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CHEBYCHEV FUNCTIONAL BOUNDS USING OSTROWSKI
SEMINORMS

P. CERONE AND S.S. DRAGOMIR

ABSTRACT. Bounds are obtained for the Chebychev functional using what is
termed as the Ostrowski seminorm which is related to an inequality developed
by Ostrowski. The Ostrowski seminorm is also compared to the A—seminorm
introduced in earlier work by the authors.

1. THE OSTROWSKI SEMINORM

For a measurable function f : [a,b] — R, we define the functional

(1.1) 110 = (/;/:

provided the above integral exists and is finite.
It is obvious that

(1) Hf||z >0 and ||f||z = 0 implies f = constant a.e. on [a, b];
.. 0 0

(i) [lafll, = lal [ £1, for a € R,

0 0 0

(i) [1f +gll, < 171, + llgllp:

showing that ||H2 is a seminorm on the space of all measurable functions for which
the integral

(1.2) / b / b

is finite.
We will call ||||Z the Ostrowski seminorm, because of the following fundamental

inequality established by Ostrowski in [15]

(13) /ab /ab f @) —;“(y)

x
where f : [a,b] — R is an absolutely continuous function on [a,b] and p > 1. The
constant log4 is best for p = 1. Fink [12] applies (1.3) and a generalisation to
averages of divided differences.
Consequently, if we use the classical notations for Lebesgue norms, we may state
the following theorem.
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2 P. CERONE AND S.S. DRAGOMIR

Theorem 1. (Ostrowski) Let f : [a,b] — R be an absolutely continuous function
on [a,b] and p > 1. Then

(1.4) 110 < (b —a)¥ [log4]? || f']], -

The constant log4 is sharp for p = 1.

2. COMPARING THE OSTROWSKI SEMINORM WITH A—SEMINORMS

For f € L, [a,b] (p € [1,00)) we can define the functional (see also [2])

b b %
(2.1) 1712 = (/ / f(t)—f(8>|”dtd8>

and for f € Ly [a,b], we can define

(2.2) £ =ess sup |f(t)— f(s)].

(t,5)€[a,b]?
If we consider fa : [a, b]2 — R,

fa(ts)=f(t) = [f(s),

then, obviously,
A
(2.3) 11, = [1fall,» g€ [1,00],

where |[|-[|,, are the usual Lebesgue p—norms on [a, b)°.
Using the properties of the Lebesgue p—norms, we may deduce the following
semi-norm properties of ||||ﬁ

(i) Hf||ﬁ > 0for f € Ly[a,b] and Hf||ﬁ = 0 implies that f = ¢ (cis a constant)
a.e. on [a, b;
(i) I +gll, < £l + lglly i f.9 € Ly [a.b],
(i) [lafll = lal [ £, if £ € Lyla,b], a € R.

We note that if p = 2, then

(/ / (F () = 1 ()’ dtdg)

b 2
V2 | (- a) ||f||§—(/ f(t)dt>

If f: [a,b] — Ris absolutely continuous on [a, b], then we can point out the following
bounds for ||f\|§ in terms of || f'[|,,.

N

[Kils

1
2

Theorem 2. Assume that f : [a,b] — R is absolutely continuous on [a,b].
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(i) If p € [1,00), then we have the inequality:
2% (b—a)'*s
1
[(p+1)(p+2)]7

'l i ' € Loola,b]

04 A 932 5 b_a) st
24) 11, (257)" (b—a)? =1/l i f € Lala,b],
[(p+3) (p+26)]7
a>1,é+%=1;
(b=a)? [If;-

(ii) If p = oo, then we have the inequality:
b=a)flls if f € Lolasb]

b,

(2.5) £ <8 (b—a)? |If'll, i '€ La 1
B

a>1,
1115 -

For a short proof of the above inequalities, see for example [2].

The following result in comparing the A—seminorm with the Ostrowski-seminorm
holds.
Theorem 3. Let f : [a,b] — R be a measurable function such that ”sz (p>1)
exists. Then we have the inequality:

la,
1, =1;
«

73 b—a 1+35
(2.6) Tl Uity NP T S
[(pB +1) (pB + 2)]77 a B
Proof. We have that
112 = (//u |pdxdy>
b b %
( f(:c)—f(y)p,x_mpdxdy)
a r—y
b pb _ pa 5
. ( f(ng(y) dmdy> (/ / o |pﬁdxdy>
Q(b, a)pﬁ+2 ;%5 . 21)ﬁ (bfa)lJr B

= If1% 1115,

(pB+1)(pB+2)

(B +1) (0B +2))
which proves (2.6). I

Corollary 1. Let f : [a,b] — R be an absolutely continuous function on [a,b].
Then we have the inequality:

275 (log4)7= (b — a)l+Pﬁ+ z
(8 + 1) (pB + 2)]77

(2.7) I£115 < 11 per

forpzl,é+%:1,a>1.
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Proof. Using Ostrowski’s inequality (1.3), we have from (1.1)

