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A WEIGHTED INTERPOLATION FOR JENSEN’S INTEGRAL
INEQUALITY AND SOME CONVERSE RESULTS

S.S. DRAGOMIR, C.E.M. PEARCE, AND J. PECARIC

ABSTRACT. A weighted interpolation of Jensen’s integral inequality and some
applications for Hadamard’s inequality are given.

1. INTRODUCTION

Let ¢ : R — R be a convex mapping and f,p : [a,b] — R, p(t) > 0 on [a,b] be
measurable and such that p, fp and ¢ o f - p are integrable on [a,b]. Then

o(Jef Wp®dt _ [ (6o HOp®
Lopwar )= flp@ar

provided that f:p (t)dt > 0.

The inequality (1.1) is well known in the literature as the Jensen’s weighted
integral inequality.

In 1996, Dragomir and Goh [21] proved a counterpart result for convex mappings
of n—variables, in terms of the Theory of Probability. We mention here only the
uni-dimensional version of their result:

(1.1)

12) o < Je@DWOpOA _ (]TOp0d
. B Jp(t)at [Pp(t)at
1 b
< W/ (&0 f) ()~ f () p(t) dt
L[ o
_W/z (& o f) (O)p (1) dt ffp(t)dt/(lf(t)p(t)dt,

provided that all the integrals exist and ¢ is differentiable convex on R.
In this paper we point out some refinements of (1.1) and their counterparts as
suggested by (1.2). Some particular examples are also examined.

2. THE RESULTS

We will start with the following weighted refinement of Jensen’s integral inequal-
ity (1.1).
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2 S.S. DRAGOMIR, C.E.M. PEARCE, AND J. PECARIC

Theorem 1. If ¢,p and f are as above, uy,...,ur are nonnegative numbers and
k

k= Y. u; >0, then we have the following inequality:

i=1
I () p(t)dt
=0 ’ ( Jop(t)ydt )
Pt (M) p(t1) ...p (t) dty...dt,
) (Jpeyar)

j‘ f (b(ulf(tl)"!‘ +ukf(tk))p(t1 tk dty...dty,

(froa)’

IN

holds.

b b
Proof. By Jensen’s inequality for integrals of the form / / we get that
a a

k times

Ji- f¢(M)p(tl)~--p(tk)dt1...dtk
f f p(t1)...p (tx) dty...dty
Ji- I(M) (t1) -..p (ti) dty..dtg
f f p(t1)...p (tx) dty...dtg

As a simple calculation shows us that:

/ / (t1) ...p (tx) dt1...dty, = (/abp(t)dt>k
/ / { RS +f(tk)]29(751)~~~p(tk)dt1...dtk

_ (/ p(t)dt> /af(t)p(t)dt

then the inequality (2.2) gives us the first inequality in (2.1).
Define the functions

yi :la,b] = Ly, = yi (b1, t) i = 1,k

(2.2)

and:

given by
o ulf(t1)+qu (t2)—|—...—|—uk_1f(tk_1)+ukf (tk)
no= U,
" _ouef () Funf (f2) + o+ ur—of (1) + ur—a f (E)

Ui
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usf (t1) +usf (t2) + ... + upf (tk—1) + ur f (tx)
Uy

Yk =

where t1, ..., t; € [a, b].
Using Jensen’s discrete inequality for the convex map ¢ and for the elements
Y1, - Yk € I, we have that:

p <y1 + .. +yk> < ¢ (y1) + - + & (yr)

k k ’

and taking into account that:

ity (it tu) (F () + - 4 f ()
k kU
_ F) et W)
k
we get that
Ft) + .+ f(te)
o(H)
1 ur f (t1) + oo +urf (tr) urf (t1) + oo +up—1f (tr)
§k|:¢<l 1 - k k>+¢<k 1 - k—1 k)+_._
ug f (t1) + ... +urf ()
e |

for all ¢y, ..., tx € [a,b].
Integrating this inequality on [a, b]" we get that:

(2:3) / / < )+ Jrf(tk))p(tl)...p(tk)dtl...dtk
[/ / <U1f ol +Uk+ka(tk)>p(tl)wp(tk)dtlmdtk + ...

