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2k-INNER PRODUCTS AND 2k-RIEMANNIAN METRICS

M. CRASMAREANU AND S.S. DRAGOMIR

ABSTRACT. The notion of 2k-inner product is introduced as a generalization of
usual inner product and Q-inner product([4]-[8]). As a consequence, is defined
the notion of 2k-normed space and some properties, e.g. uniformly convexity,
Gateaux differentiability and Riesz propriety of the dual, are given. Also, the
notion of 2k-Riemannian metric is introduced.

1. INTRODUCTION

In the last decade, the second author gave (see [4] — [9]) an extension of the usual
notion of inner product, namely the quaternionic inner product, or, for short, the
Q-inner product. Some of the properties of an inner product and of the associated
norm, such as:

(i) uniform convexity,

(ii) Gateaux differentiability,
(iii) equivalence of Birkhoff orthogonality with the inner product orthogonality,
(iv) the Riesz form of linear continuous functionals

were reobtained in this new framework.

The present paper is devoted to a generalization of both the classical inner
product and the Q-inner product. In the first section we introduce the concept of
2k-inner products and prove the properties (i)-(ii) above. Also, it is proved that a
2k-inner product space is a smooth space of (BD)-type in the sense of Dragomir,
and two remarkable identities, equivalent with the parallelogram identity, are given.
The following two sections deal with the properties (iii) and (iv) and some results
related to projections are obtained. The paper concludes with a generalization of
Riemannian metrics, namely 2k-Riemannian metrics.

2. MAIN PROPERTIES OF 2k-INNER PRODUCTS

Let X be a real linear space and k # 0 a natural number. As usual, we shall
denote X?* = X x ... x X . We introduce the following new concept:
—_——

2k times
Definition 1. A mapping (-,...,-) : X?* — R is said to be a 2k-inner product if:
(i) (o1z1 4+ agxe,23,. .. ,Topy1) = o (21,23, ..., Topg1)F 2 (T2, T3, ... , Topy1),
a1, a € Ry
(ii) (mg(l),... 7$a(2k)) = (z1,... ,%2), 0 € Sy, where Sa, denotes the set of

all permutations of the indices {1,...,2k};
(iil) (z,...,z)>04fz #£0;
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2 M. CRASMAREANU AND S.S. DRAGOMIR

(iv) Cauchy-Buniakowski-Schwarz’s inequality (CBS for short)

2k
(@1, wa) [ < ] (@i 2)
i=1
with equality if and only if x1,... ,Tor are linear dependent.
The pair (X, (+,...,-)) is called 2k-inner product space. Let us remark that our

notion is different from the n-inner product of Misiak ([10]).

For k = 1 we have the usual notion of inner product and for & = 2 we obtain the
notion of Q-inner product from [4]-[8]. Also, it follows that

(0,x9,... ,x9,) =0and (az1,...,axe)= a?k (T1,... ,&ok) -
Example 1. 1.
n 2k
) X =R", (z1,...,701) = > (1‘[ x;.> if ¢y = (xf,...,27)
i=1 \j=1
IT) Let (2, A, u) be a measure space consisting of a set Q, a o-algebra A of subsets

of Q, and a countably additive and positive measure p on A with p(Q) < oo.
Then on X = L% (Q, A, 1) we have the 2k-inner product

2k
(xl,...,mgk):/nxi(t)du(t).
Q =1

A remarkable class of 2k-inner products is provided by:

Proposition 1. An usual inner product (-,-) on X gives rise to a 2k-inner product
on X for every k.

Proof. By induction after k. Let us suppose that the given inner product yields the
2k-inner product (-, ... ,)ox. Then:

(371, *e - ax2k+2)2k+2

1
= m[(ljw%?) (373, e 7.'L'2/€+2)2k; + (ZCl, 1‘3) (.T/'27.'L'4, . 7x2k+2)2k: + ...
+ (1‘17132]6—‘,-2) (I3, e 7x2k+1)2k}]

is a (2k + 2)-inner product. N

In the following we call simple the above type of 2k-inner products.
Example 2. 1.

(i) For k=2 (|6, p. 76], [8, p. 20]) we have the following 4-inner product:

(1,2, 23, 24), = % (21, 22) (x3,24) + (21, 23) (T2, 24) + (1, 24) (22, 3)]

(ii) For k = 3 we have the G-inner product

(.’L’l,... ,,CCg)G

1
= 1 (x1,22) (w3, 74) (w5, 76) + (23, 75) (¥4, T6) + (T3, %6) (T4, 75)]

+ xlv‘rl’)) .’EQ,I’4) ($5,.’E6) +

(
+( )
+ (21, 25)
+( )

&
=

8
2
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(iii) In the general case we have (2k—1)!1 =1-3-...-(2k —1) terms. So, for k =4
we have T =3-5-7 =105 terms.

