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ON SOME INEQUALITIES FOR THE MOMENTS OF GUESSING
MAPPING

S. S. DRAGOMIR, J. PECARIC, AND J. VAN DER HOEK

ABSTRACT. Using some inequalities for real numbers and integrals we point
out here some new inequalities for the moments of guessing mapping which
generalize and improve the recent results of Arikan [2], Dragomir and van der
Hoek [3]-[4] and Dragomir [10].

1. INTRODUCTION

J. L. Massey in [1], considered the problem of guessing the value of a realization
of a discrete random variable X by asking questions of the form: “Is X equal to
x?” until the answer is “Yes”.

Let G (X) denote the number of guesses required by a particular guessing strat-
egy for X = x.

Massey observed that E (G (X)), the average number of guesses, is minimized
by a guessing strategy that guesses the possible values of X in decreasing order of
probability.

We begin by giving a formal and generalized statement of the above problem by
following E. Arikan [2].

Let (X,Y) be a pair of random variables with X taking values in a finite set
X of size n, Y taking values in the countable set ). Call a function G (X) of the
random variable X a guessing function for X if G : X —{1,...,n} is one-to-one.
Call a function G (X |Y') a guessing function for X given Y if, for any fixed value
Y =y,G (X |y) is a guessing function for X. G (X |Y") will be thought of as the
number of guesses required to determine X where the value of Y is given.

The following inequalities on the moments of G (X) and G (X |Y') were proved
by E. Arikan in the recent paper [2].

Theorem 1. For any arbitrary guessing function G (X) and G (X |Y') and any
p > 0, we have:

1+p
(1.1) E(G(X)")>(1+In)" ZPX(x)HIP]
reEX
and
14p
(12)  EBGXY))=(0+hn) "y pr,y@c,y)w]
yeY LreX

where Px y, Px are the probability distributions of (X,Y) and X, respectively.
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2 S. S. DRAGOMIR, J. PECARIC, AND J. VAN DER HOEK

To simplify the notation, we assume that the x; (z; € X') are numbered such
that zj is always the kth guess. That yields

E(GP) =Y k'ps,
k=1

where pp =Pr (X =x1), k=1,...,n.
The following estimation results for the p—moment of the guessing mappings
was obtained by Dragomir and van der Hoek [3]:

Theorem 2. Let X be a random variable having the probability distribution p =
(pi), i =1,n. Then we have the inequality:

(1.3) EGX)) - Y| < n( —1)

4 (PM_Pm)

where

Py = max {pi ’z = 1,771} and P,, := min {pi |z = 1,7}

and p > 0.

Corollary 1. If we assume that for a given € >0 and n > 1, we have
4e

1.4 0<Py—-—PFP,<——mmr,

(1.4) =M n(n? —1)

then

(1.5) <e.

E(G(X)") — %ZZ')

Remark 1. If we put in (1.3) p = 1, we get:

(Pv— P

(1.6) ’E(G(X))_n+1‘<n(n—1)

2 - 4
If we choose in (1.3) p =2, we get

(1.7) )E (G (X)Q) _(n# 1)é2n i 1)’ < <n4_ ) (Par — Pr)
and, finally, for p = 3, we obtain

2 n (n® —
(1.8) B(G(x)") - "("I V7| ol . Y (Par— P

Theorem 3. With the assumptions of Theorem 2, we have the inequality:

(1.9) ‘ (pi 1>E (G (X)) — <p; 1>E (Gxp) + .
Fey (T EG O + Ct -w
< D by

provided that p e N, p > 1.
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Corollary 2. If we assume that for a given € >0 and n > 1, we have:

(1.10) OSPM—Pm<(p+leﬁ
then
(1.11) ‘(ler 1>E(G(X)p) - <p; 1>E (¢x)r™)+ .

et (P BG )+ -

<

€.
Remark 2. Ifin (1.9) we put p = 1, we get:

(1.12) ‘E(G(X))—n+1’ "

< _
_4<PM Pm)7

and if we choose p = 2, we get:

< — — .
3 | 4(PM Pm)

Let us note that (1.6) is better than (1.12).