/ / <UQf 8 +Uk+U1f(tk))p(tl)...p(tk)dtl...dtk‘|.

However, it can be easily seen that:

/ / (u1f t1) +Uk+ ka(tk)>p(t1)...p(tk)dtl_,_dtk
= / / (uzf t) +Uk+u1f(tk)>p(tl)'“p(tk)dtlmdtk

and the inequality (2.3) gives us the second inequality in (2.3).
Finally, by Jensen’s discrete inequality for the weights uq, ..., ur we can write:

p (Ulf(tl) +... Jrukf(tk)) ! (o f)(t1)+ ...+ ux(dof)(tr)
Uk o Uk
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for all ¢1,...,tx € [a,].
Integrating this inequality on |[a, b]k we deduce that:

/ / <u1f i +Uk+ka(tk)>p(tl)-~-p(tk)dt1...dtk

< @/a /a [ur (@ o f) (t1) 4 ... +ug (G o f) (tr)] p (t1) ...p (tr) dty...dH,

k-1

b b
(/ p(t>dt> /<¢of><t>p<t>dt

and the last inequality in (2.1) is proved. |

Corollary 1. Let ¢ and u; (z :1,714:) be defined as above. Then the following
interpolation of Hadamard’s integral inequality is valid:

(24) ¢ (a ;r b) / / (tl ot t’“) dty..dty
< / / (ultl *- +“’“t’“> dty...dty
b_a/a 6 (1) dt

Remark 1. The first inequality in (2.4) was proved in [4], the second inequality in
(2.4) was proved in [19] and the last inequality in (2.4) was proved in [12].

<

3. SOME CONVERSES OF THE ABOVE RESULTS. THE UNWEIGHTED CASE

We shall start with the following result which gives a converse for the first in-
equality in (2.1).

Theorem 2. Suppose that ¢,p and f are as above. Then one has the inequality:

o) o0 f;...f;qﬁ(W)p(t;)...p(tk)dtl...dtk ) (f £t )
(fbp(t)dt) i ()dt
PR (Healb O (01) p (1) o (1) i
(fbp(t)dt)
PP r@p@de Ju ) o (K ) pn) () di
fabp (ffp(t)dt)k ’

where ¢, is the right derivative of ¢ on I

Proof. As ¢ is convex on I, we can write that

(3.2) ¢(x) = d(y) = ¢ (y) (@ —y) forallz,y el
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where ¢/, () is the right derivative of ¢ which is a nonnegative mapping on I
Choosing

LI Op@dr o ft) e f ()
= 5 and y = ,
[, p(t)dt k

we deduce the inequality:

Lt (@) ()
( fp ) ¢< k )

C(F @) e+ FN (S ) Cft) e+ f ()

- m< k )< Lp k )

for all ¢q,...,tx in [a,b].
Integrating this inequality on [a,b]” we easily deduce the inequality:

S 2 o (RO ) p (1) o () di.dt (f fit )
. _
(fap(t)dt) f p
1

ST
(fbp (t) dt)
/ /¢+< Zf )(;Xk:f( ))p(tl)-np(tk)dtl...dtk

[P F@)p( Bt A (i 1f( ))P(tl)...p(tk)dtl...dtk
) p(t)d (f:p(t)dt)

1
fp dt / / +<kzz:f >f(tl)p(tl)~-~p(tk)dt1...dtk

fbf(t) dt f f ¢y Ilcil ()>p(t1)-~.p(tk)dt1...dtk
f:P( (f;p(t)dt)k

and the theorem is proved.

(3.3)

Y

The result embodied in (3.1) can be completed by the following one:

Theorem 3. With the above assumptions, one has the inequality:

A (M) Ft)p(tr) p (ty) dty...dty

(fbp (t dt)k

fff(t Bdt I A (M>p(t1)...p(tk)dtl...dtk
dad i
Jopt (S p () dt)

(3.4)
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{ dt / /[%( (t) + .- +f(tk)>:| P (1) (b dir
[f 2 )dt (faf(t)p(t)dt> r
Jip(®)d J2p(t)dt

forallk > 1.

