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A TRAPEZOID TYPE INEQUALITY FOR DOUBLE INTEGRALS

N.S. BARNETT AND S.S. DRAGOMIR

ABSTRACT. In this paper, we point out a trapezoid like inequality for double
integrals and apply it in connection with the Griiss inequality.

1. INTRODUCTION

In the recent papers [1] and [2], the authors proved the following inequality of
the Ostrowski type for double integrals.

Theorem 1. Let f : [a,b] X [¢,d] — R be continuous on [a,b] X [¢,d]. Then we have
the inequality:

(1.1) (ba)l(dc)/:/cdf(t,s)dsdt
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Date: 23rd August, 1999.
1991 Mathematics Subject Classification. Primary 26D15, 26D99; Secondary 41A55, 41A99.

Key words and phrases. Trapezoid Inequality, Double Integrals.
1



2 N.S. BARNETT AND S.S. DRAGOMIR

for all (z,y) € [c,d], where
H _ *f(t,s)
= sup ,
Otos (t,5)€[a,b] x[c,d] Otos
52 32 p P
dsdt
H ot0s ||, ( atas 3
if pe[l,00).
The best inequality we can get from (1.1) is the one for which z = ‘%b and
y= C+d , obtaining:

Corollary 1. With the assumptions in Theorem 1, we have the following mid-point
type inequality:

= _c//ftsdsdtf—/ <a+b >ds
_bia/abf(t’c;d>dt+f(a—2|—b c;d)‘

(1.2)

2 ' 5
&[4 e - @—e) i € Lo (lat] x e d):
1 ((b—a)(d—e) || 2L
4(q+1)% [(b—a)( c)] ot9s ||,
<
if % € Ly ([a,b] x [c,d]), forp>1, %+%: 1

1| 9%
4 || Otos 1

if 2 atas € Ly ([a,b] x [e,d]) .

For some applications of the above results in Numerical Integration for cubature
formulae see [1] and [2].

Another result of Ostrowski type was proved in [4].

Theorem 2. Let f : [a,b] X [¢,d] — R be a mapping as in Theorem 1. Then we
have the inequality:

b pd
(1.3) |f(:c,y) - (b—a)l(d—c)/ / f(t,s)dsdt
< M (2) + My (y) + M3 (2,9),

where
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(b—a)[(d—c)] "1 P1
P11 > 1, E + - 1,
L(b—a)+|e—atl .
W‘% if %ELl([a,b] [QdD-
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Lid—c)2+ ct+d )2
[ 2”’%@, if € Lu ([a,b] x [c,d));
[(d—y>q2+1+<y—c>q2+1] as
— qo+1 .
M; (y) = il (Ex1 i %eLm([ab]x[cd]);
[(b—a)]72 (d—c) P2
D2 > ].7 272 + — 1;
3 (d—0)+|y—5* .
e % e Ly (o8] x [od]):
and
[30me (o) [10-0r -
(b—a)(d—c) H@tas ’
. 2
if 54 € Loo ([a,b] X [c,d]);
{(bfm)‘13+l+(m7a)73+1 @ (dfy)q3+1+(y—c)q3+1:|%
PPN B 2°F
M; (Z‘,y) _ (b—a)(d—c) ’ Otds » ’
. i
if e € Lips ([a,b] x [e,d]), p3 > 1, p—3+— 1;
[3—a)t|e—F|[[5(d—o)+]y—F*|] || &%
(b—a)(d—c) otos ||

if aasaft € Ly ([a,b] x [¢,d]);

for all (z,y) € [a,b] x [e,d], where |||, (1 <p < o0) are the usual p—norms on
[a,b] X [c,d] .