Theorem 4. With the assumptions of Theorem 3, we have the inequality

(1.13) ’E (G (X)Q) ~ E(G(X)) -

n2—1‘ n3

(1.14) Pmpilnp“ < np—pil{(p“lq)E(G(X)”)Jr...
1
s (M EICTEV S
p
< —— _pptt
- PMerln

where p € N and p > 1.

Remark 3. Let us note that in [3], Theorem 3 and its consequences are given with
some misprints.

In this paper we shall give some improvements and generalizations of previous
results.

2. ON ARIKAN’S INEQUALITIES

First, let us prove the following general result:

Theorem 5. For an arbitrary guessing function G (X) and G(X|Y') and any
p € R we have

(2.1) E(G(X)")>Se ()™ | Px (x)lla]
TeX
and
-«
02 BEEY)2 50 S |3 Poy () ]
yeY LzxeXx
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where either « > 1 or a < 0 and
(2.3) S (n) = i™.
i=1

If o € (0,1) we have reverse inequalities in (2.1) and (2.2).

Proof. Inequality (2.1) is a simple consequence of a reverse Holder inequality

11—«
2. Z by > (Za ) (Z w)
=1
where « is either greater than 1 or less than 0. Set a; = i, b; = p; and we shall get
(2.1). If & € (0,1) we have reverse inequality in (2.4), that is Holder inequality is
valid, so for a; = i? and b; = p; we get reverse inequality in (2.1).
Since

E(GXY)") = }:P G XY =y)]

Y

11—«
S P(y) Sz (n ZPWW]
T rea|

we have (2.2) . Similarly we can prove the corresponding reverse result. i

I
Q\’d

The following generalization of Theorem 1 is valid:

Theorem 6. For an arbitrary guessing function G (X) and G (X |Y') and allp € R,
we have

(2.5) E(G(X)) 2 K (a.p) |3 Px <x>11a] :
reX
and
(2.6) E(G(X[Y)) > K (a,p)* ) E:nyxy ]
yey LzeX

where Pxy, Px are probability distributions of (X,Y) and X respectively and where

(HL&) forp>—a,a<0
(1—|—lnn) , forp=—a,a <0

+1
(%) , forO<p< —a,a<0

«
an «
<p+rx Jrna) , forp<0,a<0

1, forp< —a,a>0
(Inn)™", forp=—a,a>0
an§+1 a *
( pta  pta

),ﬁr—a<p<&a>0

an§+l o
( ot ) , forp>0,aa>0
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We also have

(2.8) E(G(X)") < K (a,p)

and

(2.9) E(G(X[Y)") < n* Y

yey

-«
> Pxy (z,9)7 ]

zeX

where a € (0,1) and

(%;p) , Jorp < —a
~ (1+1Inn)"", forp=—

K(a7p): ang+1 @
(p_m) forafa<p<0
(222 +n2)" forp>0

Proof. Tt follows from Theorem 5 and the following result obtained in [5], (see also
[6, p. 118]):

1 r+1, for r < —1,
Inn n 1+ Inn, for r = —1,
(2.10) nrtl 1 < k< it
T kz_:l L for —1<r<Q0,
n” - n”
T T ' for r > 0.

Corollary 3. Let the conditions of Theorem 1 be satisfied. Then (2.5), (2.6), (2.8)
and (2.9) are valid with

«
(HL&) , forp> —a,

(2.11) K (a,p) = (1+1Inn)"?, forr=—a,
(a;l_‘:a) , fora>0 and a < —p < 0;
and
- anst1 A\
2.12 K(a,p) = +ne | .
212 (:7) < pra )

Moreover, we can give some improvements of Arikan inequalities (1.1) and (1.2).
Namely, the following results are valid.