Y

IN

I\)‘H

:

Proof. By Schwartz’s inequality for multiple integrals we can write:

(3.5) W /ab /: . (f (t) + - + f (m))

y (f(t1)+...+f(tk) AONIOL!
K S p(t)dt

{f t)d / /{ ( - +f(tk)>} p(tl)mp(tk)dtl...dtk}
p(t t
.

[P rwp )’ :
_ a] p(tl)p(tk)dtldtk

) p(t1)..p(ty) dty...dty,

=

[2p(t)at

Now, let us compute the integral

s :/ /[ (ts) + - +f<tk> fffb(t)p(t)dt
[ p@
:/ /[( (1) + - +ftk>> _2<f<t1>+k+ftk>f£p

<ff> ]p(tl)...p(tk)dtl...dtk
Jop(t

= / /a Z f(t (t1) ...p () dty...dty,

i,j=1
2 (fy o ()dt) [T Op @t [2p ) p o) an

k ff p(t)dt

(Lroe) (S505)

2
P (tl) ...p (tk) dtl...dtk

[N
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RS2 P @Op @ ([ ) dt)“
k-2
221<z<]<nf f f ) (tl) (tk) dtq...dty
k2

b k—2 b 2
- ( / p(t) dt) ( f ) p () dt)
1 b b k—1
- w0 <t>p<t>dt( a p(t)dt>
b k—2 b 2
+k(k—1) </ p(t)dt) (/ f(t)p(t)dt)
k—2

e ( /abp@)dt) ( /abf@)p:t)ldt)Q] |
{/fQ (/ <t>dt> —(/abpa)dt) (/abf(t)p(t)dt>]-

Now, using the inequality (3.5) for the above representation of f we deduce the
inequality (3.4). O

The following corollary is important:

Corollary 2. Assume that ¢ : I — R is convex on the interval I and
SUDgcr ‘(ﬁ; (x)‘ = M < oo. Thus, with the above assumptions for f and p we have

that:
klgr;o 2a] / / ( (f) + - +f(tk)>p(t1)...p(tk)dtl...dtk
- %Ié% (o / / ( (fy) + - +f(tk)>p(tl)...p(tk)dtl...dtk
. (f i )
P
Proof. As

GRS NP
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we get that (see (3.1) and (3.3)):
(t1) + .. + f (tr)
0 S f p dt / / ( )p(tl)...p(tk)dtl...dtk

(” “)
[Pp(t
< M{f £ () (0 (fff(tmt)dt)z]:o
= ks fapt [Pp(t)dt
as k — oo. O

4. SOME CONVERSES OF THE ABOVE RESULTS. THE WEIGHTED CASE

We shall start with the following converse inequality:
Theorem 4. Suppose that ¢, p and f are as above and (Uy), oy are strictly positive

Then we have the inequality:
f f ¢ (u1f t1)+ +7J«kf tk) )p(tl p () dty...dtg

1) 0 <
(Fria)
(i
it
fbfb¢g, (u1f(t1)+ Aup f(tr)

<
(f p(t) t)
uy f(t1)+.. +ukf(tk)) (tl)p (tk)dtldtk

_f:f(t) bdt Ji- f¢’( i
a0 (fap(t)dt)

where ¢, (-) is the right derivative of ¢ on I

(tk) dty...dty

)

Proof. As ¢ is convex on I, we can write that

¢(x)—d(y) > ¢, (y) (x—y) forallz,y el

Choosing
N AOYIOKS
[Pp(¢) at
and
Ulf (tl) + ...+ ka (tk)

y= Us
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we deduce the inequality:

i (S () + ot f ()
< v oa ) ¢( Uk >

> & (ulf(t1)+ At ug f tk) f F@Op@)dt  urf (t) + ... +upf (te)
- + U fap U

for all ¢y, ..., t; in [a,b].
Integrating this inequality on [a,b]" we can easily deduce the inequality (4.1). We
shall omit the details. O