0 L Lo
[fllpe < (log4)?= (b —a)? [[f]],q
and then, by (2.6) we get (2.7). 1

3. SOME BOUNDS FOR THE CHEBYCHEV FUNCTIONAL

For two measurable functions f, g : [a,b] — R, we define the Chebychev-functional
as follows

I I I
1) T ja,b) = —— t t)dt — —— t)dt - —— t)dt.
B Thgab) == [ 10swa— = [ 0@ [0
It is well known that if f, g are synchronous, i.e.,

(f@)=f(s)(g(t)—g(s)) = 0forae. ts€lab],
then

(3.2) T(f,g;a,b) >0

which is called in the literature the Chebychev inequality for synchronous functions.
Ifm<f<M,n<g<N ae. on [a,b], m, M,n, N are real functions, then the
following Griiss inequality holds (see for example [13] or [16] and [14])

(33) IT(f,g:0,0)| < § (M —m) (N —n).

The constant § in (3.3) is best possible.
If f,g: [a,b] — R are absolutely continuous and f’,¢" € Lo [a,b], that is,
[f'llo := ess sup [f'(t)] <O

t€la,b]
and similarly [|¢'|| ., < oo, then we can state another result by Chebychev
1 2
(3-4) 7 (f,9:0.0) < 75 1F oo 19l (0= @),
where the constant 1—12 is the best possible.

If we assume that the derivatives f/, ¢’ € Ly [a,b], then we may point out the
following bound in terms of the euclidean norm due to Lupas:

(35) T (f.g:0.0)| < — 171 gl (0 a)

for which the constant % is sharp.

For these and related work involving bounds of the Chebychev functional, see
the references [1] — [10].

Now, we point out some bounds for the modulus of Chebychev’s functional in

terms of the Ostrowski seminorm introduced above.

Theorem 4. Assume that f,g : [a,b] — R are measurable and p,r,q > 0 such that
Lol 19 p>1. Then

p g

25 L (b—a)r

(2p+1) 2p +2)]7
provided that all the integrals involved exist.

(3.6) T (f,9;0,b)] < 1715 gl
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Proof. Using Korkine’s identity for integrals, ie.,

we have, by Holder’s inequality for p, q,r With% + % + % =1, p>1, that

IT(f,g,a b)|

< //|f )19 (t) — g (5)] dtds

T ot
ssar ([ L e-oes) (]
x(ab )Tdtals>i

dtds

oo\
dtds

—f(s

IN

—f(s

_ L[ 20 T e e
20b—a)® |20 +1) (20 +2) @
251 (b—a)?

= = 17117 llgll;
(2p+1) (2p+2)]7

and the theorem is proved. i

Using Ostrowski’s theorem, we may state the following corollary concerning f’
with an upper bound of the modulus of Chebychev’s functional in terms of the
usual Lebesgue norms of the derivative.

Corollary 2. Assume that the functions f,g : [a,b] — R are absolutely continuous
and p,r,q are as in Theorem 2. Then

2p 1 (log4)1_% (b— a)H_%
[(2p+1) (2p +2)]7

(3.7) T (f,950,0)] < 1 g1l

Proof. By Ostrowski’s inequality (1.3) we have

1712 < (b—a)7 (log4)7 [1f'],
and

lgll? < (b—a)* (og4)* |14/l -
Thus, using (3.6) we deduce (3.7). 1

Remark 1. If p — 1 in (8.7), then Chebychev’s result (3.4) is recaptured.

Rather than using coarser upper bounds as provided by Corollary 2, for certain
functions the Ostrowski functional may be evaluated directly.
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Corollary 3. Assume that the mapping f : [a,b] — R is absolutely continuous on
[a,b]. Further, let p,q,r > 0 and % + % +1=1,p>1, then

e [ [(E52) o (52) 0

(z“;b)sq;a,b)]

2_

25 L (b—a)r i
[(2p+1) (2p+2)]7
2%—1 (b_a)%Jr%Jr%—l

(3.8)

(4
11,

=

1 r
— (log4)™ (IL/"1,)"
(2p+1)(2p+2)]”
provided all the integrals involved exist, where
f(b) = f(a)
S(f;a,b) =
(f7 a’? ) b —a b)
is the secant slope.
Proof. If we take
t —
(3.9) h(t):biz, 2 € [a, b]

and associate f with h and g with f’ in (3.1), then

1) rosien = o [rwa-[(324) 1@

; (lb’_a>f<b>} - ( “;b)su;a,b)

where a simple integration by parts has been preformed.
Now, from (1.1) and (3.9)

G11) bl = (/b /ab

Hence, using (3.10), (3.11) and (3.6) gives the first inequality in (3.8).
Further, using the Ostrowski inequality (1.3) gives, on utlising (1.1),

T

h(z) = h(y)
-y

q a 2
dedy | =(b—a)s .

0 b
171 < (b — a) loga / ) de

and thus the second inequality is obtained on noting that

b
[l de= s,

where ||-||,. is the usual Lebesgue norm. I

Remark 2. We note that the bounds are independent of the point z. If we take
z= %"b, then the standard trapezoidal rule is obtained from the perturbed rule (3.8)
on multiplying both sides by b — a.



