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ON THE KY FAN INEQUALITY

S.S. DRAGOMIR AND F.P. SCARMOZZINO

ABSTRACT. Some inequalities related to the Ky Fan and C.-L. Wang inequal-
ities for weighted arithmetic and geometric means are given.

1. INTRODUCTION

In 1961, E.F. Beckenbach and R. Bellman published in their well known book
“Inequalities” the following “unpublished result due to Ky Fan” [2, p. 5] (see also
1, p. 150]).

Theorem 1. If0 < x; < %, (i=1,...,n); then:

(1.1) [Hm H 1—a; ]

with equality only if x1 = -+ = x,.
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A generalisation of Ky Fan’s inequality for weighted means was proved by C.-L.
Wang in 1980, [9].

Theorem 2. If0<wz; <%, (i=1,...,n), then
A, (D, T p, T
(12) 1 (p’f), > G”,(p’f), 7
A (p,1-7) — Gn(p,1-7)
where p; > 0 (i=1,...,n) with > p;i = 1 and A, (p,T) := Y i, pix; is the
weighted arithmetic mean, G, (p,z) =[], %" is the weighted geometric mean.
The equality holds in (1.2) iff x1 = -+ = x,.

For a survey on related results of Ky Fan’s inequality, see [1] by H. Alzer.
For different refinements and generalisations, see [4] — [8].

2. THE RESULTS

The following result holds.
Theorem 3. Assumethat0) <m < x; < M < %, (i=1,...,n),p;, >0 (i=1,...,n),
with Y7 p; = 1, then we have the inequalities:

2
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_ _ S yav S & —o2
(21) A (2.7) |:An (23,?)} o A ( ) [ n (P, ff)] A
The equality will hold in all inequalities zﬁ Ty =+ =Tp.
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Proof. The first and the last inequality in (2.1) follow by the fact that (’Z )

(by the weighted arithmetic mean - geometric mean inequality), m € (0 %] and
M e (0,1].
We define the function f : (0,1) —» R, f(t) = In(1%) + alnt with a € R. We

have
1 lo'

fl(t):_ﬁ_F 6(071)a
pon o 1=2 a1 [1-2
PO e~ e [aey

If we consider the function g : (0,1) — R, g(t) = (1 t)2’ then ¢’ (t) =

—041, te(0,1).

2t(t—1)

(t—1)*"

showing that the function g is monotonically strictly decreasing on (0,1).
Consequently for t € (m, M), we have

1-2M Lo 2m
22) T

Using (2.2) we observe that the function f is strictly convex on (m,M) if a <
1—-2M
(1-M)*"
Applying Jensen’s discrete inequality for the function f: (m, M) — R, f(t) =

In (1 t) + alnt, with a < (} ?\%2, we deduce
n 1 _ l n n
> b [hl( i ) +041n$i] > opif (@) > f <Zpi$¢>
i=1 v i=1 i=
1- Z pzxz)
= In (“ + aln pixi |,
Z'L 1 plxl ;

714(’1 7) aln b, T
A, (p,7) ]+ 4. (7.2)

] 2 s e

{Gn (2, ac)r‘1 )
An (ﬁa‘f) - Gn (ﬁ717j)
Now, we observe that the inequality (2.3) is the best possible if «/ is maximal, i.e.,

(1 ?\4)2 , getting

which is equivalent to

W[ G g, )

or, moreover, to

that is,

(2.3)

o =

_ g A=2M g _ _
|:Gn (pvx):| (a-m? > An (p,lfl’)
Aﬂ(ﬁvi‘) N Gn(za’l_‘fy
which is clearly equivalent to the second inequality in (2.1).
The third inequality is produced in a similar fashion, using the function h (t) =
GInt —In (1 t) which is strictly convex on (m, M) if § > 1 2")3
The case of equality follows by the fact that in Jensen S mequality for strictly
convex functions, the equality holds iff z1 = --- = x,,.
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‘We omit the details. I

Remark 1. Since Wang’s inequality (1.2) is equivalent to:

Gn (ﬁag_j) - Gn(ﬁalf‘f),

(2.4)

then the first part of (2.1) may be seen as a refinement of Wang’s result while the
second part

(2.5)

Gn(p1—-7) —
can be considered a counterpart of (1.2).

Now, let us recall the Lah-Ribari¢ inequality for convex functions (see for example
[3, p. 140]).

