inequalities related to Jensen’s
inequality (1.1), we refer the reader to the papers [1]-[5] and [7].

We introduce the following notations (see also [5]):

PBr (N) :={I C N|I is finite}
IT(R) := {p = (pi) ;e Ipi > 0 for all i € N}
3. (C) :={z = (%;);ey |7; € C for all i € N}
Conv (C,R) := the cone of all convex mappings defined on C.

In what follows, we consider the map H : Conv (C,R) x B (N) x J© (R) x
3.« (C) — Ry and given by

Pr
H:H(fa-[apvx) = [fl)] szf(xz) —f (fl)I Zp1$1>] > 0.

i€l il

Further on, we shall point out some properties for the mapping H which improve
inequality (1.1). Some particular examples are also examined.
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2. THE RESULTS
We will start with the following result.

Theorem 1. Suppose that f,p and x are as above. Then for all I,J finite sets of
indices with I NJ =0 one has the inequality

(2.1) H(f,IUJ,p,x) > H (f,I,p,z)- H(f,J,p,z) >0
i.e., the mapping H (f,-,p, ) is supermultiplicative on Py (N).

Proof. Consider the mapping L : Conv (C,R) x B (N) x J* (R) x J. (C) — Ry
given by

L(f.Ip,x): Psz ;) ( szxn)_

i€l ’LEI
For all I, J € Py (N) with I N.J = () one has:

1
L(f,IUJpx) = 5P, ;pz x; +;}pj (z5)
i€l jeJ

By the convexity of f one has

1L X
! PI+PJ< Izp ) P1+PJ PJZPJ]

= PI+PJ ( ZW%) P+PJ ijxj

and thus
L(f,IUJ,px) > if (x;) + €T
(f p ) PI T PJ ;p Zp] ]
jed
P1f< ZpL )+PJf< ijx_]>
I el J jeJ
Pr+P;
_ L(f,[,p,l')—‘-PJL(f,J,p,l')
Pr+ Py .
Using the elementary arithmetic mean-geometric mean inequality:
o p
b
Qat B a+Bpa+B withab>0, 08>0 with a+ 3 >0,
a+p
we obtain:

P

L(f 10 Jp.2) > [L(f.1,p,2)] 757 [L(f, J,p,x)] oo
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that is,
(22) [L(f 10 Tp, o)™ > [L(f. L)) [L(f.]p, )]
and the inequality (2.1) is obtained. I

The following corollary also holds.

Corollary 1. Let Hy be a fized set in By (N) with L (f, Ho,p,z) > 0. Then for all
I,J € By (N) with I D J and I\J = Hy, one has the inequality

Proof. Using the inequality (2.2), we can write

[L(f, Lp,a) = [L(f HoUJ,p,z)]""0
> [L(f, Ho.p,0))"™ [L(f. J,p.2)] "™
= [L(f, Ho,p, )" [L(f, T p, )],
whence we obtain the inequality (2.3). 1

Another result for the mapping H defined above is given in the following theorem.

Theorem 2. Suppose that f: C C X — R is a convex function on the convex set
C, I e Py(N) and x = (2;),ey € I« (C). Then for all p,q € J* (R), one has the

inequality
(2.4) H(f.I,p+q,z) > H(f,I,p.x)H(f,1,q,2) >0
that is, the mapping H (f,1,-,x) is supermultiplicative on J* (R).

Proof. As above, we have

L(f,I p+q,x)

S S {55

icl el

P1+Q

v

St + S o)

PI + Q i€l

Prf (ij&/ﬂ) +Qr1f (2(]#1‘/@1)
1€ 1€
a Pr+Qr

L(f,f,p,l‘)+Q1L(f,I,q,x)
Pr+Qr

Pr Qr
> [L(f.I,p,2)|P1+Qr[L(f1,q2)F1+Qr

whence we obtain

L (£ Lp+a.2)) " 2 (L (£, 1pa))™ [L(f.1,q,0)]
and the inequality (2.4) is proved. 1
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The following corollary also holds.

Corollary 2. Suppose that f, I,z are as above and p,q € J* (R) such that p—q =
e € 7 (R) with L (f,I,e,x) > 0. Then we have the inequality

L, Lp,a) ™ [L(f1,q,2)]%
(2:5) [L(f,[,e,m)] Z{L(f,],e,x)} ’
Proof. One has
L(fLpa)™ = [L(f]e+qu)]™

[L
> [L(fiLe0)™ [L(f.1,q,2)]"
L(f Tea)" " L(f.1q.2)]%
which proves the inequality (2.5). I
Now, suppose that q,e € J* (R) and L (f,I,e,z) > 0. We shall consider the
mapping Q : [0,00) — [0, 00) given by
O (1) i | EUTte +q) ] FER0
o L (f7 I7 67 :'E) .
The main properties of this mapping are given in the following theorem.
Theorem 3. With the above assumptions, one has
(i) The mapping Q is logarithmically concave on [0, 00);
(it) The mapping Q is monotonic increasing on [0, 00);
(79i) We have the bound

L(f, Lmrf

(26) Q=) = |7 )

te[0,00)
Proof. The proof is as follows.
(i) Let t1, ta € [0,00) and «, § > 0 with a + 5 = 1. We have
Q (aty + pta)

L(f,1,(aty + Bta) e + (a + §) g, ) @0 FHErHr D
L{f.Ie.2)

H(f,I,a(tie+q) + B (t2e +q) , )
[L(f, 1, e,x>]a(t1E1+Q1)+g(tzEl+Q1)

