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A GENERALISATION OF THE TRAPEZOIDAL RULE FOR THE
RIEMANN-STIELTJES INTEGRAL AND APPLICATIONS

S.S. DPRAGOMIR, C. BUSE, M.V. BOLDEA, AND L. BRAESCU

ABSTRACT. A generalisation of the trapezoid rule for the Riemann-Stieltjes
integral and applications for special means are given.

1. INTRODUCTION

The following inequality is well known in the literature as the “trapezoid inequal-
”

ity”:
(1.1) f() () (b—a) /f t)dt

where the mapping f : [a,b] — R is assumed to be twice differentiable on (a,b)
with its second derivative f” : (a,b) — R bounded on (a,b), that is, ||f"|
SUPe(ap) [f” ()| < oo. The constant 5 is sharp in (1.1) in the sense that it cannot
be replaced by a smaller constant.

Ifl,:a=29<z1 <..<xp_1 <, =>is a division of the interval [a,b] and
hi = xip1— 24, v (h) := max {h;|i = 0,...,n — 1}, then the following formula, which
is called the “trapezoid quadrature formula”

(1.2) T(f’]n):iw.hi
i=0

< - 7]

approximates the integral f; f(t)dt with an error of approximation Ry (f,I,)
which satisfies the estimate

n—1

(1.3) ‘RT (f7 n)| <5 12 Hf”” Zh?’ - 12

1"

w [ (W)

In (1.3), the constant % is sharp as well.

If the second derivative does not exist or f” is unbounded on (a,b), then we
cannot apply (1.3) to obtain a bound for the approximation error. It is important,
therefore, that we consider the problem of estimating Ry (f, ) in terms of lower
derivatives.

Define the following functional associated to the trapezoid inequality

(1.4 w(gian = OO o0 [rwa
a,bl.

where f : [a,b] — R is an integrable mapping on |
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The following result is known [3]:

Theorem 1. Let f : [a,b] — R be an absolutely continuous mapping on [a,b].
Then

(1.5) [P (f;a,b)
)| i € Lo [a,b];

1
< i e fe L lab], p>1, 4l =1;
< § S, e pe L b=
SR VAIE
where ||-||,, are the usual p—norms, i.e.,
[f'lle = =ess sup [f'(#)],
t€la,b]
b %
17, 5 = [ 15 ora) e
and
b
171 = [ 17 @),
respectively.

The following corollary for composite formulae holds [3].

Corollary 1. Let f be as in Theorem 1. Then we have the quadrature formula

b
(1.6) / F@)de =T (f,1,) + Rr (f, L),

where T (f, I,,) is the trapezoid rule and the remainder Ry (f,I,,) satisfies the esti-
mation

n—1
111 ZIO h3 if f'€ Lo la,b];
(L7)  |Re(f. )| < 1 NG
], (3 if f'€Lyla,b],
2(q+1)4 i=0
p>1 s+ 1=1;
sy v (h).

A more general result concerning a trapezoid inequality for functions of bounded
variation has been proved in the paper [4].

Theorem 2. Let f : [a,b] — R be a mapping of bounded variation on [a,b] and
denote \/Z (f) as its total variation on [a,b]. Then we have the inequality

(1.8) W (f;a,b)] <

N |

b
b-a)\/(f).

The constant % s sharp in the sense that it cannot be replaced by a smaller constant.
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The following corollary which provides an upper bound for the approximation
error in the trapezoid quadrature formula, for f of bounded variation, holds [4].

Corollary 2. Assume that f : [a,b] — R is of bounded variation on [a,b]. Then
we have the quadrature formula (1.6) where the reminder satisfies the estimate

b
(1.9) R (£, 1)1 < 5w )\ ()

The constant % s sharp.

For other recent results on the trapezoid inequality see [5]-[10], or the book [11]
where further references are given.

The following theorem generalizing the classical trapezoid inequality for map-
pings of bounded variation holds [12].

Theorem 3. Let f : [a,b] — K(K=R,C) be a p — H—Holder type mapping, that
is, it satisfies the condition

(1.10) |f (@)= fW)| < Hlz—yl” forallz,y € [a,b],
where H > 0 and p € (0, 1] are given, and u : [a,b] — K is a mapping of bounded

variation on [a,b]. Then we have the inequality:

b
(L.11) |V (f,u0.b)| < oo H (0= a)” \/ (w)
where W (f,u;a,b) is the generalized trapezoid functional
b
a2 wusan = X O e —w@) - @

The constant C = 1 on the right hand side of (1.11) cannot be replaced by a smaller
constant.

