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Abstract

In this article we study the degree of LP-approximation (1 < p < 4+00) to the
unit, by univariate and multivariate variants of the Jackson-type generalizations
of Picard, Gauss—Weierstrass and Poisson—Cauchy singular integrals.

Part A: Univariate Results

1. Introduction

Let f be a function from R into itself. For r € N, the rth L,-modulus of smoothness

over R (1 < p < 400) is defined by

wr(f;0)x = sup | AL fllx,
[h|<6

where

B(a) = Yo (1) C)f(m i), ren,
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X=IPR) or X =1L (R),
+00 1/p
Pl = ([ I@Pas)

ez = ([ 1r@pan) "

Next, for £ > 0 we consider the Jackson-type generalizations of Picard, Poisson—Cauchy

and Gauss—Weierstrass singular integrals introduced in [3] by
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respectively (the above operators are introduced by generalizing the usual Picard, Poisson—
Cauchy and Gauss—Weierstrass singular integrals, by following the same idea which is used
to define the Jackson’s generalized operator in classical approximation theory).

Here we consider only f such that P, ¢(f;x), Qne(f;2), Whe(f;2) € R, for all z € R.
2. LP-approximation, 1 < p < +o0

The first main result of this section is

Theorem 2.1. Here take X = L*(R) (for P,¢), X = L5 (R), (for Wye, Qne), € > 0,

neN, fe X. Then

1f = Pagllx <

~—

n+1
> <nz 1) kl] wnt1(f;€)x, €>0; (1
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w1 (fi8) my, 0<E<L (2)

1f = Que(Pllx < K, Ownsr (£ ) >0, (3)

where K (n, &) = [1/tan—1 ﬂ /e (u:213_"1+1 du.

Remark. For fixed n € N, by (1) and (2) it follows that

If = Pag(Hllx =0, [If = Waelf)llx =0 as&—0.

On the other hand, because K(n,§) — 400, as £ — 0, by (3) we do not obtain, in
general, the convergence || f — Qne(f)||x — 0 as § — 0. However, in some particular cases

the convergence holds, as can be seen by the following.

Corollary 2.1. If f(*tD) ¢ Li_(R) and ™ s absolutely continuous on R, then

If = Qne(Nllry @y <Cn& 0<E<1

where Cp, > 0 s a constant independent of f and &.
The second main result of the section follows.

Theorem 2.2. Let us consider X = LP(R) (for P,¢), X = L5 _(R) (for Wye, Qng),

0<§§1,nEN,1<p<+oo,%+%:1,fEX. Then

1f = PaeH)llx < (2/0)" Nl oy ywna (f: Ox,
where g(u) = (u+ 1)"He=u/2;

1~ Wl < (Y3 ) " e (¢
n,& X > 2 f(;-r —2 du LP(Ry)Wn+1\J58) X,

where h(u) = (u+ 1)"+1e="/2;

1 = QuelDllx < Kpln. wna (F:6) 1z m-

1/p
where Kp(n,§) = 1 _ fg/g(u + 1)(n+1)pu21Jrl du
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Remark. Theorem 2.2 shows us that

1f = Pre(Hllx < Crwonp1(f;)x, IIf = Wae(f)llx < Cowng1(f;6)x

where C1,Cy > 0 are independent of f, n and &, while Kp(n,§) in the third estimation (in
Theorem 2.2) tends to +oo with £ — 0. In this case, as in Corollary 2.1 we can improve

the estimation of ||f — Qn¢(f)[ x-
3. Uniform Approximation by @, ¢ Operator

We present

Theorem 3.1. For 0 < <1,neN, fe X =Cy%(R), we get the estimation

1f = Qne(f)llx < K(n,§wni1(f;6)x,

where K(n,§) is given by Theorem 2.1.

Corollary 3.2. If (") € 0y (R) = X, then

where Cp, > 0 is independent of f and &.

Part B: Multivariate Results

4. Introduction

Let f be a function defined on R™ with values in R.

Let © = (x1,...,2m), h = (h1,...,hm) € R™. Let us denote

r

=3 ()i, ren.