H(f,I,a(tie+q),x)H(f,I,8(tae+q),x)
(L (L e, @) OO L (f, 1 e )] 220

N |:L (f,I,Oé (t16 + Q) ,m):|oz(t1E1+QI) |:L (f,I7ﬁ(t2€ + q) 7x):|ﬁ(t2EI+Q1)
- [L(f 1,e,2)] [L(f,T,e,)]

o |:L (f,I,tle —+ q,l’):| (t1Er+Qn)) ¢ |:L(f,_[,t2€ + q,m):| (t2E1+Qr) 163
[L(f: 1 e, )] [L(f.1,e,2)]

= [RM)"[Q(t))"
asforall § >0, s € JT(R), L(f,1I,ds,2)=L(f,1,s 2),and the logarithmic
concavity of @ is proved.

v
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(79) Let 0 <t; <ty < co. Then

L(f,1,(ts —h) e+ hie + g z) |7 Brrn e

@) = L(f,I,ex)

H(f,[,(tg—t1)€+tle+q,$)
[L (f I.e m)]((tz—t1)E1+t1E1+Q1)

H(f,1,(tz = ti) e.a) H(f. ], tie + q,)
(L (f, e o) OPHL(f, 1 e ) FH @

_ L(f,[, (t2_t1)€7x) (ta—t1)Er L(f,Ltle—i-q,x) t1Er+Qr
S L LLen L(.1,er0)

v

B |:L(f,[7t16+q,x):|t1El+Ql

L L ew) =Q®)

as L(f,I,(t1 —t2)e,x) = L(f,I,e,x); and the monotonicity of @ is proved.
(#3i) Now, since Q (t) > @ (0) for all ¢ € [0, 00), the bound (2.6) is obtained.

3. APPLICATIONS
1. Let f: C' C X — R be a convex mapping on the convex set C' and p; > 0,

2n n n
i=1,2n with Y p; >0, Y p2; >0, Y pai—1 > 0and z; € C (i =1,2n).

i=1 i=1 i=1
Then we have the inequality:

2n 2n
1 1
N if (@) = | 5— i
B ;le flxi) = f (P% ;:110 )

n
> p2i/ Pan
=1

> - ! szif (w23) — f nl Zp%xzi

> Doy i=1 > poi i=1
i=1 i=1

n
> p2i—1/ Pan
=1

1 n 1 n
X |\ Zp%—lf (1'21'—1) - f - me‘—lxm—l
Z P2i—1 =1 Z p2i—1 =1
i=1 i=1

v
o

2. With the above assumptions and assuming that p; > 0 (z =1,2n— 1), with

2n n n
S pi >0, Y p2i >0, > pai—1 >0and z; € C (i =1,2n— 1), one has the
i=1 i=1 izl
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inequality
1 2n—1 1 2n—1
() — T
o ;pzf( i) f<P2n_1 ;p )

n
> p2i—1/Pan—1
i=1

1 - 1 -
> — Zp%flf ($2i71) —f T Zp%flx%fl

> Dai—1 i=1 > poi—1 i=1
i=1 =1

n
> p2i/ Pan—2
=1

X3 . Y opaif (@) = f | 5 ! > paimai

> p2i i=1 > b2 i=1
i=1 i=1

3. Let f: C C X — R be a convex mapping on C, z; € C (i =1,n) and
)

a; € (0, %), = 1,n. Then we have the inequality
1 & 1@
DWIBENE o
=1 =1
n ) zj: sin® a; /n
) n Sosin®a; x| |7
. =1
Z | ZSlﬂ2 aif () = f | =——
S sin? a; i=1 3 sin? a;
i=1 i=1
n i cosza,;/n
=1

1 n > cos? ;- @y
X | cos’aif (w;) — f | TH——

> cos2q; i=1 > cos2q;
i=1 i=1

> 0.

4. Let X be a normed linear space and p > 1. Then for all I, J € P (N), where
INJ =10, and p; > 0 with Py, P; > 0, one has the inequality:

p
Pt S pillel” — || Y pia
ie1uJ ie1uJ
> —— e PP Y pi = | 3 pi
PI Prog PJ Prog icl el
P\ Ty

-1
< | P il = (D pie
JjeJ JjeJ
> 0

forall z; € X, i€ TUJ.
If we assume that p;, ¢; > 0 so that Pr, Q; > 0, I € B (N), then one has the
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inequality:
P

(Pr+ QD)"Y (i + @) |l —

el

Z (pi + ¢;) i

iel

ZP:‘%

el

Pr
P) Pr+Qg

Z qii

iel

(P] JrQ[)p _
— (PP pillall” -
el

Pr
T g =
Qr
p) PI+Q1
forall x; € X (i € I).

5. Now, let ; > 0 and p; > 0 (i € N) so that P;, Py > 0, I,J € Bs(N),
I'nJ = (. Denote

X <Q§_1 > il -

1
A(I,p,z) = P, ZPﬂi
Iier

1/ Py
G(,p,x):= (Hzf’) .

el

and

The following inequality is well-known in the literature as the arithmetic
mean-geometric mean inequality:

(3.1) A(l,p,x) > G(,p,x).

By Theorem 1 applied for the mapping f : (0,00) — R, f(z) = —Ilnz, we
have:

Pr Py
A(IUJ,p,$) A(Iapvl') Pros A(vaax) Prus
> i —_— 7 >
G(IUJ,p,x) =P {IH<G(I,p,az) n G (J,p,x) =1,

which gives a refinement of the well-known inequality (3.1).
If pi, ¢; > 0 such that Pr, Q@ > 0 and x; > 0 (¢ € I), then by Theorem 2 we
have:

Py Q;
A(l,p+gqx) A(Ip,x)\]7rer AL, q,2)\] e
G(I,p+q,x) =P ! G(I,p,l‘) . G(I,q,x) -

which also gives a refinement of (3.1).
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