Corollary 2. With the assumptions in Theorem 1, we have the inequality

o (S g [ e

< M+ My + Ms,

where
Lo-a| % if 2 e Lo ([a,b] % [e,d])
b 1
) e , ,
N = ;{ () “g{ i %GLpl([ab]x[cd])
(@1+1) 71 (d—c) 71 2
p1 > 1, [Tl + - 1,
@ || 9 ), 2 e Li(labl x e d)
La-o |8 i3 € Lo (8] X [ed])
1
W= b )y e, (1 x o)
(q2+1) 92 (b—a) P2 P2
pa > 1, E + = =1,
2(1717(1) s 1’ Zf % €Ly ([av b] [C, d])
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and

2 . 2

L(b—a) (dfc)‘ S| i EE e Lo (lat] X [e )
w e 2 2

Nyi= Q- OO GAR N EL i G € Ly (o] x [e,d))

(gz+1) 93 Ps . .
p3 > 17 ITS + q73 - 17

2 . 2

1k o Ly (fa.b] x [e.d).

2. SOME INTEGRAL EQUALITIES

Let us start with the following integral identity.

Theorem 3. Let f : [a,b] X [¢,d] — R be a continuous mapping on [a,b] X [c,d]

such that %Z"), %Z") are continuous on [c,d), %, w are continuous on

[a,b] and agiig;) is continuous on [a,b] X [¢c,d]. Then we have the identity:

b pd d Of(ay) | 0f(by)
d +
ey [ [tepddro-o | (yﬁ) T ]dy
b af(x,c) of(z,d)
Jr(dfc)/ (za;b) ox 5 Dz ]dx

(@I +1@d+I0ILI 0D 4

bord a+b c+d\ 0*f (z,y)
[ 1) (057 e

Proof. A simple integration by parts gives

(2.2) /jh(x)dw:W(ﬂ—a)—/j@—a;ﬁ)h'@)d%

provided that h : [a, 5] — R is absolutely continuous on [a, (] .
Using (2.2), we can write:

(2.3) /abf(x,y)d:z:(ba) —f(“’y);f(b’y) /ab (:17 “;b) %dl’

for all y € [c,d].
Integrating (2.3) on the interval [c,d], we obtain

/j(/abf(m,y)dx)dy = %(b—a) [/cdf(a,y)dy+/cdf(b7y)dy]
—/d</b<x—a;b)de>dy.
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Using Fubini’s theorem, we can state:

en [ [ revae = Jo-a ij(zz,y)dw/cdf(b,y)dy]

_/ab <x_“;b) (/jW@)dm

By the identity (2.2), we can also state:

d d
25 [ Sty =D gy (ycgd) i)y,

d d
(2.6) /f(b,y)dyzw(dﬁ)f/ <yc;d> af{(;;y)d%

and

[ty — [ Ay

d c+d\ 0%f (z,y)
_/c (y_ 2 ) Oxdy W

Now, using (2.4) and (2.5)-(2.7), we have successively

/ab/cdf(w,mdydx

1 f(a,c)+ f(a,d) d c+d\ Of (a,y)
I e M s e ot

f(bc)+ f(b,d) ¢ c+d\ of (b,y)
+f(d76)*/c (y 2) ayydy]

/ab (x a—;b) B {aféi,c) +8fé:i,d)} g

d 82
1) b
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B f(avc)+f(avd)1f(b’c)+f(b’d)(b—a)(d—C)

_%(b_a) < c+d)
—%(d—c) ( a+b)8
o (-5 2

T gt

and the identity (2.1) is proved. O

The following corollary holds:
Corollary 3. Let f,g : [a,b] — R be differentiable on (a,b) and such that f’,
g € L1 (a,b). Then we have the equality:

(2.8) (b—a)/abf(:c) d:c—/f dm/ ©) da

ENGOENOORFIO P

+/ab <$ a;b) (g(a)—;g(b) g(@) ¥ (2)do
+/ab (x_ a;b) (f(a);—f(b) —f(l")) g (z)dz

(522 o -3

Proof. The above identity can be proved by direct computation. We give here a
proof based on the previous identity (2.1).