If f:]a,b) C R—Ris convex on [a,b], z; € [a,b], p; >0 (i=1,...,n) and
o pi =1, then

= b—>" iz DT —
@6) (o) < LEIEmBT pg  Jan PTG
1=1

Now, we can state and prove the following inequality related to the Ky Fan result.

Theorem 4. Assume that 0 < m < x; < M < %, pi >0 (i=1,...,n) with
Z?:l p; = 1, then we have the inequalities:

M—An(p,T) An (P, T)—m

1 —m M—m 1 —_ M M—m m 2
(2.7) (Tnz) <m2> - Gn (P, f)(l_M)
m () M)

< Gn(p1-17)

1 M—Anp(p,T) 1 M Ap(p,T)—m

—m M—m — M—m M 2
< |\ =0 — G (p. 7))
(m(lMM) ) (M(lMM) )

Proof. From the proof of Theorem 3, we know that the function f : (m,M) C
(0,3] = R, f(t) =In (1) + % Int is strictly convex on (m, M). Now, if we
apply the Lah-Ribari¢ inequality for f as above, a = m and b = M, we get:

- 11— 1—-2M
Zpi In + 5 Inx;
Pl Z; (1-M)

= M =" pix; DT —
= (e < MR ) T PR
=1

M =37 pixy 1-— 1—-2M
= lelpm ln( m> + 2lnm
M—m m (1— M)

"Dz — 1-M 1—2M
_l_Zz:lpm m ln( )-‘r 21nM7
(1-M)

M —m M
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which is equivalent to

that is,
Gn (25’ 1— j) L l=2Mm
GTL (137 _)
n(P z) An(p,@)—m w) m

< (1 -mmla=E 1}) T (e udasEd)

from which we obtain the second inequality in (2.7).
To prove the first inequality, we apply the Lah-Ribari¢ inequality for the function
h:(mM)—R, h(t) = (} 2m Int —1In (1tt) which is strictly convex on (m, M).
We omit the details. 1

Finally, let us recall Dragomir-Ionescu’s inequality for differentiable convex func-
tions (see [7])

(2.8) 0

IN

sz xz (szxz>
< szwzf ;) szszpz ;)

provided f : (a,b) CR — ]R is differentiable convex on (a,b), z; € (a,b) and p; > 0

(i=1,...,n) with Y} I p, = 1.
If f is strictly convex on (a,b), then the equality holds in (2.8) iff 21 = -+ - = @,
we may state the following result.

Theorem 5. With the assumptions of Theorem 4, we have

(2.9) exp [An (p,7) Ay <p, M) 4, <p, lixﬂ

(- voan ()]
§ {Gg(f’(;,;)x)] / {A’A(:’Q;’;)x)}
>

olbinnn o) o:55)]
[ o o1)

where % denotes the vector (%,,% , U Z:= (Y1215, 2nYn), and T € R,

>0 (ie., vy >0 for anyi € {1,...,n}), §,z € R™.
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Proof. Since the function f

5
: (m, M)

(0,3] = R, f(t) =1 (3F1) + =355
is strictly convex on (m, M), by (2.8) we may state that

(M) Int
- 1— 1—2M 1= pixy

Zpl 1n< {IJ>+ 21nxi _IH<M

Pl T (1-

M)

Z?:lpixi )
(12M (me>

sz ;) <szxz> <szx1f ) szszpz )
- 1—-2M 1 1
N ;plml [ 1—M)? '@"i_xi(l_xi)‘|
" " 1—2M 1 1
—;pﬂi;pi [(I_MQ' 1,

x;  x; (1 —uay)
which is equivalent to

In [Gn (p,1 —)x)} N (1 —2M

PR An(ﬁ71_‘f)
G (p, T 1_M)21nG”(p’x)_ln[ n (D, 7) ]
1-2M -

IN

1_2M27An (_7 1>
(1— M) 1-z

o[l ]
- wfes) ™ o

i e (05
(o) ()
o{[fa] e [ (s ()]
X exp [An (p, %) Ap <p, M) — A, (p, 11_” },

-z
hence the first inequality in (2.9)

+
b
3
=
@
b

The second inequality follows by (2.8) applied for the strictly convex function
h(t)= (i 2“; lnt—ln(1 1t)

t e (m,M).
We omit the details. [
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