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A THEOREM OF ROLEWICZ’S TYPE IN SOLID FUNCTION
SPACES

CONSTANTIN BUŞE AND SEVER S. DRAGOMIR

Abstract. Let R+ be the set of all non-negative real numbers, I ∈ {R,R+}
and UI = {U(t, s) : t ≥ s ∈ I} be a strongly measurable and exponentially
bounded evolution family of bounded linear operators acting on a Banach space

X. Let φ : R+ → R+ be a strictly increasing function and E be a normed

function space over I satisfying some properties, see Section 2. We prove that
if

φ ◦ (χ[s,∞)(·)||U(·, s)x||)
defines an element of the space E for every s ∈ I and all x ∈ X and if there
exists M > 0 such that

sup
s∈I

|φ ◦ (χ[s,∞)(·)||U(·, s)x||)|E = M <∞, ∀x ∈ X, ||x|| ≤ 1

then UI is uniformly exponentially stable. In particular if ψ : R+ → R+ is
a nondecreasing function such that ψ(t) > 0 for all t > 0 and if there exists

K > 0 such that

sup
s∈I

∞∫
s

ψ(||U(t, s)x||)dt = K <∞, ∀x ∈ X, ||x|| ≤ 1

then UI is uniformly exponentially stable. For I = R+, ψ continuous and UR+
strongly continuous this last result is due to S. Rolewicz. Some related results

for periodic evolution families are also proved.

1. Introduction

Let T = {T (t)}t≥0 be a strongly continuous semigroup on a Banach space X,
and ω0(T) := limt→∞

ln[||T (t)||]
t be its growth bound. It is a well known theorem

of Datko [9], that if the function t 7→ ||T (t)x|| belongs to L2(R+) for all x ∈ X
then ω0(T) is negative, i.e. T is uniformly exponentially stable. This result was
generalized by Pazy [15] who showed that the exponent p = 2 may be replaced by
1 ≤ p <∞, and by Datko [10], who showed the following result:

Let UR+ = {U(t, s) : t ≥ s ≥ 0} be a strongly continuous and exponentially
bounded evolution family of bounded linear operators acting on X, see definitions
below. In what follows we consider that U(t, s) = 0 if t < s. Let us consider the
function

t 7→ Ux
s (t) := χ[s,∞)(t)||U(t, s)x|| : I → R+, s ∈ I, x ∈ X.
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If there exists 1 ≤ p < ∞ such that Ux
s belongs to Lp(R+) for all s ≥ 0 and every

x ∈ X and if, in addition,

sup
s≥0

||Ux
s ||p = M(x) <∞ ∀x ∈ X,

then the family UR+ is uniformly exponentially stable, that is, there exist the con-
stants N > 0 and ν > 0 such that

||U(t, s)|| ≤ Ne−ν(t−s), ∀t ≥ s ≥ 0.

The lastly result was generalized by S. Rolewicz [17]. More exactly, S. Rolewicz
has proved that if ψ : R+ → R+ is a continuous and nondecreasing function such
that ψ(t) > 0 for all t > 0, ψ ◦ Ux

s belongs to L1(R+) for all s ≥ 0 and if, in
addition,

sup
s≥0

||ψ ◦ Ux
s || <∞, ∀x ∈ X, ||x|| ≤ 1

then UR+ is uniformly exponentially stable, see also [18].
A shorter proof of Rolewicz’s theorem was given by Q. Zheng [23] (cf. Neerven

[14, page 111]) who also removed the continuity assumption about ψ. Other proofs
of (the semigroup case) Rolewicz’s theorem was offered by W. Littman [12], and
van Neerven [14, Theorem 3.2.2]. Some related results have been obtained by K.M.
Przy luski [16], G. Weiss [20] and J. Zabczyk [22].

The paper is organized as follows. Section 2 contains the necessary definitions
for the paper to be selfcontained. In this section we also state the main result. In
Section 3 we prove this result and consider some natural consequences. Section 4 is
devoted to some dual results connected with a classical result of Barbashin while the
last section deals with certain integral characterization of nonuniform exponential
stability.

2. Definitions and Notations

Let X be a real or complex Banach space. We shall denote by L(X) the Banach
space of all bounded linear operators acting on X. We also denote by || · || the norms
of vectors and operators in X and L(X), respectively.