The result embodied in (4.1) can be completed by the following one:

Theorem 5. With the above assumptions, one has the inequality:

f f ¢, (ulf t1)+Uk+ukf(tk)) f(tl)p(tl) ) (tk)dtl...dtk

(42) 0<
(fp dt)k
ff F(&)p(t)dt f: f; o (ulf(tl)—’_(}jukf(tk)) p(t1) ...p (t) dty...dtg
JJp(t)dt (Jp(eyar)
k 2
Z 1

IN

U (f:p (t) dt)k
y /b.../b [qb; (“1““) +(‘};€+“’“f(t’“)>rp(t1) - (be) dby .t
0 >m Ermpma’’
[ fpt ( Jop (@)t )]
Proof. By Schwartz’s inequality for multiple integrals, we can write :

(4.3) (fp/ /¢+ (ulf(t1)+Uk+ukf(tk)>

(rad () ot () Ju F (&) p(t)dt
Uk [Pp(t)dt

[N

) p(t1) ...p (tr) dty...dty,
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1
S YT
{ o (t) dt)

(1
x /ab.../: [¢>’+ (ulf(tl)+(};€+ukf(tk)>rp(t1)...p(tk)dtl...dtk}

1
{ (PO

N

b b b 2
x/a /a l“lf(t1)+[‘]';€+“’“f(t’“) — f“f(t)p(t)dt] p(tl)...p(tk)dtl...dtk} .

[2p(t)at

Now, let us compute the integral

b b b 2
:/ / ["1f(t1)+"'+ukf(tk) - f“;b(;)(f)(zdt] p(t1) ...p (ty) dty..dty,

— / / (urf (t1) + .. +ukf(tk)) p(t) op (t0) dts .t
u ur f(t1) + ... Fupf (tr)
fp t)dt / /( Uy )p(t1)~~-1?(tk)dt1~-dtk
ff) ( ’ t dt)
( Jip( /a pt)
U2 / /Zuzf2 D (t) dty...db
+2 Z uqu/ /f p(ty)dty.. dtk]

1<i<j<k

NAC b A IOTIOL
—f it (/ p(t)dt> - -

(i) ([ros)
U2Z“ (/ dt) /f2

) (/;W)’”]

1<i<j<k

Nl
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b 2 b k—2 b 2 b
» (/ f(t)p(t)dt> (/pu)dt) +</ f(t)p(t)dt> </p<t>dt>

1
Ui

M=

b b
(_ u)/ PO [ o

b 2 b 2
2 Y (/f(t)p(t)dt> - ( <t>p<t>dt>
1<i<j<k a a

11

k—2

& 9 b k—2 b b b 2
_ Zi{;’%“f (/ p(t)dt> [/ f?(ﬂp(ﬂdt/ p(t)dt—</ f(t)p(t)dt) ]

Now, using the inequality (4.3) we deduce (4.2).

The above theorem has the following important corollary:
Corollary 3. Assume that ¢ : I — R is convex on the interval I and

sup,¢; | (z)| = M < oo. Then with the above assumptions for f and p and if:

lim u% + ...+ uz

AT Tk — 0, u; > 0(i €N)
k—o0 (U1+...+’U,2)

then we have:

kh—{go b k
( I, p(t) dt)
5. A BOUND FOR THE DIFFERENCE @} — ©k41
In this section, we investigate the difference

Ok — Pry1, k2>1

where:
Pt (M) p(t1) ...p (t) dty...dty,

(S p(tyar) '
We know (see the inequality (1.1)) that:

Jo £ @) p(t)dt
(5.1) @ ( ffp(t) ”

Vg : k> 1.