Consider the mapping h : [a, b]2 — Regiven by h (z,y) := (f (z) — f (v)) (g () — g (v))
and write the equality (2.1) for h and the interval [a, ]2 to get

(2.9) /a/ah(x,y)dxdy—i-§(b—) ( a b) {m”‘y ahg;’y)]dy
+;(b—a)/ab (x— a;rb) {ahg;,a) +ahéz’b)] dz

_ Meath@h) LR HhOD

bt a+b a+b\ 9%h(z,y)
L) (o) T P
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Note that
PG~ @) )~ 9 ) + 0 @) (F (@)~ ()
R~ )60 9@+ ) () - @)
and then
1 {8h (a,y)  Oh (b, y)]
- +
2 oy Jy
= f'(y) <g(y) - g(a);g(b)> +9' (v) (f(y) - f(a);f(b))
and
1 {(‘M (x,a) n oh (m,b)]
2 ox ox
- (g(x) ~g(a) ! g(b)> (@) <f($) B f(a);f(b))
In addition, we note that
Tt - @) ) - 1 W9 @
We have
o1 b a+b\ [Oh(a,y) Oh(b,y)
L (o) [ ar],
b a a
= /a (y— ;b> {f’(y) (g(y)—g();rg(b))
v o) (£ - 1) g

and, similarly,

1 b a+b\ [0h(x,a) Oh(z,b) B
o (=5 ) [P et

On the other hand,

h(a,a) +h(a,b) +h(ba)+h(bb) (f(a)—f(b))(g(a)—g(b))

4 2
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and

a+b a+b\ 9*h(z,y)
- dxd
2 ) (y 2 ) 0x0y v

/ab/ab <$
‘//( +b)< —“zb) (@) g &)+ f () g (@)] dady

- 2//( 2 )( a;b)f'(w)g’(y)dfrdy

= (m ) ( a—2|—b> J (@) da.

Now, by (2.9) (dividing by 2), we get the identity:

o[ [

2 2
+/ab (a5 (1@ - L0 g oy o

As it is well known that

b b
3| [ 0@ 1) 6@ - o) ey
b X ,
- (b—a)/ f(x)g(x)dm—/ f(x)d:c/ g () de,

the inequality (2.8) is completely proved.

3. SOME INTEGRAL INEQUALITIES FOR ||-|| ., —NORM
The following inequality holds.
Theorem 4. Let f be as in Theorem 3 and assume that

Pf (z,y)
0x0dy

.

0z0y ‘ =

(=, y)G a, b)><(c d)
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Then we have the estimation

<x,y)dydz+<ba)/cd (y C;d) f2 (y) dy

(3.1)
b a
+(d—c)/ (x +b>f1()
_ J(ao)+ f(a d)+f(b VFFCd) @
1 2 *f
S plmars axayH
where
nw =g | L2+ L0 o

and

fa (y) = % [af y) |

ay 2] (b,y)} , Y € le,d].

dy

Proof. Using the identity (2.1) and the properties of the integral, we can state

b d d c
| tedvie+o-a (y— ) )y
b
v [ (o= 5 ) nwa
fla,c) + f(a,d) + f (be) + £ (b,d)
— 1 (b—a)(d—rc)
bopd a+b c+d||9%f (z,y)
< [ et o
o2 f b a+b d c+d
’89681/ Oo/a T ‘dx/c YT ‘dy
] b-a)? (d-o?
B ‘&cay . 4 ‘ 4

and the inequality (3.1) is proved. O

Another inequality which employs the |[|-|| ., —norm of f; and f, which can be

useful in practice is embodied in the following theorem:

Theorem 5. Let f be as in Theorem 4 and assume that

[ f2lloo == sup [f2 (z)] < oo
z€Ja,b]