Theorem 7. Let the conditions of Theorem 1 be fulfilled. Then

1+p
(2.13) EG (X)) >Cc* |y Py (x)“lr?“]
reX
and
1+p
(2.14) EGXY)P)>C™Y ZPXnyHp] ,
yey LreX
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where C is either

1 1 1
2.15 C = 1 — 4 —— 4+ —
( ) ’Y+nn+2n+12n2+n3
or
1 1

2.1 = I§ —
(2.16) C 7+n<n+2>+24n2
or

1 1 7 1
(2.17) Cv+ln<n+>+ - — )

2 24 (n + %)2 960 (n +1)°

where v is Fuler’s constant.

Proof. 1t follows from Theorem 5 for « = —p that

14+p
(2.18) EKN@%ZSAMYPEZRﬂ@ﬁJ
TeEX
and
1+p
(219)  E@X[Y))=51m)7"Y ZPX,Y@,y)w] .
yeY LzeX

On the other hand, the following results are known:

S_1(n) <7+lnn+i+ 121n2 +%
(7], [6, p- 120])
(2.20) S_1(n)<vy+In (n + 1) + b
2 24n?
(18], 6, p- 126])
1 7 1

S_1(n)<~vy+1 ( +1>+ —
1n)<y+hn(n+ - -
2)  24(n+1)? 960 (nm+1)°

([8], [6, p. 120)).
Now, (2.18),(2.19), and (2.20) give Theorem 7. I

The following result is also valid.
Theorem 8. Let the assumptions of Theorem 1 be fulfilled. Then

2+p

3 Py (x)“zp}

b
2

3 n+ 3 :
(221  B@G)")> (a‘n++n+)
3

TxEX
and
3 41 -4 =
T n+ 5 2
(2.22) E(GX|Y)")> (6 - 712+nz+1) Z Z Pxy (z,y) 2+p‘| .
3 yeY lzex
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Proof. For a = —£, (2.1) becomes

p+2

ZPX (Z‘)zif"‘| .

zeX

r
2

(2.23) E(G(X)") > S_a(n)”

Moreover, the following inequality is well-known [9]:
- 2 n+i
2.24 E?< - ——2
(2.24) Z 6 n24+n+i
k=1 3
Now, (2.23) and (2.24) give (2.21). Similarly we can prove (2.22). I
3. ON INEQUALITIES OF DRAGOMIR AND VAN DER HOEK

Firstly, we shall prove the following improvement of Theorem 2.
Theorem 9. Let assumptions of Theorem 2 be fulfilled. Then

(31) B(G (X))~ ~5, ()

1

< (s m) (P = Po) S ) = 25, 0|

n

% |:71:| (n? = 1) (Py — Pn)
IR

Proof. Let us note that the following inequality of Biernacki, Pidek and Ryll-
Nardzewski is well-known (see for example [6, p. 30]):
Let a and b be two real n-tuples such that

u<ag <Uandv<b; <V, (i=1,...,n).
Then

(3.2) |D (a,b)] <

where . . .
D(a,b) = Zalbl — %ZGZZbZ
i=1 i=1 =1

This result is stronger than that of Theorem 2.4 in [3].

Denote by
1o 1 o
A== , S ,
n Z al) B n Z bl?
i=1 =1
then
(3.3) D(a,b) = Y (ai—A)(b;—B)

IN
L 3
)
I
=
N
N——
ol
N
[
=
|
=
N
N—————
Wl
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By (3.2) we have

Do) <[] @ -,
o (3.3) becomes
(3.4) D (a,b)| < % [rﬂ (U — u) /D (b,1).

For b; = i?,a; = p;,U = Py,u = P,,, we get the first inequality in (3.1) since

2impi=1.
The second inequality follows from (3.2), since from (3.2) we have for a; = i?,b; =
P

n2

Dy < & |2 o - 02,

That is,

Sap (n) = -8, (n)?

while the last inequality is obvious. 1

Remark 4. If we put in (3.1) p = 1, we get the following improvement of (1.6) .

o227 < (75 2]}

LS w-v@ -
n(n—1)
1

If we choose in (3.1) p = 2, we get the following improvement of (1.7)

’E<G(X)2) B (n+1)é2n+1)‘

7 E(nn;n (n+1)1(82§+1) (8n +1) {Tf” (Fu—Po)
- {4] (n> = 1) (Py — Pr)
n (n2 — 1)

< — .