)

S Pkl S Pk S S0 3
) Jap (@) di

f: f:(b (ulf(tl)-'rij-l.jukf(tk)) p(tl) ...p (tk) dty...dtg _ (f;f (t)p(t
Jip(t)d

e

) |
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forallk e N, k> 1.
The following theorem holds:

Theorem 6. Suppose that gb I C R — R is a conver mapping on the interval I,
p is nonnegative on [a, b] f p(t)dt >0, and f : [a,b] — I is continuous on [a,b].
Then we have the mequalzty

(5.2) 0 < @r— Yr1
1 1

Sk 1 k+1
el
V ot (PO LY ) ) o)t

x/ap(t)dt

b b
,/a SR <f(t1)+'l'€'+f(tk)>p(tl)...p(tk)dtl...dtk

b

x| F@)p(t) dt]

a

for allk > 1.

Proof. As ¢ is convex, we can write:

¢(f(t1)+...+f(tk+1)> _¢<f(t1)+...+f(tk)>

kE+1 k
> ¢, (f(tl) +-~-+f(tk)> (f(tl) +o+ fleyr)  f0)+ -~-+f(tk))
- k E+1 k
g (L) e+ FER) N [RS Grpn) = (F (1) + o 4 f ()
2 k k(k+1)

for all ¢1,...,tk41 € [a,b] and k > 1.
Integrating this inequality on [a, b]kJrl we can write:

1 ’ b () F o+ (tg)
W/a /a (b( k+1 = )p(tl)'-~p(tk)dt1...dtk

b
/ é (f(tl)+'l;;—i—f(tk))p(tl)...p(tk)dtl...dtk

1 b
(f(fp(t)dt)k/“
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1 1
k+1 (fb ( )dt)k
/ / ¢+ ( + + f (tk)) p(tl) ) (tk) dtl-.-dtkw

Ja
/b /b¢/ (f(t1)+...+f(tk)) ro
(i (t)dt>k+1 o k

o (f (t1) + k +f (tk)) p(t1)..p(tesr) dtl...dtk+1:|

/ / o ( )+ - +f(tk))p(t1)...p(tk)dt f:ff

()dt

bt M F () e f ()
_W/a /a ¢+< ! +k+ tk)p(h)---p(tk)dtl...dtk},

Thus, the inequality (5.1) is proved. O

The above result can be completed by the following one:
Theorem 7. With the above assumptions one has

1 1
k;+1“ ()dt] ket

I
yuc

(5.3)

b
)f<t1>p<t1>...p<tk>dt1...dtk [ roa

b
( (f) + - +f(tk)>p(tl)...p(tk)dt1-~-dtk/ f(t)p(t)dt]

[N

y /b/b [¢f+ (f(t1)+']'C'+f(tk)>]2p(t1)...p(tk)dtl...dtk/abp(t)dt]

X
—
s
o
|~
EY S
=
S~—
k]
=
S~—
Q
~
|
-~
s
o
[y
—~
N
k]
—~
N
QL
~
~—
[E——
|
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where

1

Cp = —.
k(k+1)

Proof. Tt can easily be seen that the first membership of the inequality (5.3) is in

fact:
1 (t1) + .. +f(tk))
k+1 dt ’“*1/ / d)*(

X [f (thy1) — f(tl) R ’ T f(tk)] p(ty)...p(tryr) dty...dtpyy.

Using the Cauchy-Buniakowsky-Schwartz inequality for multiple integrals we get

that
1 bt () e f ()
(ffp(t)dt)kﬂ/a / ¢+< T )
X {f (tr+1) — flh)+ k +f(tk)} p(t1)...p (tk+1)dt1...dtk+1/abp(t) dt
o 1
~ A\ (ewa)™
/ / {¢+< (t1) + .. +f(tk)>} p(tl),,,p(tk+1)dt1...dtk+1>2
ol — 1
(f; o0 dt) =S

N

/ /{ (tr41) — tl)+.];+f(tk>:|2p(tl)"‘p(thrl)dtl...dthrl)

Let us compute the integral:

/ / { (thy1) — tl)+'l;;+f(tk):|2p(t1)'"p(tk+1)dt1"-dtk+1
/ / ( (te+1) = 2 (thya) - f(t1)+']'€‘+f(tk)