The previous proposition leads to the definition of orthogonal basis. Let us
suppose that X has dimension n and let B = {e;}1<i<n be a basis for X. For
k =1 as usual B is said to be orthogonal if (e;,e;) = d;; and for k > 1 we define
recurrently using the relation from the proof of Proposition 1. For example, B is
orthogonal for a @-inner product if:
1
g (5i1i25i3i4 + 6i1i36i2i4 + 6i1i46i2i3) :
Then, for ¢ # j, we have (e;,e;,ej,€e;) = % and (e;, e;,e;,€e5) = 0.

A first property is:

(eil 9 eiz ) eig ) ei4) =

Proposition 2. If (-,... ) is a 2k-inner product then || - |2k : X — Ry, ||z|2x =
1

(z,...,2)2% is a norm on X for which the following generalization of parallelogram
identity holds:

k
2k
z 4+ yl128 + ||z — o2k =2 ( ,)(x,...,x, ,...,).
” y”?k H y||2k ZZ:; Q(k—z) H,—/u

24 times 2(k—1i) times

Proof. By definition of the 2k—norm, we get

2k ok
ool =3 () |2t g
1=0

i times 2k—1 times

However,
(2o ) < ol
1 times 2k—1 times
and then

2k
2k ; —i 2k
o+ o1t < 3 (°F ) bl = ol + )
=0

which gives the triangle inequality. The relations:
llzll2k > 0, ||z]|2x =0 =0

and [[Ax|2x =] A ||z|l2k, A a real number, immediately follow. The parallelogram
identity is obvious. i

Remark 1. 1.
(i) For Example 1 part I, we have

Iz = (Z ())

i=1

w"“

if v = (xi)lgign'
(ii) CBS has the form

2k
|1, wak) | < ] Iwilln-

i=1



4 M. CRASMAREANU AND S.S. DRAGOMIR

(iil) If (-,. .., )9 ts a simple 2k-inner product with the inner product (-,-) as gen-
erator then || - ||ax is exactly the norm || - || of (-,-). Also, we have
2(k—1
(@2 y), = 2l ™ (,0).,
a relation important for orthogonality theory, see Remark 1 part (ii) of Section
3.

The previous result leads to:

Definition 2. A real normed space is said to be a 2k-normed space if its norm is
defined by a 2k-inner product.

An important property of 2k—normed spaces is provided by:
Theorem 1. A 2k-normed space is uniformly convez.

Proof. Let 0 < e < 2 and z,y € X with ||z|l2x < 1, ||yllox < 1 and ||z — yl|2r > €.
Applying the parallelogram identity and the CBS inequality, we have that

2(k—1
le o3 < 22( )n B2 — o — g2k
< 92k _ 2k _ 92k 1_({)%
= 2
and then
1
x—i—y € 2k\ 2k
<1- 11— 1_(7) .
5o - (- 9]
Putting

5(e)=1— <1— (2)%)1’?

we have § (¢) > 0, which gives the desired result. I
Another remarkable result of this section is:

Theorem 2. The norm of a 2k-normed space is Gateauz differentiable with:
(x’ M} ’y)
7 (z,y) = (]| - ||/2k) (z) (y) = W7 r#0.

Proof. Let x,y € X, x # 0 and t # 0 a real number. Since

1 15 2k
e+l 1ol = 5 X (%) (ot ty).

=0 i times 2k—1 times

we have
lim (||’I+y|| — llzll5%) = 2k (z, ... ,z,9).

Also, from:

= + tyllk — ll=]13k

1
7 (lz +tyllar = llll2r) = - ’ ..
(Il + eyl + Nl5e) 3 Nl + eyl oz
&



we get:

1 2k (z,...,2z,y)

lim — ([|o + tyll2x — |ll2k) = =57
t—=0¢ 2|k K llzll5

which is the required relation. I

Let us recall, following [9], the following notions:

Definition 3. 1.
(i) On a normed linear space (X, || - ||) the semi-inner-product (-, )y : X x X —
R,

.1
(,y) := lim ly + tll* = llyll*)

o (
is called semi-inner-product in the Tapia sense.
(ii) A smooth normed space is called of (D)-type if there exists:

/ 1
(@,y)g = lim = (2, y + o)y — (2,y)7]

and a space of (D)-type is called of (BD)-type if there exists a real number

k so that (z,y)r < K*|y||>. The least number k is called the boundedness
modulus.