The following corollaries are natural consequences of (1.11):

Corollary 3. Let f be as above and u : [a,b] — R be a monotonic mapping on
[a,b]. Then we have

(1.13) U (f,usa,b)| S%H(b—a)m(b)—u(a)y

Corollary 4. Let f be as above and u : [a,b] — K be a Lipschitzian mapping with
the constant L > 0. Then

(1.14) W (f, u;a,b)| < —HL (b—a)’*t.

Corollary 5. Let f be as above and G : [a,b] — R be the cumulative distribution
function of a certain random variable X. Then

b
(1.15) |W/ FOAGH)| < —H(b—a).
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Remark 1. If we assume that g: [a b] ((a,b)) — K is continuous then u(x) =

[ g(t)dt is differentiable, u ( f g(t)dt, u(a) =0, and\/ f lg (t)
Consequently, by (1.11), we obtam

b b
(1.16) |f”§f<b)/ sar— [ 7090

b
0= [l

The following theorem which complements, in a sense, the previous result also
holds [13].

Theorem 4. Let f : [a,b] — K be a mapping of bounded variation on [a,b] and
u: [a,b] — K be a p— H—Hélder type mapping, that is, it satisfies the condition:

(1.17) fu(2) — u(y)| < H |z —yl? for allz,y € [a,5],
where H > 0 and p € (0,1] are given. Then we have the inequality:

b
(1.18) |U (f,u;a,b)| <% P\/
The constant C = 1 on the right hand side of (1.18) cannot be replaced by a smaller
constant.
The following corollary is a natural consequence of the above result.

Corollary 6. Let f : [a,b] — K be as in Theorem 4 and w be an L—Lipschitzian
mapping on [a,b], that is,

(1.19) lu(t) —u(s)| < L|t—s| forallt,sela,b],
where L > 0 is fired. Then we have the inequality

b
(1.20) | (f,uab|<—b—a\/

Remark 2. If f : [a,b] — R is monotonic and u is of p— H—Hdélder type, then the
inequality (1.18) becomes:

1

(1.21) ¥ (f,wa,b)] < o H (b= a)|f (b) = f(a)l.

In addition, if u is L— Lipschitzian, then the inequality (1.20) can be replaced by
L

(1.22) ¥ (f,wa,b)] < 5 (b—a)|f (b) = f(a)l.

Remark 3. If f is Lipschitzian with a constant K > 0, then it is obvious that f is

of bounded variation on [a,b] and \/Z (f) < K (b—a). Consequently, the inequality
(1.18) becomes

1
(1.23) |V (f ua,b)| < S HE (b—a)™
and the inequality (1.20) becomes

(1.24) O (f,us 0,b)] < %(b—a)Q.
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We now point out some results in estimating the integral of a product.

Corollary 7. Let f : [a,b] — R be a mapping of bounded variation on [a,b] and g
be continuous on [a,b] . Put ||gll,, = suPsepq 4 19 (t)|. Then we have the inequality:

FOIO [0 [ wowa) <= 0w\ ().

a
Remark 4. Now, if in the above corollary we assume that f is monotonic, then
(1.25) becomes

(1.26) VK);N)/ (k_/f
< gl 1£ () = ()I(b—a’
- 2

and if in Corollary 7 we assume that f is K— Lipschitzian, then the inequality (1.25)

becomes
b b
HOLIO [ysas— [ 1

The following corollary is also a natural consequence of Theorem 4.

(1.25)

2
| < ol B )

(1.27) 5

Corollary 8. Let f and g be as in Corollary 7. Put

1

b P
HW@=</|MQP%>;p>L

Then we have the inequality

fU;ﬂ)/ %_/f

b

pl
< 2plllgll a) 7 \/(f)

a

(1.28)

2. THE RESULTS
The following theorem holds.
Theorem 5. Let u: [a,b] — R be of H — r-Holder type, i.e., we recall this
(2.1) lu(z) —u(y)| < Hlxz —y|", for any x,y € [a,b] and some H > 0,
where r € (0,1] is given, and f : [a,b] — R is of bounded variation.

