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ON STEFFENSEN PAIRS

FENG QI AND BAI-NI GUO

ABSTRACT. In this article, by mathematical induction and properties of the generalized weighted

mean values, some general Steffensen pairs are established.

1. INTRODUCTION

Let f and g be integrable functions on [a,b] such that f is decreasing and 0 < g(z) < 1 for

x € [a,b]. Then
b

b a+A
f(z)dr < / f(@)g(z)dz < / f(z)d, (1)

b—X
where \ = fab g(z)dx.
The inequality (1) is called Steffensen’s inequality in [3, 8].
In [1], its discrete analogue of the inequality (1) was proved: Let {x;}7; be a decreasing finite
sequence of nonnegative real numbers, {y;}7; be a finite sequence of real numbers such that

n
0<y; <1lforl<i<n Let ki, ke €{1,2,...,n} be such that ko < > y; < k1. Then
i=1

n

n k1
> <Y wy <) w @)
=1 =1

i=n—ko+1
As a direct consequence of inequality (2), we obtain: Let {z;}]"; be a finite sequence of non-

n n

negative real numbers such that Y z; < A and Y 22 > B?, where A and B are positive real
i=1 i=1

numbers. Let k € {1,2,...,n} be such that k > 4. Then there are k numbers among {z;}7,

whose sum is not less than B.
From above results, the so-called Steffensen pair was defined in [2] by Dr. H. Gauchman as

follows:

Date: July 13, 2000.

1991 Mathematics Subject Classification. Primary 26D15.
Key words and phrases. Steffensen inequality, Steffensen pair, generalized weighted mean values, mathematical

induction, absolutely monotonic function.
The authors were supported in part by NSF of Henan Province (no. 004051800), SF for Pure Research of the

Education Committee of Henan Province (no. 1999110004), and Doctor Fund of Jiaozuo Institute of Technology,
The People’s Republic of China.



2 FENG QI AND BAI-NI GUO

Definition 1. Let ¢ : [¢,00) — [0,00) and 7 : (0, 00) — (0, 00) be two strictly increasing functions,
¢ >0, let {z;}_; be a finite sequence of real numbers such that z; > ¢ for all i, A and B be positive

real numbers, Y- x; < A, and Y o(x;) > ¢(B). If, for any k € {i}I satisfying k > 7(4), there
i=1 i=1

are k numbers ;mong {z;}?_, whose sum is not less than B, then we call (¢, 7) a Steffensen pair

on [¢, 00).

In [1] and [2], the following Steffensen pairs were found:

(x“,ml/(a_l)), a>2, z€l0,00);

(zexp(z® —1),(1+2)YY), a>1, zell,0).

It was verified in [5] that: Let a and b be real numbers satisfying b >a > 1 or b > a~! > 1, and

Vab > e, then
b
<{L‘/ tlnx—ldt’xl/ln\/@> (3)
a

is a Steffensen pair on [1,+00). If @ and b are real numbers satisfying b > a > 1 and vab > e, then
b nt2 (n0)" ! oyl
x / (]n t)”tln Ifldt, 2T (o) F2—(Ina)n+2 (4)
a

are Steffensen pairs on [1, +00) for any positive integer n.

In this article, we will establish more general Steffensen pairs, that is

Theorem 1. Let a,b € R, let p #Z 0 be a nonnegative and integrable function and f a positive and

integrable function on the interval [a,b].

(i) If inequality
b b
[ pdu< [ ot (e (5)
holds, then

b 12 p(wydu
<x [ pllp e du, T ) (6)

is a Steffensen pair on [1,400).

(i) If f(u) > 1 and inequality (5) holds, then
’ L8 p(u)in )" du_
x/ p(w)[f ()™ [In f(u)]"du, 2 12 (000 F 01" FTa )

are Steffensen pairs on [1,400) for any positive integer n.

Remark 1. This theorem generalizes the Proposition 2 in [2] and the related results in [5].
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2. LEMMAS

Lemma 1 ([2]). Let v : [c,00) — [0,00) be increasing and convez, ¢ > 0. Assume that ¢ satisfies
Y(zy) = Y(x)gly) for allz = ¢ and y > 1, where g : [1,00) — [0,00) is strictly increasing. Set
o(x) = 2(x), 7(x) = g~ (x), where g~! is the inverse function of g. Then (¢, T) is a Steffensen

pair on [c,00).

