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ON A GENERALIZATION OF MARTINS’ INEQUALITY
TSZ HO CHAN, PENG GAO, AND FENG QI

ABsTRACT. Let {a;}$°, be an increasing sequence of positive real numbers.
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Under certain conditions on this sequence we prove the following inequality
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where n,m € N and r is a positive number, a;! denotes [[;_; a;. The upper
bound is best possible. This inequality generalizes the Martins’ inequality.
A special case of the above inequality solves an open problem by F. Qi in
Generalization of H. Alzer’s Inequality, J. Math. Anal. Appl. 240 (1999),
294-297.

1. INTRODUCTION
It is well-known that the following inequality
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(1.1)

holds for r > 0 and n € N. We call the left hand side of inequality (1.1) H. Alzer’s
inequality [1], and the right hand side of inequality (1.1) J. S. Martins’ inequality
[5].

The Alzer’s inequality has invoked the interest of several mathematicians, we

refer the reader to [3, 9, 11] and the references therein.

2000 Mathematics Subject Classification. Primary 26D15.
Key words and phrases. Martins’s inequality, Alzer’s inequality, Konig’s inequality, logarith-

mically concave sequence.
The third author was supported in part by NSF of Henan Province (#004051800), SF for Pure

Research of Natural Sciences of the Education Department of Henan Province (#1999110004),
Doctor Fund of Jiaozuo Institute of Technology, and NNSF (#10001016) of China.

This paper was typeset using AAS-IMTEX.



2 T. H. CHAN, P. GAO, AND F. QI

Recently, F. Qi and L. Debnath in [10] proved that: Let n,m € N and {a;}32,
be an increasing sequence of positive real numbers satisfying

(k+ 2)a};+2 —(k+ 1)a};+1 > <ak+2>r
(k+ 1)a2_~_1 — kaj,

(1.2)
k41

for any given positive real number r and k£ € N. Then
n r 1/r
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An+m (1/(TL + m)) Zi:l a:

The lower bound of (1.3) is best possible.

In [8, 12, 13], F. Qi and others proved the following inequalities:
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where n,m € N and k is a nonnegative integer.

In [7, 10], F. Qi proved that: Let n and m be natural numbers, k a nonnegative

integer. Then

1 n+m+k 1/r
DA (1.5)
n+m i=k+1

where r is any given positive real number. The lower bound is best possible.
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An open problem in [6, 7] asked for the validity of the following inequality:
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where r >0, n,m €N, k€ Z™.

The purpose of this paper is to verify and generalize the above inequality (1.6),
that is

Theorem 1. Let {a;}52, be an increasing sequence of positive real numbers and
(1) for any positive integer £ > 1,

a Ay
€>Zl

ag+1 ~ Qg

: (1.7)

(2) for any positive integer £ > 1,

(C‘Zl)Z > (;i)e_l' (1.8)
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Then, for any natural numbers n and m, we have
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where r is a positive number, n,m € N, and a;! denotes [[;_, a;. The upper bound

is best possible.

Notice that if a positive sequence {a;}2, satisfies inequality (1.7), then we call
it a logarithmically concave sequence.
The proof of Theorem 1 is motivated by [5].

As a corollary of Theorem 1, we have:

Corollary 1. Let a and b be positive real numbers, k a nonnegative integer, and

m,n € N. Then, for any real number r > 0, we have

n+k n+m-+k 1/r n 7.l+k ai
(1 Z(ai+b)’“/ ! 3 (az’+b)’“> < lizsa(ai +0) . (1.10)

S n+m n+m/H;7«=*|“k’.riTk(ai +b)

i=k+1
By letting @ =1 and b =0 in (1.10), we recover inequality (1.6).

2. LEMMAS

To prove our main results, the following lemmas are neccessary.