And finally, for p =3, we obtain the improvement of (1.2).

Corollary 4. If we assume that for a given € > 0 and n > 1 we have

09 ozru-race {2 [t -t o]}

then (1.5) is valid.
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Theorem 10. With assumptions of Theorem 2, we have the inequality

(3.6) ‘ (ple 1>E (G (X)) — (p ; 1>E (@) + .

+ (- (’“I 1>E (G (X)) + (=12 =P

< pnp+1 (PM - Pm)
= 2V2p + 1

provided that p € N, p > 1.

(p+1)nPt!

Proof. Let us note that the following inequality is well-known as Griiss’ inequality
([3, Lemma 2.3]).
Let h,g : [a,b] — R be two integrable functions such that

my < g(x) < My, me < h(x) <M, for all x € (a,b).
Then we have the estimation:

(3.7) |D (g, k)| <~ (M1 —mq) (M2 —ma),

| =

where

1
D(a,b):b

—Qa

b b b
/g(sc)h(ac)daz:—L g(az)dw-bl /h(sc)dx.

b—a J, —a

On the other hand, it is also well-known that

(3.8) 1D (g,h)| < (D (g,9))* (D (h,h))* .

Since by (3.7) we have

1
(39) D (0.0)] < 7 (My —ma)?
we get from (3.8)

(3.10) 1D (g,h)] <

e b—a)
3.11 —a)? dr — d
(3.11) = | e s [
1 P

< - M-m)(b—a)f —————r

- 2( A ) (p+1)2p+1
where
(3.12) M := sup f(zx)<ocoandm:= inf f(zx)>0

z€[a,b] z€la,b]

and p > 0. Since m < % we have the following improvement of Lemma 2.5

from [3]:
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Let f :[a,b] — R be an integrable mapping. Then we have the inequality

(3.13)

/ab(a:—a)pf(x)dx— (l;;al)p /abf(x)dx

< pb—a)f (M —m)
T 20+ Vv2p+I

b— p+1
R
where M and m are as defined by (3.12) and p > 0.
Now, set in the previous result, a = 0,b = n, f(x) = piy1,x¢ € [i,i+1),1 =
0,...,n — 1. Then we have
f(z)dz = Zpi =1,
0 i=1

and from (3.13) we get (3.6). 1

Corollary 5. If we assume that for a given € >0 and n > 1, we have:

0< Py — Py < Y2211
pnP
then
(3.14) ‘ <pj1L 1>E(G(X)”) - (p ;F 1>E (G (X)P*l) s
sy (PTG ) + e

< e

Remark 5. If in (3.6) we put p =1, we get the following improvement of (1.13) :

(3.15) ‘E(G (x)) - & 1’ "

9 Sm(PM*Pm)'

In addition if we choose p =2 we have an improvement of (1.13) :

(3.16) ‘E (G (X)Q) ~B(G(X)) -

2 2
n°—1 n
< —(Py — Py).

| < o (P )
Let us note that in the proof of Theorem 3, Griss’ integral inequality was used in [3].
Of course, a discrete Griiss inequality, that is a stronger version of this inequality,
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such as (3.2), can be similarly used. Namely, we have

(3.17) <ij 1>E (G (X)) — (p; 1>E (G )+
sy (PTG e + o
< S-S [ - o
i=1 i=1 =1
< % Tﬂ (nPH (-1 1) (Py — Py)
since Zgaxn [i”“ (- 1)p+1} e 1)p+1
and
l:rrlunn [ip+1 —(i— 1)p+1] 1
For p=1 we have
(3.1) B0 - < 2] - )

As

n—1[n? (n—1)n
— | <=
n 41~ 4

it is clear that (3.18) is better than (1.6) and (1.12).
For p =2 we have

2

n?—1 2

<o ] =)

(3.19) ‘E (G (X)Q) _BE(G(X)) -

which is better than (1.13).
Finally, we shall give a companion inequality to that given in (1.14).

Theorem 11. With the assumptions of Theorem 3, we have the inequality

(3.20) PnPTt
(pi 1>E (G (X)) + et (—1)7 (pi 1>E (G (X)) + (~1)"*!