Define
b
ht) = [ o), teR Q
where p(u) is a nonnegative and continuous function, f(u) a positive and continuous function on

the interval [a,b], and a,b € R.
It is clear [4, 7] that, if f(u) > 1 on [a,b], then

b
K@) = [ plf ) f)"du > 0, (9)
that is, h(t) is an absolutely monotonic function, see [3, 4].
By the Cauchy-Schwarz-Buniakowski inequality, it is easy to obtain

Lemma 2. Forn >0, if f(u) > 1 on [a,b], then we have
A (2))2 < A ()T (2),  z eR. (10)

Let a,b,7,s € R, let p # 0 be a nonnegative and integrable function and f a positive and
integrable function on the interval between a and b. Then the generalized weighted mean values

M, ¢(r, s;a,b) of the function f with weight p and two parameters r and s are defined in [4] by

b W) £5 (0 du 1/(s—7) 5 1/(s—r)
Mp7f(r,s;a,b)—<m> _(28) . r—s)a—b)#£0; (1)

My ¢(r,r;a,b) = ex (f pf ol lnf( Jdu ) :exp(};l/((:))>, a—b#0; (12)

M(r,s;a,a) = f(a).

From the Cauchy-Schwarz-Buniakowski inequality again and standard argument, we have

Lemma 3 ([7]). The generalized weighted mean values M, ¢(r,s;a,b) are increasing with both r

and s for any given continuous nonnegative weight p and continuous positive function f.

Lemma 4. Forn >0 and x > 0, if

b b
/ p(u)du < / p(u) In f(u)du, (13)
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then we have

RO () > b (2). (14)

Proof. By Lemma 3, the mean values

are increasing with respect to x and y, then the function

hz +y)

PO =

is increasing with z for fixed y > 0. Therefore

W (z+y)h(x) — h(zx +y)h/(x)
NGk >0

F'(z)=
Hence, the inequality
h'(z + y)h(z) — h(xz + y)h' () = 0 (15)
holds for all x and all y > 0.
Note that the inequality (15) can also be obtained from the Lemma in [6].
Taking « = 0 in inequality (15), we obtain

K (y)h(0) — h(y)K'(0) = 0 (16)
for all y > 0, and

h(0) = / bp(u)du, (17)

K (0) = / bp(u) In f(u)du. (18)

Since inequality (13) means that h'(0) > h(0), thus h'(y) > h(y) for all y > 0.
By mathematical induction, assume that h("*(z) > h(™)(z) for n > 2 and = > 0. Then, from

Lemma 2, we obtain
R (@)h D (@) < [P (@) < B (2) ) (2), (19)

therefore

h(n—i—l) (a,:) < h(n+2) (CL’)

The proof is completed. O
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3. NEW STEFFENSEN PAIRS

Now we give a proof of Theorem 1.

R(n+1) (]

Set ¥(z) = h™ (Inz) for 2 > 1 and n > 0. Direct computation yields that ¢/ (z) =

h(n+2) (] _pnt+1) .. .
0 and ¢ (z) = (”)362 (nz) > 0. Hence ¥ (x) is increasing and convex.

Since f(u) > 1, for n > 1, by Lemma 3, we have

W ty) _ fyp()lf ”y[lnf( wtde ( S plw)in £(u >]"+ldu> %
@l farde o\ P sy )
Therefore, for z,y > 1,

n n b () (In £ ()] du
U(zy) _ h"(n(zy)) ™ (Inz +Iny) N yw% o
¥(x) h(™) (In z) A (Inz)

JE p(uw)in f ()" T du J2 p(w)[in f(w)] " du
Let g(x) = o Jartlns@lmde for 1 > 1, then g=1(z) = /o p(ie fmHlauw g e [1 400).

By Lemma 1, (p,7), where p(z) = z¢(z) = zh(™(Inz) = :cfabp(u)[f(u)]lnz[ln f(w)]™du and
[2 p(lin )" du
7(x) = pldrinf@I*Hldu for > 1 and n > 1, are Steffensen pairs on [1, +00) for any given n > 1.

For n =0, by Lemma 3, we have

h w+yd 1
(z+y) _ Jup@lf(u u>ep<y Jy p(w) nf ) (22)
h(@) S p(w)[f ()] du Sy plu
Therefore, for x,y > 1,
b (w)In f(u)du
¢(ry) _ h(n(zy)) h(nz+Iny) o % (23)
Y(x) h(Inx) h(lnx)
J& p(u)In f(u)du J2 p(u)du
Let g(x) = Jirdv  for x > 1, then g~ !(z) = p/arinfmdn g ¢ [1 +00).
By Lemma 1, (¢,7), where o(x) = z¢(xz) = zh(lnz) = mf p(u)[f(w)]"*du and 7(z) =

1l p(w)du
xlarimfwde for p > 1 and n > 1, are Steffensen pairs on [1, +00) for any given n > 1.

The proof is complete.
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