CHEBYCHEV FUNCTIONAL 7

Corollary 4. Let f : [a,b] — R be a mapping for which f*=1) (n > 1) is absolutely
continuous on [a,b] and p,q,r > 0 be such that % + é + % =1, p>1 then,

a2 | 110 Z G [0 Y @+ (D=2 )]
(- >"“+< D =" )
(n+1)!
27 (b - 1 ( (z—y)" dwdy>qu(n)
[(2p+1)(2p+2 1?
- 25‘1(b )%“ [ —a)(” Dp+1 (b—z)(”l)pﬂl Hf(") 0
T @2p+1) 2p+2)]F [(n— 1) (n=1)p+1 v

where Sy, (f;a,b) = 7,&”)([;) £ ()

Proof. The proof follows closely that of the previous corollary.
Cerone et al. [3] obtained the identity

b n—1
(3.13) / fydt = Z (k:—i—;l)' [(z _ o) ) (g)
e k=0 ’

FEF 0= O 0]+ [ 0700

where

(3.14) H,(t) = .z €la,b].
Now, if we associate f with H, and g with £(® in (3.1), then
(3.15) T <Hn F). g b)

) - )k“f(’“) / H, (t)dt - / £ ()
b—a
Further, from (3.14)

/ H Z _ a)n+1 + (_1)71 (b _ Z)n+1
(n+1)!

and

b (n=1) (p) — f(n—1)
(n) _f (b)—f (a)
b_a/af (tydt = b—a ’

giving from (3.1) and (3.15) the left hand side of (3.15). Now, from (3.6) and (3.15)
and using (3.14) gives

q a

dwdy)

CRUNN A ( A

n
z—z)" z—y)
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and so the first inequality in (3.12) results.
Now, for the second inequality (3.12) we use Ostrowski’s inequality on H, (t) as
defined by (3. 14) to give

b
"(y) dedy < (b—a)log4/ \H! (4)[ dt

p

n—1
-1
(z—1) it

(n—1)!

which, upon explicit evaluation gives the second inequality. N

= (b—a)10g4/:

Remark 3. The second inequality in (3.12) is coarser than the first. For particular
values of n the double integral in the first inequality may be evaluated explicitly.

From (8.16),
a a
d:cdy)

a x
1
1 b b q
- 2(//|z—m+z—yqudy> .
b b
J:=//|z—x+z—y|qd:vdy
then

z z b rz

(3.18) J = //\z—x+z—y|qda:dy+//|z—x+z—y|qd1‘dy
C O
—|—//|z—x+z—y|qda:dy—|—//|z—3:—|—z—y|qdardy

=J1+ Jo+ J3+ Js4.

—(z—y)?

0 1 b
(3.17) |Hal, = 21

Let

Now, it may be verified by some straightforward algebra that

wow q 2Wat+2
(3.19) D, (W):/O /O o= ol dudo = I
and
w w q+1 _ q+2

Thus, by making some obvious transformations, it may be determined that
(3.21) Ji=A4,(z—a) and Jy=A,(b—=z).

Further, it may be ascertained by symmetry that Jo = J3 and hence we will consider
the evaluation of Jo in some detail. Now,

D, (z—a) —l—f T (v w)dudv, 2 < 4P,
Jo =

D,(b—2z)+ f(f_z bZ__Za (u —v)?dudv, z> ‘LT'H’,
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and so, after some algebra

_ )72 _ )92 9a+2 |, _ atb|dT?
(3.22) Jy— (z—a)""+(b—2) 20F2 |z — afb| (=71,
(¢+1)(¢+2)

Combining the results (3.18) — (8.22) into (3.17) gives

Q=

23
1
[(g+1) (g +2)]
and so from (8.12) with n = 2

a+b
2

(3.23) | Ha|) =

[(z — )" (b— )" =2 ‘z -

q+2]
1

b
[ rwar- [<za>f<a>+<bz>f<b>+(zaff'(co(bsz%b)}

2!

)’ 02 [/ (b) ~ /' (@) ‘
3! b—a

(z—a)”

b
/ f(t)dt—[(Z—a)f(a)+(b—Z)f(b)]—m(z—a—f’)(b—a))f’(a)

(b—2)°
6(b—a)

L oz
L Ul LAY AT
[(2p+1) (2p+2)]7

where HHgHz is as given by (3.23).

If z = ‘%"b, then some simplification occurs to give

+ (b—z—S(b—a))f'(b)H

<

48

b —a
[ a2t @ f o)+ 6-a) ) - 1 ()

22(3+5-1) (b — )25 Ha 1) .
1 ||f ||T

[(2p+1) 2p +2)]7 [(g +1) (¢ +2)]7
Remark 4. Using the definition of the functional (1.1), Ostrowski’s inequality
(1.3) could be used to obtain upper bounds on the inequalities (3.12) using

1, )

in terms of the usual Lebesque norm for f(+1),

<

< (b~ a)log4 (|| 70
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