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A GENERALISATION OF CHEBYSHEV’S INEQUALITY FOR
FUNCTIONS OF SEVERAL VARIABLES

P. CERONE, S.S. DRAGOMIR, G. HANNA, AND J.E. PECARIC

ABSTRACT. The current note serves to develop generalisations of Chebyshev’s
inequality for Holder functions of several variables.

1. INTRODUCTION

For two measurable functions f,g : [a,b] — R, define the functional, which is
known in the literature as Chebychev’s functional

1 b 1 b b
) T(gad) = [ f@e@ds -t @ g an

provided that the involved integrals exist. Results involving (1.1) abound in the
literature, see for example [1] — [13].
The following inequality is well known as the Griiss inequality [10]

(12) T (f.g:0.0) < § (M = m) (N ~ ),

provided that m < f < M and n < g < N a.e. on [a, b], where m, M, n, N are real
numbers. The constant 1 in (1.2) is the best possible.

Another inequality of this type is due to Chebychev (see for example [13, p.
207]). Namely, if f, g are absolutely continuous on [a,b] and f’, ¢’ € Lo [a,b] and

[/l == ess sup [f'(t)], then
t€la,b]

1 2
(1.3) 7 (f,9:0:0) < 75 1/ lloo 19'llc (0= a)
and the constant % is the best possible.
Cerone and Dragomir [2] have pointed out generalizations of the above results

for integrals defined on two different intervals [a, b] and [e, d].
They defined the functional (generalised Chebychev functional)

(1.4) T(f,g;a,b,c,d) : =M/ (fg;a,b)+ M (fg;c,d)
—M(f;a,b)M(g;c,d)—M(f;c,d)M(g;a,b),

where the integral mean is defined by
1 b
(1.5) M(fiab) = [ f@)do
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and obtained a variety of bounds using a generalisation of Korkine’s identity.
Budimir, Cerone and Pecari¢ [1] obtained the bounds for (1.4) for f and g of
Hélder type and also, for a weighted version of (1.4). In particular, they obtained
the following result.

Theorem 1. Let f,g : I C R — R be measurable on I and the intervals [a,],
[e,d] C I. Further, suppose that f and g are of Holder type so that for x € [a,b],
y € le.d]

(1.6)  |f(@)—f@I<Hile—yl" and |g(z)—gW)| < H2|z—yl",
where Hy, Hy > 0 and r,s € (0,1] are fized. The following inequality then holds,

(1.7) O+1)O0+2)|T(f,g;a,b,c,d)

HyH, 0+2 0+2 0+2 6+2
EOICEr [1b=cl™ = b= d”* + |a - ol ** ~ e — o|"*?]

)

where 0 =1+ s and T (f, g;a,b,¢,d) is as defined by (1.4) and (1.5).

Hanna, Dragomir and Cerone [11] obtained bounds for a two dimensional Cheby-
chev functional for functions of Holder type and applied them for perturbed Taylor-
like formulae in R2.

It is the express aim of this note to obtain bounds for a Chebychev functional
defined on an n—dimensional hypercube where the functions are of Holder type.

2. BOUNDS FOR THE CHEBYCHEV FUNCTIONAL

If we consider the Chebyshev functional:

n

1 by b
Dn(f,9) - :W/al L ey, @) g (@, wn) doy .. dy

1 by b
N } f($1,...,$n)d$1...dmn
k=1 (bk - ak)Q /al /an
by b
></ / 9($1,...7$n)d$1...dxn
ai Qn

1 b ~ o 1 b o 5 -
- V([ab])/ f(x)g(x)df”wfa f(a?)dw/(ig(x)d%

where v ([a,b]) := [];_; (bx — ax), then we can state the following generalisation

of Chebyshev’s inequality.
Theorem 2. Let f,qg: [EL,Z_)} — R be of Holder type. That is,

(2.1) F@ - F@ < S Lilws—wl”, @p¢€ [a.b],
=1

(22) 9@ —g@| < D Hilri—wl", ,9¢€ [ab],
=1
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where L;, H; > 0 and p;, ¢; € (0,1] are fized fori=1,2,...,n
Then we have the inequality:
b — )Pri‘lh'

(bi — ai)"" (b — aj)™
“’ZLH DGt (1) (g1 2)

(2.3) 1D, ( Z H

i#£j
ij=1
and the inequality is sharp.
Proof. We have
(2.4) F@) — F@ <Y Ll — il
i=1
and
n
(2.5) 9(@) —g @) <Y Hilw —yil ™.
i=1