The following result is known.

Proposition 3. ([9, p. 1]) A normed linear space is smooth if and only if (-,-)p is
linear in the first variable.

A straightforward computation for the 2k—normed spaces gives:
Proposition 4. A 2k-normed space is smooth since

... ,p.2)
(e, 9)p = L8]
[yllox
Also, a 2k-normed space is of (BD)-type with boundedness modulus 1 because
(@, 9)7 = llyl3-
We finish this section with two identities in a 2k-inner space. A simple calculation
gives the equivalences:

1 n 2
b+c¢ a+b a+c

a’>+ % =2° —

a c 2b

a4 2 =20 — + = .
b+c¢c a+b a+c

Using the above parallelogram identity let

a = |z+yl5, c=|z-yl5, and
3
k
2k
b = ) Tyeoe s Ty Yyuun s

2i times 2(k—i) times
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to obtain:
1
1
2
k
k
T — + Tyooo 3Ty Yyunn,
lz =yl Z 20 Yooy
- 2i times 2(k—i) times
1
—+ 1
2
k
:Z:+ k + )" x 7
2z + yll5, ; 2(k , oY Y
- 2i times 2(k—1) times
B 2
1z + yll5, + [l — yll5,
and
[z + yll5,

N

k
z —yl|k + 2k Tyooo , O, sy
| yllizx g:o (z(kﬂ)) 4 Y

2i times 2(k—i) times

l — I3

N|=

k
||x+y|‘]2€k+ ;(g(k z)) Lyooo s, Ty Yoo Y

2i times 2(k—1) times

2

k
2 2k Tyooo y Ty Yyonn,
EO (2(1@71)) Y Y

2i times 2(k—i) times

=+ yll&, + 1z — yll5,

3. 2k-ORTHOGONALITY

We shall begin with:

Definition 4. If x,y € (X, (-,...,-)) then x is said to be 2k-orthogonal to y if
(z,...,2,9) =0 and we denote this fact by x Lok y.

Remark 2. 1.
(i) Obviously, x Loy x = = = 0.
(ii) From Remark 1 part (iii), it follows that for a simple 2k-inner product gen-
erated by (-,) we have x Loy y < x Lo y.

Let us recall that on a normed space (X, ||-]|), = is called Birkhoff orthogonal to
y if ||z 4+ Ay|| > ||z|| for all real A and denote this fact by  Lg y. The following
characterization of Birkhoff orthogonality is due by R. C. James:

Proposition 5. ([11,p. 92]) z Lpy < 7_ (x,y) <0 < 74 (z,y) where:
1 1
- (@) =lim o ((lo+tyll = ll2l) - 7 (@ y) =T (o + tyll = [l2])

The following lemma is useful:



Lemma 1. If (X,(-,...,")) is a 2k-inner product space then the 2k-orthogonality
is equivalent with Birkhoff orthogonality.

Proof. If x 1 g y then applying Proposition 5 it results that
0<7_(2,9) <0< 74 (2,9)
which implies
T(z,y) =7 (x,y) =74 (2,9) =0
and then x 1o y. Conversely, if x 1o, y and = # 0 then
(z,...,2,9)

k—
[Eq oy

and applying Proposition 5 we have the conclusion. |

T (z,y) =74 (2,y) = =0

This result has an important consequence. Thus, applying Ex. 24 from [3, V. 66]
it results that « Loy y is equivalent with y Lo @ if and only if ||-||2x is generated by
an usual inner product. For example, this is the case of simple 2k-inner products,
see Remark 1 part (iii) or Remark 1 part (ii).

Definition 5. Given a subset Y C (X, (-,...,-)), the set Y+ 2r = {2z € X;z Loy
for all y € Y} is called the 2k-orthogonal complement of Y.

Remark that Y N Y42t = {0} and if A € R and z € Y2+ then \z € Y12+
showing that Y 2* is a linear subspace. However, from Proposition 4 X is smooth
and applying Ex. 26 from [3, V. 66] it results that Y12 is a linear subspace.

The following orthogonal decomposition theorem holds.

Proposition 6. Let Y be a closed linear subspace in a complete 2k-inner product
space (X, (-,...,-)). Then, for x € X there ezists a unique y € Y and z € Y12+
such that r =y + z.