[fillo == sup [|f1(z)] < oo,
z€Ja,b]
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Then
1
< Tb-a)d-o
b— 0?
<|6-@lhl+ =l pl+ ELE=D L .
Proof. As in Theorem 4, we have, by the identity (2.1) that
bord a,c a,d b, c b,d
d b atb
< <b—a>/ 2l wlay+ @9 [ o- 2 in @l
_a+b c+d|]0%*f (x,y)
I 2 ‘ 0x0dy dydz
d—c)? b—a)’
< -l S @ onl U0
b—a) ( 0% f
* 4 4 axayH
= a0
b— 0?
<|=alplo+ 6-alnl+ ELE=D L .
Hence, the proof is completed. ([
Remark 1. If we know that
ol of (x,y)‘
0|l T etomeiean | 0 |~
and ©.9)
of (z,y '
H H xy)e ab X (c,d) ay < '
then, obviously
0
o< [32] 1o <]
and by (3.2) we deduce
bord a,c a,d b, c b,d
63) [ [ Flepte - LD IO 0D
< Jb-a@d-o
3] 0 02
[o-a ]+ u-ol5] =5l
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Now, let us recall Griiss’ inequality:
If f,g:[a,b] — R are integrable on [a, b] and satisfy the condition

(3.4) m1 < f(x) <My, me <g(x) <M,y forall z € [a,b],

then we have the inequality:

(3.5)

(b_a)/:f@)g(x)dx_/abf@dx/abg(x)dx‘
1

< g (Mz—mg) (My —my) (b a)’

and the constant i is the best possible one.
Using Corollary 3, we can state a similar result.

Theorem 6. Let f,g be as in Corollary 3 and assume that f', ¢', f,9 € Lo [a,b].
Then we have the inequality:

56 |0 [ sws@a— [ e [ owa
< 00 [l @=rE) @ -+ |21 gy
o e ~9) 7, ||g'|oo] ,
where, by HM — gHoo , we understand
CETICI IO R

Proof. Using the identity (2.8) and the properties of modulus, we have

<b—a>/abf<:c>g<x>dx—/jf(@dz/abg(x)dx
< L= ) - 1) a0) - g )

+/ab oottt ‘9(“>;9(b>—g<x> f (@)l de

+/a” oottt ]f“‘);f(”)—f(x) o (@)|da

+/abx“§b |f’<x>dx/abz“§b\| /(2)] da
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< (b_a)2I(f(a)—f(b))(g(a)—g(b))l
o e R [ “;"‘dw
Hf”—fH ol [ e =5 o
1 9 (/ r— “‘;b\dxf

and the inequality (3.6) is proved.

4. SOME INTEGRAL INEQUALITIES FOR ||-||, —NORM, p € [1, c0).
The following result also holds.
Theorem 7. Let f : [a,b] X [¢,d] — R be as in Theorem 3 and assume that

s, = (L 173

Then we have the estimate

0% f y

1
(4.1) ‘ dydac) < o0, pE[l,00).

b d d d

(1.2 [tz oo [ (v- 50 pwa
b
+<dfc>/ (m “”’) f1 (@) de
(b—a)(d—c) a)(d c) aa:ng i afgy € Ly[ab]:
< [(b—a)“é(d—c)“é“ 0% if 2L L, [a,b] and
d(g+1)3 vy |, dwdy = =P L
p > 1, % + % =1,
where
£ (2) = % [8]”(((; ,c) Bféi d)] 2 € [a,b]

and

fa (y) =% {Wg;’y) + afég’y)] ;Y €led.
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Proof. Tt is easy to see that

b d 2
a—|—b C+d 3f(x,y)
/a/ o H 2 ’ (%ay dyde
a+b c+d 92 f

< sup T — H ‘dydx

(x,y)€[ab] X [e,d] 2 ~ Oxdy 8y
~ (b—a)(d—c)| &
o 4 Oxdy

and, by Holder’s inequality for double integrals, (p > 1, % + % = 1), we have

_a+b c+d||0%f (z,y)
— dyd
H [
1 1
a + b4 c+d|? ! 4192 f (x, *f (x,y) r
< —
< 5 dydzx 9xy dydx
1 1
B (b_a)1+ lZ (d_c)1+% q 82
| 29(g+1) 29 (g +1) dzdy||,
(b—a)H% (d—c)'ta || 02
4(q+ 1)% dzdy ||,
Using the representation (2.1) we get the desired result. ([l

Remark 2. Similar results to those in Theorems 5 and 6 may be stated, but we
omit the details.
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