A family UI := {U(t, s) : t ≥ s ∈ I} is said to be an evolution family of bounded
linear operators on X, iff:

• (e1 ) U(t, s)U(s, r) = U(t, r) and U(t, t) = Id for all t ≥ r ≥ s ∈ I; Id is the
identity operator in L(X).

The evolution family UI is said to be:
• (e2) strongly continuous if for every x ∈ X the function

(t, s) 7→ U(t, s)x : {(t, s) : t ≥ s ∈ I} → X

is continuous;
• (e3) strongly measurable if for every x ∈ X and any s ∈ I the function

t 7→ ||U(t, s)x|| : [s,∞) → R+

is measurable;
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• (e4 ) exponentially bounded if there are M1 ≥ 1 and ω1 > 0 such that

||U(t, s)|| ≤M1e
ω1(t−s) for all t ≥ s ∈ I;

• (e5 ) q-periodic (with fixed q > 0) if

U(t+ q, s+ q) = U(t, s) for all t ≥ s ∈ I.

It is easy to see that a q-periodic and strongly continuous evolution family on X
is an exponentially bounded evolution family on X (see e.g. [4, Lemma 4.1]).

Let (I,L,m) be the Lebesgue measure space, and M(I) be the linear space of
all measurable functions f : I → R, identifiyng the functions which are equal a.e.
on I. We consider a function ρ : M(I) → [0,∞] with the following properties:

• (n1) ρ(f) = 0 if and only if f = 0;
• (n2) ρ(af) = |a|ρ(f) for any scalar a ∈ R and any f ∈ M(I), with ρ(f) <
∞;

• (n3) ρ(f + g) ≤ ρ(f) + ρ(g) for all f, g ∈M(I).
Let F = Fρ be the set of all f ∈ M(I) such that |f |F := ρ(f) < ∞. It is clear

that (F, | · |) is a normed linear space. The normed linear subspace E of F is said
to be a solid space over I, (see also [19], [21] for similar notions), if the following
two conditions hold:

• (n4) if f ∈ E, g ∈ E and |f | ≤ |g| a.e., then |f |E ≤ |g|E ;
• (n5) χ[0,t] ∈ E for all t > 0.

A solid space E over I has the ideal property if for all f ∈ M(I) and any g ∈ E,
from |f | ≤ |g| a.e. it follows that f ∈ E. It is clear that Fρ has the ideal property.

Let E be a solid space over I. We say that E satisfies the hypothesis (H) if the
following condition holds:

• (n6) if the sequence (An)∞n=0 is such that An ∈ L, m(An) <∞ and χAn ∈ E
then |χAn |E →∞ as n→∞.

Let E be a solid space. For all t > 0, we define

ΨE(t) := |χ[0,t]|E and ΨE(∞) = lim
t→∞

ΨE(t).

It is clear that if E is a solid space which satisfies the hypothesis (H), then ΨE(∞) =
∞, but the converse statement is not true, see e.g. [5, Example 1.1]. However if E
is rearrangement invariant (see e.g. [14, page 222] or [11] for this class of spaces)
and ΨE(∞) = ∞ then E satisfies the hypothesis (H). In this paper we shall prove
the following:

Theorem 2.1 Let φ : R+ → R+ be a strictly increasing function, UI = {U(t, s) :
t ≥ s ∈ I} be a strongly measurable and exponentially bounded evolution family of
bounded linear operators acting on a Banach space X and E be a solid space over
I. We suppose that E has the ideal property, ΨE(∞) = ∞ and

|χ[0,t]|E ≤ |χ[τ,t+τ ]|E ∀t ≥ 0,∀τ ∈ I. (1)

χA is the characteristic function of the set A. If for all x ∈ X and every s ∈ I,
φ ◦Ux

s defines an element of the space E and, in addition, there exists M > 0 such
that

sup
s∈I

|φ ◦ Ux
s |E = M <∞, ∀x ∈ X, ||x|| ≤ 1 (2)



4 CONSTANTIN BUŞE AND SEVER S. DRAGOMIR

then UI is uniformly exponentially stable, i.e., there exist N > 0 and ν > 0 such
that

||U(t, s)|| ≤ Ne−ν(t−s), t ≥ s ∈ I. (3)

For E := Lp(R+,C) the condition (1) is verified with equality. The condition
(1) is essential in the proof of Theorem 2.1, see [5, Example 3.2], but it may be
except in the autonomous case [14, Theorem 3.1.5] and it may also be except in the
periodic case [4, Theorem 4.5]. In the paper [1] the authors replaced the continuity
assumptions of solutions, by measurability.