Proof. Existence. From uniform convexity it follows that X is reflexive ( [11, p.
368]), and thus there exists a projection of z on Y, i.e., an element y € Y such that

[ = yllzw < llz =y llow

for all ¢’ € Y. Denoting z = x — y we have the required relation.
Now, we prove that z € Y2+ For ¢/ € Y we have

Iz + Xy llze = llz = (y = M) 2w = [l — yllze = [[2]2

for all real A and then z L 9. Applying Lemma 1 we obtain z € Y12+,

Unicity. The above y is in Py (z), where Py (x) denotes the set of best approx-
imation elements in Y referring to x. Since X is uniformly convex it results that
X is strictly convex and then Py (x) contains a unique element ( [11, p. 110]).

In the following we obtain some results in the spirit of [10], which appear as a
counterpart of the above results.

Let a € X\{0} and denote by X (a) the linear subspace generated by a. Let us
consider the mapping

(ay...,a,x)

pro: X — X,pra (z) := 2%k
llall3k

It follows that:
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Proposition 7. 1.
(i) pro is independent of the choice of a in X (a) i.e. for A € R we have
PTrxa = Pla-
(i) prq is a projection onto X (a).
(iil) For arbitrary x € X, a is 2k-orthogonal to x — prox and

[pra () ll2r < [|2]|2-
Proof. The proof is as follows.
(i) We observe that
(Aa, ... ,)\a,x))\a _ A2 (a,...,a,x)
[Aall3 N2 a3
(ii) We note that pr, is onto because pr, (a) = a. Obviously, pr, is linear and:
(ay...,a,prq (x)) (a,...,a)(a,...,a,x)

pra (prq (z)) = a= a =prq(z).
e lallk lallx ‘

Praa () = a=prq ().

(iii) We remark that

(ay...,a,x —prqo (z)) = (a,...,a,2)—(a,...,a,prq,(x))
— ’a,x)_(a7...,a)(aQ,k...7a,x):0
llall5%
and
[(a,... a,2) llalla [ (a,... sa,2)| _ llall3r " |22
pra (z) [l2k = = — < —— = ||z[2x
lalIZ lall3 " lall3%™ ’

and the proposition is proved.

4. THE RIESZ PROPERTY

Let us denote by X* the usual dual of X, that is, the space of linear continuous
functionals f : X — R. Fix an element y € X and consider the functional f : X —
R, f(z) := (z,y,...,y). It follows that f € X* with

[f (@) | < llzllzellyl5; " for all € X,

hence
1< llyll3r"-
Also,
I HIyll2e > f (y) = llyl3k,
so that

k—
11 = Tyliz™"

Conversely, we shall show that any f € X* has the above form if X is complete,
obtaining the following generalization of the Riesz representation theorem:

Theorem 3. If (X, (-,...,-)) is a complete 2k-inner product space and f € X*
then there exists an element y € X such that f (z) = (x,y,...,y) forallz € X

k—
and || f|| = [lyll3: -
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Proof. If f =0 theny =0. If f # 0 let g € X with f (z¢) # 0. Applying the
Proposition 6 for g and Y = Ker (f) which is a closed linear subspace of X, there
is a unique yo € Ker (f) and a unique zp € Ker (f)l% such that zg = yo + 2o. It
results that zg ¢ Ker (f).
Let A € R with
A2kl f (20)

~ l=oll3

and y = Azg. Because f () zo — f (20) € Ker (f) for all x € X we have

20 Log (f (7) 20 — f(20) @),
that is,

which implies
[ (20)
lIz0ll3%

= (x,)\207...,)\20):(x,y,...,y)

(x,20,... ,20) = A\2k-1 (2,20, ,20)

f(x)

forallz € X. 1

Finally, we shall prove the theorem of unicity for the representation element.

Theorem 4. Let (X,(-,...,)) be a complete 2k-inner product space and f €
X*\ {0}. Then there exists an unique v € X with ||ull2x = 1 such that f (z) =
N (2w, ... yu) for allz € X.

Proof. Ezistence. As above, there exists a zo € Ker (f)* \ {0} such that

f () = L 0) <x,| S )

ll20l2 |zoll2r” " [l20/l2%

for all z € X and

_ f (20)
Hf” - ||ZO||2k'
With
£ (20) 1/2k—1
a (lf(Zo) |>
we get
f(Zo) 20 20
f X = f &€, geee
= o \* ool Teolar
= AQk_l(? ZO AR ZO >: b AR )
A (a2 ) = 1) )
where u = ”:;ﬁ Obviously ||ull2r = 1.

Unicity. We have f (u) = ||f||. Since (X, (,)) is strictly convex and u satisfy the
last relations, by the Krein theorem ([11, p. 110]), it follows that u is unique. i
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5. 2k-RIEMANNIAN MANIFOLDS

Let M be a smooth, n-dimensional manifold, C* (M) the ring of smooth real
functions on M and X (M) the Lie algebra of vector fields on M.