2
N <f(t1)+.l.€.+f(tk)> )p(tl),,,p(tk+1)dt1...dtk+1
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- (Lo rmnea(sonoe) ([ros)”

+ﬁ / / (f2 (t1)+...+f2 (tk))p(tl)...p(tk+1)dt1...dtk+1
+ 2 f (t 1)dt1 .dt 1

b b b b 2
(lp@ﬁ> [lp@ﬁ/fNMWMt2</f@p@ﬁ>
+;(k/abf2(t)p(t)dt/ p(t) dt+ (/f ) )]

8o oo ([ )
+wamwﬁ/ e+ (/f )]
4#H%L3wmm@]

_ (kzl) (/abp(t)dt> [/ dt/ 2t p (1) dt - (/f )

Now, using the above inequality we deduce the desired result. O

I—I

The following corollary is interesting:

Corollary 4. Let ¢, f and p be as above and assume that M := sup,.; |¢g_ (x)} <
o0o. Then we have:

lim (@, — @nr1)n* =0 for all0 < a < 1.

n—oo

Proof. By the above two theorems we have:

- M| Rewemd (i@
0<@n—pnt1 < n(n+1) |: fapt ( f;P(t)dt > ]

for all n > 1 which proves the statement. O
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6. A BOUND FOR THE DIFFERENCE ¢y, (u) — ¢k

Now, for the mappings ¢,p and f as above and for the positive weights (u;)
we can introduce the following sequence:

O o] é)dt)k/ab.../ab¢(“1”“)*&j“’““tk))p(h)...p(tk)dtl...dtk.
o P

For u; = 1,7 € N we have

€N

Pk (H) = Pk
where I = (1,1,...,1,...) and, by Theorem 1 we have the inequalities:
61) (f i ><%< CJaoU )
i p lp(tyd

for all w = (u;),i € N
It is natural to ask what happens to the difference @y, (u) — @y.

Theorem 8. With the above assumptions for the mappings ¢,p and f one has the
inequality:

62) 0 < op(u)— ek
1 bt (unf () e Funf ()
) (fabp(t)dt)k/a /a ¢+( U : k)
(mf( 1)+ . +ka(tk))p(t1) p(te) dty...dty
ulf t1 +u f(t )
G [ (e
x <f(t1) Jr'l;;ij(tk))p(tl)...p (t4) dir...dt.
for all k > 0.

Proof. By the convexity of ¢ we can write:

s (f(tl) +k +f(tk)> _é (ulf(tl) +[.].;f+ukf(tk)>

(L)t ) m ) s buf ()

k Uy

for all ¢; € [a, b)].
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Integrating the above inequality on [a, b]", we have

W /: /:‘75 (f (t1) + - + f(tk)> o (t1) op (6) st
_% b.“ b¢ u1f(t1>+...+ukf (tk) p(tl)...p(tk)dtl_._dtk
(fep@ar) T e Us

W/ab~./ab¢/+ <u1f(t1)+(};€+ ukf(tk)>

y (f(tl) - - + f(m)) p(t1) o (ta) dir...dt

W/ab~-/ab¢'+ <u1f(t1)+[};€+ ukf(tk))

% <U1f (tl) + ...+ ukf (tk)
Ui

> P (tl) .p (tk) dtl...dtk
and the estimation (6.2) is proved. O
Theorem 9. With the above assumptions for ¢,p, f, and u, one has the estimation:

1 b b ,
(6.3) (f:p(t)dt)k/“ / &,

—W/ab.../ab¢/+ (ulf(tl) +[};€+ ka(tk))

ft) + ...+ f(tr)

(ulf (t1) +U + ug f (tk))
k

) p (tl) ...p (tk) dtl...dtk

Nl

. Vzimmrwm2pjﬂwpww(ﬁprwﬁ>1

k2U} [0 (t) dt [Pp(t)dt

1

(fabp(t) dt)k

x /ab.../ab {qbg_ <u1f(t1)+[']':u’“f(t’“))]2p(t1)...p(tk)dtl...dtk] .