3. Proof and Consequences of Theorem 2.1

Proof of Theorem 2.1. We shall prove the Theorem in two steps.
Step 1. Here we shall state that UI is uniformly bounded. Upon replacing φ by
some multiple of itself we may assume that φ(1) = 1. Also we may assume that
φ(0) = 0. Let N be a positive integer number such that |χ[0,N ]|E > M, t0 ∈ I,
t ≥ t0 +N and x ∈ X, ||x|| ≤ 1. For t−N ≤ τ ≤ t we have

e−ω1Nχ[t−N,t](u)||U(t, t0)x|| ≤ e−ω1(t−τ)χ[t−N,t](u)||U(t, τ)||||U(τ, t0)x||
≤M1||U(u, t0)x||, ∀u ≥ t0,

therefore in view of (n4) it follows that:

|φ ◦ (
1

M1eω1N
||U(t, t0)x||χ[t−N,t](·))|E ≤ |φ ◦ Ux

t0 |E . (4)

However,

|φ( 1
M1eω1N ||U(t, t0)x||)χ[0,N ](·)|E ≤ |φ( 1

M1eω1N ||U(t, t0)x||)χ[t−N,t](·)|E
= |φ ◦ ( 1

M1eω1N ||U(t, t0)x||χ[t−N,t](·))|E .

Now from (2) and (4) we have

φ(
1

M1eω1N
||U(t, t0)x||)|χ[0,N ](·)|E ≤M,

therefore using the fact that φ(1) = 1 it follows that

||U(t, t0)x|| ≤M1e
ω1N for all x ∈ X with ||x|| ≤ 1.

Now it is not hard to see that there exists a constant K1 > 0 such that

sup
t≥s∈I

||U(t, s)|| = K1 <∞.

Step 2. We consider the function t 7→ Φ(t) : R+ → R+ defined by

Φ(t) =


t∫
0

φ(s)ds, if t < 1

φ(t), if t ≥ 1.

It is clear that Φ is strictly increasing, Φ(1) = 1 and Φ ≤ φ. Moreover the inequality
(2) from Theorem 2.1 remains valid when we replace φ by Φ. Let s ∈ I, x ∈ X,
||x|| ≤ 1 and t > s. For all u ≥ s we have

χ[s,t](u)||U(t, s)x|| ≤ K1χ[s,t](u)||U(u, s)x||
≤ K1||U(u, s)x||.
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As before, it follows that

Φ(
1
K1

||U(t, s)x||) ≤ M

|χ[0,t−s]|E
x ∈ X, ||x|| ≤ 1. (5)

From (5) for t− s sufficiently large it results

||U(t, s)|| ≤ K1Φ−1
( M

|χ[0,t−s]|E
)
.

The proof of Theorem 2.1 is finished if we use the following lemma.

Lemma 3.1 Let UI = {U(t, s) : t ≥ s ∈ I} be an exponentially bounded linear
operator on a Banach space X. If there exists a function g : R+ → R+ such that

inf
t>0

g(t) < 1 and ||U(t, s)|| ≤ g(t− s) for all t ≥ s ∈ I,

then UI is uniformly exponentially stable, i.e., (3) holds.
For the proof of Lemma 3.1 we refer to [6, Lemma 4].

Corollary 3.2 Let φ : R+ → R+ be a non-decreasing function such that φ(t) > 0
for all t > 0 and UI a strongly measurable and exponentially bounded evolution
family of bounded linear operators acting on X. If there exists a K > 0 such that

sup
s∈I

∞∫
s

φ(||U(t, s)x||)dt = K <∞ ∀x ∈ X, ||x|| ≤ 1,

then UI is uniformly exponentially stable.

Proof. It follows by Theorem 2.1 putting E = L1(I,R+) and using the fact that
φ can be replaced by a function ψ which is strictly increasing on R+ and ψ ≤ φ.
Such a function can be defined in the following manner:

Let φ(1) = 1 and a =
1∫
0

φ(t)dt. The function

t 7→ ψ(t) :=


t∫
0

φ(s)ds, if t ≤ 1
at

at+1−a , if t > 1

has the desired properties.