=0



We define the rth LP-modulus of smoothness over R™, 1 < p < 400, by

wr(f;0)p = sup{|ALS ()| Lo mmy; [R] < 6},

where |h| = (|h1], 2|, -, |hml]), 6 = (81,...,0m), |h] < 6 means |h;| < &;, i =i, m and
+00 +o0 1/p
HfHLP(Rm):{/ [ |f($1,...,xm)|pdx1...dxm} ,
if 1 <p < +oo,

I fll oo mmy = sup{|f(z1,...,2m)|;2; € R i =i,m},

if p = —+o0.

When f € LL_(R™) = {f : R™ — R, f is 2r-periodic in each variable and ||fHL:§ ®mm) <

+o0}, the rth LP-modulus of smoothness is defined as above, where

T ™ 1/p
gy = { [ o [ VlonseeamlPdar. . den

if 1 <p<4oo,
HfHLgﬂ_(Rm) = sup{\f(xl, s ,.’Em)‘,qu € [_Wuﬂ]vi = 17m}7
if p = +4o0.

Next, for £ = (&1,...,&m) > 0 (ie., & > 0,7 = 1,m), we consider the multivariate vari-
ants of the Jackson-type generalizations of Picard, Poisson—Cauchy and Gauss—Weierstrass

singular integrals introduced in [2] by
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and
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respectively, where C(&;) = [ e‘tf/ﬁ?dti, i=1,m,z=(x1,...,2,) € R™
We denote

2 Ti 0
Erf(x;) = ﬁ/o e “idt;, x; €R.

Here we obtain analogous results as in Part A.
5. LP-approximation 1 < p < 40

The first main result here is

Theorem 5.1. Let X = L'(R™) (for Po¢), X = L3 (R™) (for Wye, Qne), £ € R™,

E>0,neN, feX. Then

n+1 m
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where

71'/5Z (U+ 1)1’L+1 T . .
K(n, &) = [/0 Wdu Jtan™" —,  i=i,m.

The next main result has as follows:



Theorem 5.2. Let X = LP(R™) (for P,¢), X = L5 (R™) (for Wye, Qne), € € R™,

0<§i§1,i:1,m,n€N,1<p<+oo,%+%:1,f€X. Then

2\ ™4
£ = PacDlx < (3) ol nn (F5)x.

where g(u) = (u+1)""le /2y € Ry;

v 1/q ™ —u2 m
( 2q> HhHLP(R+)//O e dul wp(fi8)x,

0<&<1,

1f = Whe(Hllx <

where h(u) = (u+ 1) e~%"/2; and

1f = Qne(f)llx < [H Kp(n,ﬁi)] wnt1(f;€)x, 0<E6<T,

=1

. 1
where K,(n, &) = [ Oﬂ/&[(u + 1)+ 0P /(4% 4+ 1)] du/ tan~! g} /p.

The last result has to do with the uniform convergence.

Theorem 5.3. Let X = L®(R™) (for P,¢), X = L(R™) (for Wye, Qne), £ € R™,

0<¢<1,neN, feX. Then

TREUTRES D of (g ] RSV

k=0

+oo n+1,—u?
u—+1 e du
1f = Whe(H)llx < l o | = _)uz
0 € du

] w1 (f;8)x, 0<E<T;

and

||f - Qn,{(f)”X < [H K(nvgl)‘| wn+1(f;£)X7 g > 07

i=1
where K(n,&;) is given in Theorem 5.1.
Remark. Theorems 5.1-5.3 show us that while the generalized operators P, ¢ and W), ¢
give very good estimates (such that if { — 0, ie., & — 0, i@ = 1,m, then P,¢(f) — f,
Wi.e(f) — f), for the generalized operator @, ¢(f) in general this does not happen, because

if & — 0, we have K,(n,&;) — +oo, for all 1 < p < +o0.

7



alkl ¢
k k
mll..-ammm

17)

<M

However, under some smoothness conditions for f, (as for example if
on R™ for all |k| € {0,1,...,n+1}, where |k| = k1 + -+ kn, ki € NU{0}, i =1,m) and

reasoning as in the univariate case, Part A, we easily get that @, ¢(f) — f, as £ — 0.

We intend to publish the above results with full proofs and more discussion elsewhere.
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