Definition 6. We say that M is endowed with a 2k-Riemannian metric if every
tangent space T, M is endowed with a 2k-inner product g, : (TIM)QI€ — R. The
pair (M,g = (gx)xeM) is said to be a 2k-Riemannian manifold.

Obviously, for £ = 1 we obtain the usual notion of Riemannian metric. For k = 2
we prefer to say 4-Riemannian manifold because there already exists the notion of
the quaternionic manifold ([1]).

The above definition get a symmetric (0,2k)-tensor field g : (X (M))** —
C>(M):

g (X1, ..., Xop) () = g2 (X1 (2),..., Xok (2)),
X1,y Xop, € X (M), 2 € M.

In a local chart (xl) ,, this tensor field has the components

o 0 0
gll...ZQk L g al’il LR ) 8Ii2k .

Unfortunately, the main tool in the geometry of usual Riemannian metrics,
namely the Levi-Civita connection, does not seem to admit a “mot-a-mot” extension
for the general case k > 2.

1<i<

Definition 7. A symmetric linear connection V = (Fém = anj) we called the
Lewvi-Civita connection of g if the covariant derivative of g with respect to V vanish:

gil.“izkla = 03 1 S 7:17"' 77:2ka a S n,

where:
o 1---02k J L. . _ . Y . . .
Giq..iok|a *— Dz - Failg]’LQ...lgk <o F(u‘%gil,..zzk,lj'
Denoting
o o aghmizk
gll...’bzk ,a T axa bl
let us try the usual Christoffel process:
. J L J o )
Giq..igg »02k+1 Fi2k+1ilg]12---l2k .+ Fi2k+1i2k911---12k—13
S = J L J S
g742~~~12k+1711 - Filiggﬂsu~lzk+1 ot i1i2k+lgl2m22kj

) ) . - 17 L J ) ) .
ngk+1~~-12k—l s02k - Figki2k+1g]7‘1~-712k71 +...+ Figkigk_1912k+1~~12k—2]'

At this stage, we do not know of any method to find T'.
Let us treat in detail the case k = 2:

Girvigisinis = Ui Giininia + DL iy Girjinia + Do gy Giviajis + DoniyGinizia
Ginisisinis = Uiy Giiniais + Uiy Ginginis + T sy Giniagis + Lo in Ginisiai
Givivisivis = Ui Gitainis + DL, Giaginis + Do Giniagin + Doty Giiaing
Gisisivings = Ul Gjisivia + Do Giagivia + Ui Gisisgin + Doiy Gininins

B J g e I i I g
Gigivigis,ia = Fi4i5gﬂll223 + Fi4ilglsﬂ213 + Fi4igglsh]ls + Fi4i39252122J‘
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Subtracting the last two relations from the sum of first three we obtain:

J J J o Td
Filigg]131415 + Fisilgﬂzlsu + Fi5i2-gjlllgl4 Fi3i4gjhl2l5
1

= 3 (Girinigiasis T Ginigiis.in T Jigiaisizyia — Gininivizis — Jisivizis.ia) -

Let us recall that another method to find the Christoffel coefficients is to compute
the Fuler-Lagrange equations:

oL d (0L
Ea (L) = dxe  dt <8y“>

for the kinetic energy L : TM = (z%,y%) — R:

1

1 .
L(w,y) = S lyl* = 596 (@) 'y’

because:
9E, (L) = & +1T7,,473™,

where (g“b) is the inverse of (gap)-
In the general case, for:

1 1 1 1 i iy L
L=Zlylse =5 .. ,9)* = B (Giroiae (@) Y™ y?*) E

2 2
we have:
oL 1 1 .
o = o5 G-V Giriaal” Y
oL 1 )
a7 = (0.9 Gaig.ing ¥ - Y
and then:
— 1 E—l i1 P2k d el i P2k
Ea(L)—ﬂ(g...y VET Giy i,V Y % (9.9 )% Gaig.ing ¥y |

Therefore, in the expression of E, (L) the second derivative does not appear
separately.

However, if the 2k-Riemannian metric g is generated, via Proposition 1, by a
classical Riemannian metric g, then the Levi-Civita connection of ¢ is Levi-
Civita for g. For example, if k = 4:

gi1i2i3i4‘a

1
_ cl cl cl cl cl cl cl cl cl cl cl cl
- g(giliQ‘(Lgigh + gi1i2gi3i4‘a + gi1i3|agi2i4 =+ gi1iagi2i4|a =+ gi1i4|agi2i3 =+ gi1i4gi2i3|a)

and then, if gfjl.‘a = 0 it follows that g;,iyizisja = O
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