X

Nl=
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Proof. The first membership of the above inequality is in fact:

;o W/abm/abqﬁﬁr (ulf(t1)+[};€+ukf(tk)>

y (ulf (tl) + .t upf (tk) _ f (t1) + ...+ f (tk)
Uy, k

) p (tl) P (tk) dtl...dtk.

By the Schwartz-Buniakowsky-Cauchy integral inequality we have:

I <

1
((f:p(t)dt>k

« /b/b {gz); (ulf(tl)+[};€+ukf(tk)>rp(t1)...p(tk)dtl...dtk>

1 b b urf(t1) + oo +urf (tg)

1
2

) 2
:| p(tl)...p(tk)dtl...dtk> .

1
2

Cf) e (e
k

We must compute the integral:

b b 9
e = /a /a [UIf(t1)+l};+ukf(tk) _f(tlH'“Jrf(tk)} p(t1) ...p (t) dt1...dty,

k
b b k o . 2
- [~ P—l(ku&kkljk)“m] (1) (8) dis.lty
b b k
- leU;f/a /a ”2:1 (ku; — Uy) (kuj — Ug) f (t:) f (t5) p (t1) -..p (L) dty...dty
b b k
- 1621(1,3[/ / Z(’““i‘Uk)sz(ti)p(h)-..p(tk)dtl...dtk

b b
+2/a / > (kui = Ux) (kuy — Uk) £ () £ () p (1) oop () dty..dty

1<i<j<k

k b k—1 b
S (kui — Uy)? ( / p(t)dt> / P2 p(t)dt

i=1

b 2 b k—2
+2 ) (ku = Uy) (kuy — Uy) (/ f(f)p(f)dt> (/ p(t)dt> ]

1<i<j<k

1
K2U2
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ur|(frws) [rmon- ([ romoe)
(/bf “)

k
X [Z (kui —Up)*+2 Y (ku; — Uy) (kuy — Uy)

=1 1<i<j<k

o | ['voa | oo ([ siomon)|
+<L7@mww><§;m,¢@>},

As a simple calculation shows us that:

Z k:u —Uk —kUk—k‘Uk—O
1=1

we deduce that

k—2
[P p(t) dt k
i - ()2<>

1=

[fouf omou(fromon)]

Using the above inequality we deduce the desired estimation from (6.3) .
The theorem is thus proved. ([

—

The following corollary is important for our purposes.

we have the estimation:
273
S P @)p ) dt (ﬁf@p@m>
Lpt 2 p(t)dt
forallk > 1 and u > 0.

Corollary 5. With the above assumptions and if M = sup,c; ’gbﬁr (x)’ < oo then
0 < <Pk
< M Eie (ks =
k2U?
By the use of the above corollary we can complete our convergence result from
Corollary 3:
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Corollary 6. With the above assumptions for ¢, f,p and if ux, > 0 (k € N) are such
that:

k 2
lim >oic (kui — Uy)
k—oo szE

. Jo f
Jim oy (u) = (M) :

7. SOME APPLICATIONS FOR HADAMARD’S INEQUALITIES

=0

then we also have:

Let ¢ : I — R be a convex mapping on the interval of real numbers I. The
following double inequality is well-known in the literature as Hadamard’s inequality:

(71) <a+b> /¢ Vi < ()+<z><)

In paper [4], S.S. Dragomir, J. Pecari¢ and J. Sdndor proved the following interpo-
lation of the first inequality in (7.1) :

(7.2) b (‘“2”’)

xr1 + ... + 2
= _ k+1/ / (1 k+ 1 +1>d$1---d33k+1
/ / <x1+ +xk>dx1...dxk
b—a)

a

for all k£ > 1. Note that this inequality is also a particular case of (1.1).
In paper [12], S.S. Dragomir pointed out the following weighted interpolation of
Hadamard’s first inequality:

(7.3) ¢><a;b> _a/ / <1x1+ +qkmk)dx1...dxk
< b_@/@aﬂxMw

where ¢; > O(i :1,7) ,Qp = Zleqi >0and k> 1.
The last inequality was improved in the paper [19] by S.S. Dragomir and C. Buge
who proved among others that:

(7.4) / / (51:1 toe xk> dzy...dxy,
—a)
=0 / / ((J1IE1 et quk) dzy...dxy,

for all g; (z =1, k) as above and k£ > 1.
Note that the above result follows now as a particular case of Theorem 1.