Then we have the inequality:

(2.2) / f@)du(t) = [(u(d) = u(x)) f(b) + (u(z) - u(a))f(a)]

a+b
2

T —

< H[;(b—aﬂ—

r b b
]VméHwﬂNVU)

for any x € [a,b].
The constant % 18 sharp in the sense that we cannot put a smaller constant instead.
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Proof. Using the integration by parts formula, we may state:
b
(23) [ttt -~ utaare
’ b
= [u(b) —u(x)]f(b) = [u(a) — u(x)]f(a) — /a f(t)du(t)

It is well known that if m : [a,b] — R is continuous and n : [a,b] — R is of bounded
variation, the Riemann-Stieltjes integral ff m(t)dn(t) exists, and

b

t€la,b] a
Thus,
b
JRCCEOA0
b
< s fult) ~u(@) V(D) < sup {Hlt—al }\/
b
= Hmax{|b—z|", a|}\/ Hmax(b — z,z — a) T\/(f)
rob
= H [;(b—a)—i- T — a—2i—b } \/(f)
Finally, as

< 5(b— a) for any z € [a, b]

a—i—b‘ 1

we get the last inequality in (2.2).
To prove the sharpness of the constant %, we assume that (2.2) holds with the
constant ¢ > 0, i.e.,

b
(24) [ H0du®) - (@) ~ @) £0) + (u(z) - u(e)) f(@)

]r\b/(f).

a

a+b
2

< H{c(b—a)—&-’x—

Choose u(t) = t which is of (1 — 1)-Holder type and f : [a,b] — R, f(t) = 0 if
t € {a,b} and f(t) =1 if t € (a,b), which is of bounded variation, in (2.4).
We get:

a+b
2

|b—a|§2[c(b—a)+‘x— H, for any x € [a, b].

a+b

For x = 5

, we get:

|b —a| <2c¢(b—a), ie c>

N =
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Remark 5. If u is Lipschitz continuous function, i.e.
|u(z) —u(y)| < Llx —y| for any z,y € [a,b], ( and some L > 0),

the inequality (2.2) becomes:

(2.5)

Corollary 9. If f is of bounded variation on [a,b] and u is absolutely continuous
with v’ € Loo[a,b] then instead of L in (2.5) we can put

[|[u/]|oo = ess sup |u'(t)].
t€la,b]
Corollary 10. If g : [a,b] — R is Riemann integrable on [a,b] and if we choose
u(t) = fat g(s)ds, then

x

b b
/ F(®)g(tydt — £(b) / o(s)ds — f(a) / o(s)ds

a

(2.6)

< ol 50—+ o= 5| V) < ol G- a)\:/(f)-

a

Remark 6. If in (2.6) we choose x = ‘%"b, we get the best inequality in the class,

i.e.,
b b afb
2.1) [ s =10 [ gsas— 5@ [T g(s)as
1 b
< gl b- @)\,
3. APPROXIMATING RIEMANN-STIELTJES INTEGRAL
Let I, ta =290 < 21 < +++ < Tp_1 < 2, = b a division of [a,b]. Denote
h; :== x;4+1 — 23, and v(I,) = sup h; then construct the sums
i=0,n—1
n—1 n—1
(3.1)  S(fouLn &) =) [u(@iyr) — u(€)]f(wip1) + Y _[u(€;) — u(z:)] f(2:),
i=0 =0

where gz € [xi?xi-i-l]ﬂ; = Oa n — 1 and 5 = (§Ov§15 T gn—l)'
We can state the following theorem concerning the approximation of Riemann-
Stieltjes integral:

Theorem 6. Let f,u be as in Theorem 5 and I, &€ as defined above. Then:

b
(3.2) / ft)du(t) = S(f,u, I, &) + R(f,u, I,,§)
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when S(f,u, I, &) is defined by (3.1) and the remainder R(f,u, I,,&) satisfies the
estimate:

 Tit+ Tigl

&~ 3

2

i=0,n—1

3.3)  [R(f,u, In,§)| < H‘[lV(fn)Jr sup

™ b
1 V(&)
b a
< HVT(In)\/(f)

Proof. We apply (2.2) on [x;, z;4+1] to get:

/ T () — (i) — wl€)f @) — [u(E) — u(es) ()

i

1 T+ rTip1 T$i+1
< [yl - SEERN (< V)

Summing on ¢ from 0 to n — 1, and using the generalised triangle inequality we get:

b
/ Fdu(t) — S(f,u, I, €)

n711 z + 2 r Titl
< H. ~h; G e 2
< 1Y [pnefe- 2 Vi
1 T+ x; b
< H “hy B e
S |
1 x; + x; "
< H|;v(l,)+ sup @-lz“] (f)
2 i=0,n—1 2 M

b
< Hv'(I,)\/(f),
and the theorem is proved. §

Remark 7. It is obvious that if v(I,) — 0 then (3.2) provides an approzimation
for the Riemann-Stieltjes integral ff ft)du(t).