Lemma 1. For any positive integers £ and n such that 2 < £ < n, let {a;}52, be

an increasing sequence of positive real numbers satisfying inequality (1.8), then we

have
Gy Gnp
< —. (2.1)
(ag_ll)l/(éil) (an_ll)l/(n 1)
Proof. 1t suffices to show
(079 Ap41
— < —. (2.2)
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The above expression is equivalent to
1/
anr () (2.3)
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which is further equivalent to
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( an > = (an_ll)l/(nfl) (2.4)
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Now we prove (2.4) by induction. For n = 2 it follows from inequality (1.8)
directly.
Suppose inequality (2.4) holds for n = m. Then

m
am-‘rl) > Qm (2 5)
( am - (am,ll)l/(m_l)

(22)"" Jog )

By inequality (1.8), we have

(am+2> <am+1) (27)
Am 41
Ao m(m+1) - A1 m(m—1) A1 m (2 8)
Am+1 B A, (0799 ’ ’

Therefore, from inequality (2.6), we obtain

is equivalent to

which implies

m(m-+1 m(m—1
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Dividing by a;,+1 on both sides of inequality (2.9) yields
m(m+1) 1
(@ms2/@ms1) > (2.10)
am+1 Am+1-
that is )
m+
Am+-2 Am+1
—_— > 2.11
<am+l> - (am )1/m ( )

which completes the induction. |

Lemma 2. For any positive integers £ and n such that 1 < ¢ <mn, let {a;}32, be an
increasing sequence of positive real numbers satisfying inequalities (1.7) and (1.8),

then we have

Qyp Ay,
< : (2.12)
(G/Z )1/@ (an')l/n
Proof. Since 1 < £ < n, by inequality (1.7) in Theorem 1, we have
a o o (2.13)
Qr+1 An+1
and, from Lemma 1, we have
Qy ap41 < Qp (p41 (2 14)

aerl ’ (a[!)l/e - an+1 ’ (an|)1/n
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The proof is complete. |

Lemma 3 (Konig’s inequality [2, p. 149]). Let {a;}"_; and {b;}?_, be decreasing

nonnegative n-tuples such that

k k
[Ioi<[[ai: 1<k<n, (2.15)

then, for r > 0, we have

k k
D<), 1<k<n (2.16)

This is a well-known result due to Konig used to give a proof of Weyl’s inequality

(cf. Corollary 1.b.8 of [4, p. 24]).

3. PROOFS OF THEOREM 1 AND COROLLARY 1

Proof of Theorem 1. Inequality (1.9) holds for n = 1 by the arithmetic-geometric
mean inequality.

For n > 2, inequality (1.9) is equivalent to

1 & 1 r o

an!
N a| <Y 3.1
(n; l/n—i‘l; 1) " any1! (3-1)

which is equivalent to

1 n @ r 1 n+1 w T
= : < — —| . (3.2)

Set
a 1—j .
bjn+1 = Ujn+2 = " = Ujn4n = #‘7'7 0< J<n; (33)
Ap41-
A .
Ci(n+1)+1 = Cj(n+1)+2 = " = Ci(nt1)+(n+1) = JG—J,; 0<j<n—-1  (34)
o)

Direct calculation yields

n(n+1) n o n
Z b = Z Z Dtk
i=1 3=0 k=1

n r
An+1—5
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and

Wf)cz S < - ,) (3.6)

i=1 i=1 tn
Since {a;}3°, is increasing, the sequence {b;}7"™) and {¢;}7"Y are decreas-
ing. Therefore, by Lemma 3, to obtain inequality (3.2), it is sufficient to prove
inequality

by! > e (3.7)

for1<m<n(n+1).
It is easy to see that by, (,41)! = cp(ny1)! = 1. Thus, inequality (3.7) is equivalent

to
n(n+1) n(n+1

)
for1<m<n(n+1).
For0</{<mand0<j<n-—1,wehave l<(n—fn+n—7j) =mn—-0n+
D+ (¢ —j7) <n(n+1). Then

n(n+1)