If we multiply (2.4) and (2.5), we may get

[(F(2) = (®) (9(2) =9 ()l

n

< > LiHjla — yil™ |z — y5|”
ij=1
n n
= ZLiHi |z — T+ Z LiHj |z — yil™ |25 — y;] " .
i=1 i#j
i,j=1
If we integrate over T,y € [a b} [T, [as, b] == [a1,b1] X [ay,b,] we get from
Korkine’s identity
(2.6) |Dn (f,9)]
1 b b
< 2 [10@ 1) 6@ 9@y
n 2
2[[Liz: (bi —as)]” Ja Ja

1
< . lZLH / / |2 — gl dzdy

2[[[i=; (i —a)]” i3

+ZLH//|:E1 yil" |y — y,|% dady

i#]
i,j=1

Now, we have that

b b
— / / |$i _ yi‘Pi"FQi d.’i’dﬂ _ bk _ ak / / yi‘Pi"F(Zi dmzdyz
a Ja k#q

d pd . B (d _ C)T+2
(2.7) /C /c |z —y|" dady = 2m,
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then we get
n 9 (bz _ ai)PH'q@'-i-?
A = (b, — az,)” -
,’:1;[ (pi+qi+1)(pi+q+2)
B f[ b (bz _ ai)pi+Qi
fale = o) (pi+Qi+1)(p1i+Qi+2).
Also,

Pi

b b
Ay Z//|$i—yz‘ x; — y;|" dzdy

= bk —ag) / / — ;[P dwydy; - / / —y;|% dajdy;

S 2(bi - ai)pi+2 C2(b - aj)qﬁz
(pi +1)(pi+2) (g5+1)(g5 +2)

bk_ak

(bi — ai)™ (b; — a;)™
(pi+1)(pi+2)(g; +1) (g5 +2)

b — ag)’

lfl
o

where we have utilised (2.7).
Further, by (2.6), we have:

|Dy (f59)]
1 n n 9 (bi _ ai)pi"!‘qi
< L;H;, —2 b, —a
T oI, (b — )] Zl kl:[l(’“ L PP Y PR
(bi — ai)”" (b — ;)™
+45N LH by —a
Z JH ) G ) (o 2) (g5 1) (4 +2)
i,j=1
_ Pi+qi
_ ZL b az)
pl+QZ+1)(pi+Qi+2)
4 \Pi A4\
+2 Z Loy — i a)” (b = aj)
T i+ 1) (pi+2) (g5 +1) (g5 +2)

ij=1

and the result (2.6) is thus verified. The sharpness follows from the sharpness of
the Chebychev functional for n =1 (see for example [12]). I

Corollary 1. Let f,g: [z‘z,l_)} — R be Lipschitzian with constants L;, H; > 0. That
18,

1f (@) = f ()l SZLZ- |z —wil, Z,9 € [a,b]

and
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Then the inequality

1" s 1 &

2.8)  |D, <5 Z —a)’ + ¢ ; LiH; (b; — a;) (b; — ay)
=1 1%]
i,7=1

holds and is sharp.
Proof. Taking p; =¢; =1 for i =1,2,...,n in (2.6) readily produces (2.8). I

Remark 1. Result (2.8) is presented in [12, p. 305], however, the coefficients of the
sums are interchanged. Further, it is apparent that for x,y € [a,b] and f absolutely
continuous, then

< sup [f'(2)] =L,
z€[a,b]

@) —f)
-y
demonstrating that a function satisfying a Lipschitzian condition is a weaker con-
dition than one whose derivative belongs to Lo
Remark 2. Ifn =1, then for f,g € [a1,b1] = R
(bl _ al)P1+tI1+1

@9 ID1(f9)l = T (f9.0.0)] € Ly gy

with
|f (1) = f ()| < Ly |zy — ™, g (21) — g (y1)] < Hy |z — ™

r1,y1 € [a1,b1] and p1,q1 € (0,1].
If n =2 then for f,g € [a1,b1] X [ag,b2] = R
(2.10) |D2 (£, 9)]
1
(b1 —a1) (ba — a2)
1 by bo
— / f(SChl‘Q)dl‘ldl‘g

b1 —(11 (bz - (12

b] b2
/ / xl,ifg dxldxg

(bl _ al)Pl-‘rth (bg — as
1 + LoHy
m+a+1) P +a+2) (P2 +q+1)(p2+q+2)

(b1 — a1)™ (by — ag)”

br pbo
/ f(x1,22) g (1, 29) dr1das

)Pz-‘rth

IN

L.H

+2L1H
P+ 1) (o1 +2) (g2 + 1) (g2 +2)
(b2 — az)” (b1 — a1)™
+2L-,H
e+ D) (p2+2) (0 + 1) (1 +2)
with
|f (‘Tl) - f (y’L)| S Li |‘Ti - yilpi y TiyYi S [ai7bi]a 1= 1727
and

lg (i) — 9 (wi)| < Hilzi —yl™, @i, yi € [ai, bi], i =1,2.
Thus (2.10) recaptures the result of Hanna, Dragomir and Cerone [11].
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