Corollary 11. If we consider the sum

Sut(fou 1)

- Z ute) - (25 o) +Z o (Z) — e 1)
then:
(3.4) / " HOdu(t) = Sut (o ) + Rar(frs )

and the remainder Ry (f,u, I,,) satisfies the estimate

b
(35) R, L] < o HY (1) V().
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The following corollary in approximating the integral fab f(#)g(t)dt holds.

Corollary 12. If f. g are as in Corollary 10, then

b
/ F(Og(t)dt = P(f, g, 1, €) + Ro(f. 9. I, £)

where
n—1 Tit1 n—1 &,
PU 010§ = 3 o) [ gloyds + 3 ) [ gls)ds.
i=0 & i=0 i

and the remainder Rp(f,g,I,,€) satisfies the estimate:

€ —

1
|RP(fagvjna€)‘ < ”g”oo [QV(IH)+ sup
i=0,n—1

b
< Mgl v(Za) \/ ()

Remark 8. If in the above corollary we choose &, = ;m-# (z =0,n— 1) then
we get the best formula in the class, i.e.,

n—1 Tig1 n—1 Ia‘,+;1+1
Pr(f,9,1n,€) = Z f(@it1) /%_eri+1 g(s)ds + Z f(acz)/ g(s)ds
1=0 -2 =0 X

and

1 b
Rpy (f.9:10:€) < 5 19loc v(1) \/ (£)-

4. APPLICATION FOR SPECIAL MEANS

Consider the means:

1. Arithmetic mean

2. Geometric mean
G(a,b) := Vab;a,b > 0;

3. Harmonic mean

H(a,b) := ya,b > 0;
A
4. Logarithmic mean
bh—
ﬁ, a,b>0,a=b
L(a,b) := no—ma
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5. Identric mean

I(a,b) = a®
a, a=1»b
6. p- Logarithmic mean
+1 _ ,p+1 15>
{b”a} ;o a,b>0,a=0
Ly(a,b):={ L+1)(b—a) , peR\{-1,0}.

a, a=h.

It is well known that L,(a,b) is monotically increasing as a function of p —
L,(a,b) denoting that L_1 = L and Lo = 1.
In Section 2 we proved the following inequality:

/ab f(t)g(t)dt — f(b)/bg(s)ds - f(a)]g(s)ds
< gl [;(b —a)+ )m _a ; bH \:/(f) < lglles (b= a) \:/(f)_

We can use this inequality in the sequel for different selections of f and g.
1. If we choose: f(z) = 2P and g(zx) = 2%,z € [a,b], a,b > 0 we get the
inequalities:

|(b— a)Lgig(a, b) = P (b—x)Li(z,b) — aP(x — a)Li(a, )|

< bip(b—a)*Lh”(a,b)
for any ¢ > 0 and
|(b—a)LP(a,b) — b (b — x)L(x,b) — aP (x — a)Li(a, z)|

p+q
< alp(b— a)2L£:}(a, b)
for any g < 0, ¢ # —1. Particularly, for x = A(a,b) we obtain:
|2LP74(a,b) — PLI(A(a,b),b) — a? L(a, A(a, b))|

ptq

< V(b —a)L7i(a,b)

for any ¢ > 0, respectively,
|2L87(a,b) — BPLI(A(a,b),b) — a? L(a, A(a, b))|

< a¥p(b— a)LZ:i(a, b)

for any ¢ < 0, ¢ # —1.
2. If we choose: f(z) =P and g(z) = 1,2 € [a,b],a,b > 0 we get the inequality:
(b— a)ng(a, b) — (b — x)L71(x,b) — aP(x — a) L™} (a, z)

p 27p—1
< a(bfa) szl(a,b).
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Particularly, for z = A(a,b) we obtain:

200”1 (a,b) — bPLZ}(A(a,b),b) — a?L71(a, A(a,b))| <

SIS

(b—a)LP”}(a,b).

3. If we choose: f(z) = 2P and g(z) = Inz,z € [a,b],a,b > 0 we get the
inequality:

‘b_cll[(p Inb+1Inb—1)LP(a,b) + a?™ L71(a,b)]

=P (b — x)In(Lo(z, b)) — a®(z — a) In(Lo(a, x))‘
< p(b—a)*(Inb)LP"}(a,b).