Theorem 3.3 Let φ : R+ → R+ be a non-decreasing function such that φ(t) > 0
for all t > 0, UI be a strongly continuous and q-periodic evolution family of bounded
linear operators on X, and E be a solid space over R+ which has the ideal property
and satisfies the hypothesis (H). If φ ◦Ux

0 defines an element of the space E for all
x ∈ X, then UI is uniformly exponentially stable.

Proof. Is sufficient to consider the case when I = R+ because if the restriction
U0

I of UI to the set {(t, s) : t ≥ s ≥ 0} is uniformly exponentially stable then UI is
uniformly exponentially stable, too. We shall modify the first step of the Theorem
2.1. The argument is standard, see [15, Theorem 4.4.1], [7, Theorem 2.1], [14,
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Theorem 2.2] or [5, Theorem 3.1]. In fact we can prove that if φ ◦ Ux
0 defines an

element of the space E for some x ∈ X, ||x|| ≤ 1 then

lim
t→∞

||U(t, t0)x|| = 0.

Indeed, if not, then
lim sup

t→∞
||U(t, 0)x|| > 0

and there exists a δ > 0 and a sequence (tn)∞n=0 with t0 > 0 and tn+1 − tn > 1
ω1

such that ||U(tn, 0)x|| > δ for all positive integers n. Let

Jn = [tn −
1
ω1
, tn], An = ∪n

k=0Jk and t ∈ Jn.

We have
φ(δ) ≤ φ(||U(tn, 0)x||) ≤ φ(M1e||U(t, 0)x||).

Therefore, as φ can be considered strictly increasing, it follows that:

δ ≤M1e||U(t, 0)x|| ∀t ∈ An,∀n ∈ N.

Now in view of hypothesis (H) it results:

∞ = lim
n→∞

φ(
δ

M1e
)|χAn(·)|E ≤ |φ ◦ Ux

0 |E ,

which is a contradiction. Using the linearity of U(t, 0) and the boundedness uniform
principle it follows that there exists a constant K2 > 0 such that

sup
t≥0

||U(t, 0)|| = K2 <∞.

Moreover in view of (e4) and (e5) it easily follows, see e.g. [5, Proof of Theorem
3.1] that

sup
t≥s≥0

||U(t, s)|| ≤ K2M1e
ω1q <∞.

From here the proof can be continued as in the proof of Theorem 2.1.

4. The dual results

A reformulation of an old result of E. A. Barbashin [2, Theorem 5.1] says:
Let UR+ be an exponentially bounded evolution family of bounded linear operators

on X. We suppose that the function

s 7→ ||U(t, s)|| : [0, t] → R+

is measurable for all t > 0. If

sup
t≥0

t∫
0

||U(t, s)||ds <∞

then UR+ is uniformly exponentially stable.
See also [13] and [3] for similar facts.

The following theorem is a generalization of the above result in the case I = R.
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Theorem 4.1 Let φ : R+ → R+ be a non-decreasing function such that φ(t) > 0
for all t > 0 and UR = {U(t, s) : t ≥ s} an exponentially bounded evolution family
of linear operators on X. We assume that the function

s 7→ ||U(t, s)|| : (−∞, t] → R+

is measurable for all t ∈ R. If

sup
t∈R

t∫
−∞

φ(||U(t, s)||)ds <∞

then UR is uniformly exponentially stable.

Proof. Let X∗ be the dual space of X and U(t, s)∗ the adjunct operator of U(t, s)
for t ≥ s. Let t ∈ R, u = −t and

V (s, u) := U(−u,−s)∗ ∈ L(X∗).

We have
t∫

−∞
φ(||U(t, s)||)ds =

t∫
−∞

φ(||U(t, s)∗||)ds

=
∞∫
−t

φ(||U(t,−s)∗||)ds

=
∞∫
u

φ(||U(−u,−s)∗||)ds

=
∞∫
u

φ(||V (s, u)||)ds.