< PMTLP+1.

Proof. Let m < f (u) < M for any u € [a,b]. Then

mu” < u”f (u) < Mu".

That is,
b b b
m/ u”dug/ u"f(u)dugM/ u"du
(b _ a)p+1 /b (b _ a)p+1
21 -~ 7 < n du < M ———
(3.21) P ,auf(u)u, P

11
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Set a=0,b=mn,f(u)=p,ueli—1,9),i=1,...,n,m= Py, M = P,,.
Then (3.21) becomes

PPttt — (i = )P Pyt
p+1 p+1 T op+1

)

i=1
which is, in fact (3.20). 1

4. ON SOME INEQUALITIES OF DRAGOMIR

Recently S.S. Dragomir [10] obtained some related results for guessing mappings.
Let us note that some of his results can be improved if we use Biernacki, Pideck
and Ryll-Nardzewski’s inequality (3.2) instead of his Lemma 2.7. The rest of the
proofs are the same, so here we shall give only improvements of results without
proofs.

Let us consider the arithmetic means

Ay (pox) = me where p; > 0 and Zpi

i=1 i=1

v
—_

v
—_

n n
A, (g, x) == Z ¢;r; where ¢; > 0 and Zqi
i=1 i=1
and
r=(2;);_1, ER (i=1,...,n).
Theorem 12. With the above assumptions for p,q and x, we have
1 n—1

An(p7x)7An(qax)7 n—1 (xn*xl)Z(nil)(plf(h)

< gm)(T =) (A—0), i

(n—1)
7

where g (n) = = {

n—1

} and [] denotes the integer part, provided that
d<Az; <A foralli=1,..,n—1
and
y<P—-Q;<T forali=1,...,n—1

where

Az, i=x41 —x; (i=1,...,n—1),P = Zpk7 Q; = qu (fori=1,...,n).
k=1 k=1

Corollary 6. With the above assumptions for x and if

<P ——<T,

)
n
then we have the estimation:

Aﬂn@—An%w%yf<%_xﬁ§fm_”<m_lﬂ

< g (M=3) -3
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Theorem 13. Suppose that p, q, x satisfy the condition
a<X;<X,i=1,.,n—1

where _
X; = an (i=1,..,n)
k=1

and

Then we have

|An (p7 x) - An (q7:r) - Xn (pn - Qn)

n—1

[pr =1 = (@n —a)] Y (n— i)z

i=1

+n71

< gn)(X—x)(0—¢).
Corollary 7. If x and p satisfy the conditions
r<X;<X,1=1,...n—-1

and

then we have the bound

A (0.2) = A (@) = X (o= ) =) X (0 i)

n

< gm)(X—2)(6-p).

To simplify the notation for the next result, we assume that the x; are numbered
so that zj, is always the k' guess. This yields

E(G") =Y i"p; (p>0).
i=1
Now, if we consider another guessing mapping L, we can write
E(LP) =) #poi
i=1

where ¢ is a permutation of the indices {1,...,n}. We also use the notation P; =
Y ket P> Po(iy = D1 Po(ny, and Sy (k) = >0, i" k=1,...,n.
Theorem 14. Let G (X) and L (X) be the guessing mappings associated with ran-

dom variable X and E (G (X)?),E(L(X)?) (p > 1) their p—moments. Then we
have

GO B~ LS (i) (B o)

< gm) (P = 1) (Mpo —mpe), p>1

where
Mpﬁ = max (Pl — Pa(i))

i=1,n—1
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and
Mp,o 1= min (Pi — Pa(i)) .

i=T,n—1
Theorem 15. With the above assumptions, we have
Sp (n) — Spy1(n)
n—1

E(G(X)") - E(L(X)") - [Pn — P1 = Po(n) + Po(1)]

) (n) (pn _po(n))‘

< g (n) (S;D (Tl) - 1) (¢p,o - Qop,a)
where
¢p,g = ‘—% (Api - Apo(i))
and
Pp,o = }_% (Api - Apo(i)) .
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