Particularly, for x = A(a,b) we obtain:

‘W[(p Inb+1Inb—1)LE(a,b) + a’*'LZ{(a,b)]
=0 In(Lo(A(a,b),b)) — a? In(Lo(a, A(a, b))‘
< p(b—a)InbL’"(a,b).
4. If we choose: f(x) = % and g(z) = 2%, x € [a,b],a,b > 0 we get the inequali-
ties:
’GQ(a, b)(b— a)ng(a, b) —a(b—x)Li(z,b) — b(x — a)Li(a, x)‘ < (b—a)?v?

for any ¢ > 0 and

‘Gz(a, b)(b— a)Li~}(a,b) — a(b — )L (x,b) — bz — a)L%(a, x). < (b—a)2a

for any ¢ < 0,q # —1.
Particularly, for = A(a,b) we obtain:

‘2@2@, b)LI~ (a,b) — aLi(A(a,b),b) — bLI(a, A(a, b))‘ < (b—a)b?
for any ¢ > 0, respectively:
’2G2(a, B)LI~}(a,b) — aL(A(a,b),b) — bL(a, Ala, b))’ < (b—a)a?

for any ¢ < 0,q # —1.
5. If we choose: f(z) =1 and g(z) = 1 we get the inequality:
(b—a)?

|b—a—a(b—2)L7}(z,b) — b(z —a)L”{(a,z)| < pa

Particularly, for x = A(a,b) we obtain:

b—a

2 — aLZ}(A(a.b),b) ~ bLZ}(a, A(a, )| < —
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If we choose: f(z) =1 and g(z) = Inx we get the inequality:

x

(a,8) - "5 n(G(,b) - L4(a,) — alb — ) In(Lo(z, )

—b(x — a)In (Lo(a,z))
< (b—a)’Inb.
Particularly, for x = A(a,b) we obtain:

|G?(a,b) In(G?(a, b)) L_1(a,b) — aln(Lo(a, A(a,b))| < (b —a)Inb

. If we choose: f(z) =Inz and g(z) = 29 we get the inequalities:

'Z:L‘ll[(q Inb+Inb—1)Li(a,b) + a’ L1 (a,b)]

—(Ind)(b— LE)LZ(JC, b) — (Ina)(a — z)Lg(a, x)

IN

(b—a)?b?L"1(a,b) for any ¢ > 0,

and

’b_“[(q Inb+Inb—1)Li(a,b) + a’ L1 (a,b)]

qg+1

—(Ind)(b— x)Lg(x, b) — (Ina)(a — ;U)Lg(a, x)

< (b—a)®a’L”1(a,b) for any ¢ < 0, ¢ # —1.

Particularly, for z = A(a,b) we obtain:

’qﬂ[(q Inb+Inb—1)Li(a,b) + a’ ' LZ1(a,b)]
—InbLi(A(a,b),b) —InaLl(a, A(a, b))‘
< (b—a)?'L"{(a,b) for any q > 0,

respectively:

17-1
‘q—l—l[(q Inb+Inb—1)Li(a,b) + a’ "' L1 (a,b)]
—InbLi(A(a,b),b) —InaLl(a, A(a, b))‘
< (b—a)a’L”i(a,b) for any ¢ < 0,q # —1.
If we choose: f(z) =1Inz and g(z) = 1 we get the inequality:

h—
5 “1n G*(a,b)L"1(a,b) — (b—x)InbL"1(x,b) — (a — ) InaL”}(a, )

(b—a)

L:%(a, b).
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Particularly, for z = A(a,b) we obtain:
InG?(a,b)L_{(a,b) — InbL”1(A(a,b),b) — InaL”{(a, A(a,b))|

b—a

< L1 (a,b).

9. If we choose: f(z) =Inz and g(x) = Inz we get the inequality:

(1]
2]

(3]

G’;(jf,))[ban a®b” — 2)In(Lo(a,b)) + bIna’b’ — In” b"]

—(b—2)Inbln(Lo(z,b)) — (z —a)Inaln(Lo(a,x))

< (b—a)*InbL™1(a,b).
Particularly, for z = A(a,b) we obtain:

‘Ggéb)[b(ln a*” — 2) —In(Lo(a, b)) + blna®s® — (In ")’

—Inaln(Ly(a, A(a,b))
< (b—a)lnbL™1(a,b).
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