It is clear that the family VR := {V (s, u) : s ≥ u ∈ R} is an exponentially bounded
evolution family of bounded linear operators on X∗ and, in addition, the function

s 7→ ||V (s, u)|| : [u,∞) → R+

is measurable for all u ∈ R.
From the uniform variant of Corollary 3.2 it follows that VR is uniformly expo-

nentially stable. Hence UR is uniformly exponentially stable, too.

Theorem 4.2 Let φ : R+ → R+ be a non-decreasing function such that φ(t) > 0
for all t > 0 and UR be a q-periodic evolution family of bounded linear operators on
X. We assume that the function

t 7→ ||U(0,−t)|| : [0,∞) → R+

is measurable. If
∞∫
0

φ(||U(0,−t)||)dt <∞

then UR is uniformly exponentially stable.

Proof. As in the proof of Theorem 4.1 it results that
∞∫
0

φ(||V (t, 0)||)dt <∞
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and apply Theorem 3.3 for E = L1(R+).

Corollary 4.3 Let φ and UR as in Theorem 4.2. We assume that the function

s 7→ ||U(t, s)|| : [0, t] → R+

is measurable on [0, t] for all t > 0. If

sup
t≥0

t∫
0

φ(||U(t, s)||)ds = N0 <∞ (6)

then UR is uniformly exponentially stable.

Proof. From (6) for t = nq, n ∈ N it follows that

N0 ≥ sup
n∈N

nq∫
0

φ(||U(nq, s)||)ds = sup
n∈N

nq∫
0

φ(||U(0, s− nq)||)ds

= sup
n∈N

nq∫
0

φ(||U(0,−t)||)dt =
∞∫
0

φ(||U(0,−t)||)dt.

Now we can apply Theorem 4.2.

5. Nonuniform exponential stability

An evolution family UI = {U(t, s) : t ≥ s ∈ I} of bounded linear operators on
X is said to be exponentially stable if there exists a constant ν > 0 and a function
N : I → (0,∞) such that

||U(t, s)|| ≤ N(s)e−ν(t−s) ∀t ≥ s ∈ I.

It is easy to see that the function N(·) can be chosen to be non-decreasing on I.
In the case I = R+ we have the following Datko’s theorem version for non-uniform
exponential stability.

Theorem 5.1 A strongly continuous and exponentially bounded evolution family
UR+ = {U(t, s) : t ≥ s ≥ 0} is exponentially stable if and only if there exists an
α > 0 such that

∞∫
s

eαt||U(t, s)x||dt <∞ ∀x ∈ X,∀s ≥ 0.

For the proof of Theorem 5.1 and its other variants we refer to [8, Theorem 2.1],
[7, Theorem 2.2] or [5, Theorem 3.2]. The extension of Theorem 5.1 for the case
I = R can be easily obtained. Moreover we have:

Theorem 5.2 Let φ : R+ → R+ be a non-decreasing function such that φ(t) > 0
for all t > 0 and UI be a strongly measurable and exponentially bounded evolution
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family of bounded linear operators on X. If there exists an α > 0 such that
∞∫

s

φ(eαt||U(t, s)x||)dt <∞ ∀s ∈ I,∀x ∈ X

then UI is exponentially stable.

The proof of Theorem 5.2 follows as in [7, Theorem 2.2]. The Barbashin’s theo-
rem version for exponential stability is:

Theorem 5.3 Let φ : R+ → R+ be a non-decreasing function such that φ(t) > 0
for all t > 0 and UR be an exponentially bounded evolution family of bounded linear
operators on X. We assume that the function

s 7→ ||U(t, s)|| : (−∞, t] → R+

is measurable for all t ∈ R. If there exists an α > 0 such that
t∫

−∞

φ(e−αs||U(t, s)||)ds <∞, ∀t ∈ R

then UR is exponentially stable.

Proof. As in the Proof of Theorem 4.1, it follows that the family VR := {V (s, u) :
s ≥ u ∈ R}, where V (s, u) := U(−u,−s)∗, is exponentially stable, that is, there
exist ν > 0 and a function N : R → (0,∞) such that

||V (s, u)|| ≤ N(u)e−ν(s−u) ∀s ≥ u ∈ R.

Let α := −u ≥ β := −s. Then

||U(α, β)|| ≤ N(−α)e−ν(α−β) ≤ N(−β)e−ν(α−β),

that is, UR is exponentially stable.
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