(a0 (ar))"
11 bi = " (3.9)
i=(n—€)n+(n—j) (anJrl!) n+1
n(n+1) ptiio "
(ag)” +i+ (aé—ll)n .
‘= @B > j; (3.10)
i=(n—0)(n+1)+(£—j) p:) n
n(n+1) n(n+1)
C; = H Ci
i=(n—€)(n+1)+(€—j) i=(n—f—1)(n+1)+(n+14+£—7) (3.11)
J—+1(, 1yn+1
_ (@eq1) fn#»('?fl.) i<
(an!) ™

where ag = 1.
The last term in (3.11) is bigger than the right term in (3.10), so, without loss
of generality, we can assume j < ¢. Therefore, from formulae (3.9) and (3.10),

inequality (3.8) is reduced to

. L—j—1 .
(a1 (@) (ansn) T (a0)" 2 () (3.12)
(ans1!)f T (@D a)
that is
. L—j—1 —¢
(app1)? T H(apyq!) =1 (any1)(an)™ 7 (3.13)

(@ae) =7 (g
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this is further equivalent to

. £—j—1
(a€+1)]+1(an+1!) B (an+1)Z
: =T < 7 (3.14)
agl(ag)? =t (ay!) (ap!)n
Using inequality (2.12) and inequality (1.7) yields
1
(an+1!) +1 < Ap41 S ag+1 (315)

(ap))® — Gn a

for £ < n. Thus, in order to prove (3.14), it suffices to prove the following inequality

(aec)’™t (a7 < (ant1)" (3.16)
(az!)(az)jfﬁ*l ay - % ’ '

which is equivalent to

ag+1 < an+1' (3'17)

1

(a)7 = (an))w

This follows from inequality (2.1) in Lemma 1. Inequality (1.9) follows.
Note that, since the a;’s are not all equal, inequality (1.9) is strict.

By the L’Hospital rule, easy calculation produces

! (1 > / LY >/ e (3.18)
im (=) a al = .
r—oo\n ' n+m = ! " !

thus, the upper bound is best possible. The proof is complete. I

Proof of Corollary 1. It suffices to show the sequence {a;}5°, = {a(k +14) + b},
satisfies the inequalities (1.7) and (1.8) for any nonnegative integer k.

It is easy to show

a(€+k+1)+b< a(l+k)+b
all+k)+b “all+k—-1)+0b

(3.19)

for any positive integer £ > 1 and nonnegative integer k. Inequality (1.7) holds for
the sequence {a;}2, = {a(k + 1) + b}52,.

Now consider the function

f(x)len(l—i—xic), x>0 (3.20)

with ¢ > 0 a constant. Then

R 1 _ T
f(as)_ln(1+z+c> Gro@tcrl) (3.21)
F1(a) = — (2c+ 1Dz +2¢(c+1) <o (3.22)

(x+c)2(x+c+1)
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Thus f'(x) is decreasing. From lim,_,, f/'(z) = 0, we deduce f'(x) > 0 and f(x)

is increasing, and the function

1 xT
1+ —— 2
( +x+k+b/a) (3:23)
is increasing for z > 0. Hence
all+k+1)+b é> all+k)+b \ (3.24)
a(l+k)+b “\a(l+k-1)+b '

holds for any positive integer ¢ > 1 and nonnegative integer k. Inequality (1.8)
holds for the sequence {a;}°; = {a(k + ) + b}2;,.
Corollary 1 follows. The proof is complete. i

Remark 1. The main result in [10], inequality (1.2) and (1.3) of this paper, can be
further generalized to the following form, and we will leave the proof to the reader
since it is similar to the one in [10].

Theorem 2. Let n,m € N, A,, = >0 X, Ay > 0 and {a;}52, be an increasing

sequence of positive real numbers satisfying:

A —A A
k+20k+2 k+10k+1 > k+2  Qk42 (3.25)
Appragsr — Agag Akl kg1
for any given positive real number r and k € N, then the following inequality holds
1
n Ry Lim1 Al

— 1 n+m :
An+m pu—— Zi:l i

(3.26)

The lower bound of (3.26) is best possible.
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