IN
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From Corollary 3 we can obtain the following result which was pointed out by
another argument and in a more general case by C. Buse, S.S. Dragomir and D.
Barbu [20].

If ¢ : I — R is convex and sup,¢; |¢/, (z)| = M < oo and

AT
im ——5
"m0 (g1 e+ Gn)

then we have the limit:

lim / / <q1x1 ot qnxn> dzy...dz,
n—oo b —a)
a+b
()
Now, let us define the sequences:

B (q) / / (q”‘”l‘L +qnxn>dx1...d:vn

where ¢ = (¢i);cy C R+ and
hp = hy (I) where I = (1,1,...,1,...)

=0(g; > 0,i €N)

is a constant sequence.

Proposition 1. Let ¢ : I — R be a convex mapping for which we have M :=
SUp,er ‘(ﬁ; (x)‘ < o0. Then for alla,b € I with a < b one has the converse inequality

OﬁhnfhnHSM
2v/3+/n (n +1)

forallm e N, n > 1.

Proof. As in the proof of Corollary 4 we have the inequality:

M(b—a) |[fit2dt (ff tdt)2

nn+1) | b—a (b—a)?

o
IN

hn - hn+1 <

M (b—a)
2v3/n(n+1)
(]

Remark 2. The above inequality shows us that lim, s [n® (hy, — hny1)] = 0 for
a € [0,1) which is an improvement from the results of [16].

The weighted case is embodied in the following proposition:

Proposition 2. With the above assumptions one has the converse inequality

M (- a) [Z?_l (ngs - an] :

O<hn _hng
< hn (q) >3 n2Q2

foralln>1 and ¢; >0(i=1,n).
For other results connected with Hadamard’s inequality see the recent papers
3], [7], [9], [12], [13], [16], [18], [19] and [20] where further references are given.
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8. A CONCRETE EXAMPLE

Suppose that ¢ : R — R, ¢ (z) = exp (z) = e*. As above, we have:

1 b b "
8.1 ln = 7,1 exp e dxq...dxy,
! Q
- Cl n

_ b_a / / <qxl>...ex (Qn)dm dz,

_ ﬁ exp( )dx

i=1 a)
q; b) — exp (an a)

Qn n exp (
n
I, @ — b—a

7

for all a < b, a,b € R and

(8.2) b () = I, = " (exp (2) exp(:i))

b—a

By the use of the above theorem we can state the following results.

(1) The sequence I, given in (8.2) is monotonic nonincreasing and

exp a——’_b = lim [, = inf [, < w,a<b;
2 n—o0 neN* b—a

(2) One has the inequality:

nn (exp (22 L () ) '
)
b

Qr o [exp (5" b) —exp (5‘ a)
" n n

IN

H?:lqiizl —a
. B e
b—a
2 2
(3) If (ql+“'+q”)2—>0thenln(q)—>0asn—>oo.
@t +an

(4) One has the converse inequality

n+1
A\ " b )
oo <exp<z>—exp<n>> iy [0 ) e ()

b—a b—a

b(b—a)
< N7 7
T o2v3y/n(n+1)

for a < b;
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(5) One has the converse inequality:

ar (o2 (@) —ew(&0)) (e @) —ew (@)
H:'Lzl%' 1 b—a b—a

K3

1
< b(b—a) Z?:1 (ngi — Qn)2 ’
AVE] n*Qy

for all ¢; > 0,7 € N.

Similar inequalities can be obtained for some other concrete mappings such as:

¢(z)=lnz,x>0,¢(x)=—cosz, z € [0, g} , ¢ (x) =coshz, xz € R, etc., but we
omit the details.
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