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A SURVEY OF RECENT REVERSES FOR THE
GENERALISED TRIANGLE INEQUALITY IN
NORMED SPACES

SEVER S. DRAGOMIR

ABSTRACT. Recent reverses of the generalised triangle inequality
in normed linear spaces that complement the classical results of
Diaz and Metcalf are surveyed.

1. INTRODUCTION

In [2], Diaz and Metcalf established the following reverse of the gen-
eralised triangle inequality in real or complex normed linear spaces.
If F: X — K, K=R,C is a linear functional of a unit norm defined

on the normed linear space X endowed with the norm ||| and the
vectors x1,...,x, satisfy the condition

(1.1) 0<r<ReF(x;), 1€{l,...,n};

then

Y

(12) P>l < |3
i=1 i=1
where equality holds if and only if both

(1.3) F (Zx) =)l

and

» (54)-

=1

>

i=1

If X =H, (H;(,-)) is an inner product space and F (z) = (z,e),
lle]| = 1, then the condition (1.1)) may be replaced with the simpler
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2 SEVER S. DRAGOMIR

assumption
(1.5) 0<rllll <Re(wie), i=1,...,n,

which implies the reverse of the generalised triangle inequality ([1.2]).
In this case the equality holds in ([1.2)) if and only if [2]

(1.6) Zazl =r (Z sz”) e.

Let Fi,...,F,, be linear functionals on X, each of unit norm. As in
[2], let consider the real number ¢ defined by

[zzu By <x>|2] |
EERE

it then follows that 1 < ¢ < m. Suppose the vectors z1, ..., x; whenever
x; # 0, satisfy

(1.7) 0 <7 llz|| < ReFg (x;), i=1,....,n, k=1,...,m.

c = sup
x#0

Then one has the following reverse of the generalised triangle inequality

2
(1.9 (L)/ Z e

n

)

c

X
i=1

where equality holds if and only if both

(1.9) Fy (ZL) :TkZHQSiH, k=1,....,m

i=1 i=1

and

(1.10) Z F (Z a:g)] =c Zazl
k=1 i=1 i=1

If X = H, an inner product space, then, for Fy(z) = (z,e),
where {ey};_1; is an orthonormal family in H, ie., (e;e;) = d,
i,j € {1,...,k}, d;; is Kronecker delta, the condition (|1.7) may be
replaced by

(1.11) 0 <7tz < Re(wy,e), i=1,....n, k=1,...,m;
implying the following reverse of the generalised triangle inequality

(1.12) (Z@) > llzill < >

Y

k=1
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where the equality holds if and only if

(1.13) le = (Z ”371H> Zrkek.

The aim of this paper is to survey recent reverses of the triangle
inequality obtained by the authors in [6] and [7]. Their versions in inner
product spaces are analysed and applications for complex numbers are
given as well.

For various inequalities related to the triangle inequality, see Chapter
XVII of the book [I0] and the references therein.

2. SOME INEQUALITIES OF DIiAZ-METCALF TYPE FOR m
FUNCTIONALS

2.1. The Case of Normed Spaces. The following result may be
stated [6].

Theorem 1. Let (X, ||-||) be a normed linear space over the real or
complex number field K and F), : X — K, k € {1,...,m} continuous
linear functionals on X. If z; € X\ {0}, i € {1,...,n} are such that
there exists the constant ry > 0, k € {1,...,m} with ;" r, >0 and

(2.1) Re Fi (2;) > g ||24]]

foreach i€ {l,....,n} and k € {1,...,m}, then

>

i=1

- 1> e £l
(2.2) >l < Z’fn .
i=1 k=1"k

The case of equality holds in if both

o G

n

>

=1

SR

k=1

T
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Proof. Utilising the hypothesis ([2.1)) and the properties of the modulus,

() (&)= (5 2) (%))

oS Res (z) Y ReF )
k=1 =1 k=1 =1
> (z) Sl
k=1 =1

On the other hand, by the continuity property of Fy, k € {1,...,m}
we obviously have

Making use of (2.5) and (2.6)), we deduce the desired inequality ([2.2)).
Now, if (2.3]) and (2.4)) are valid, then, obviously, the case of equality

holds true in the inequality ([2.2)).
Conversely, if the case of equality holds in (2.2), then it must hold
in all the inequalities used to prove (2.2)). Therefore we have

(2.5) I = > |Re

m

2B

k=1

(2.6) I= <

(2.7) Re Fy; (2;) = |||

for each i € {1,...,n}, ke {l,...,m};
(2.8) > ImF (Z :c) =0
k=1 i=1
and
(2.9) > ReF; (Z x) =
k=1 i=1
Note that, from (2.7), by summation over i and k, we get

k=1 i=1 k=1 i=1
Since and imply , while and imply

hence the theorem is proved. &

m

SR

k=1

n

X
1

1=

(2.10) Re
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Remark 1. If the norms |Fg||, k € {1,...,m} are easier to find,
then, from , one may get the (coarser) inequality that might be
more useful in practice:

S 7
(211) Z ol < K

2.2. The Case of Inner Product Spaces. The case of inner product
spaces, in which we may provide a simpler condition for equality, is of
interest in applications [6].

>

=1

Theorem 2. Let (H;(-,-)) be an inner product space over the real
or complex number field K, ey, v; € H\{0}, k € {1,....,m}, i €
{L...;n} . Ifri, >0, ke {1,...,m} with Y}, ri, > 0 satisfy

(2.12) Re (2, ex) > 7 [|2i]]
foreach i€ {l,....n} and k € {1,...,m}, then

- 12 s €kl
(2.13) ]| <~
ZZ_; Zk:l Tk

The case of equality holds in if and only if

(2.14) sz = ”g:mll T:H (Z B2 ||) Z

=1

i

=1

Proof. By the properties of inner product and by (2.12)), we have

{5

=> ) Re () (Z ) [} > 0.
1

k=1 1=

Observe also that, by -, S er #0.

On utlising Schwarz’s inequality in the inner product space (H; (-, -))
for 2?21 T, Z?:l e, we have

sz >

k=1
Making use of (2.15) and (2.16]), we can conclude that (2.13)) holds.

(2.15)

Y

HMS

(2.16)

gt

k=1
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Now, if holds true, then, by taking the norm, we have
_ (Ciar) B il fj '
||Zk 16k|| e
(Zk 17”k) -

n

S

=1

i.e., the case of equality holds in 1)
Conversely, if the case of equality holds in (2.13)), then it must hold

in all the inequalities used to prove (2.13)). Therefore, we have
(2.17) Re (2, ex) = 1y, |||
foreach i €{1,...,n} and k € {1,...,m},

Y5
and

(2.19) Im <Z >
-1 —1
From , on summing over 7 and k, we get
(2.20) <Z:B1,Zek> (Z > > -
i—1 k= i—1
By and m, we have
(2.21) <Zm26k> = (Z m) >l -
i—1 k=1 i—1

On the other hand, by the use of the following identity in inner product
spaces

(2.18)

e
Il
—

Ms

, v #D0,

2 2 2 2
Hu_ {w, 0) v|I* _ Jull”floll” = I{u, v)]
o] o]

the relation ([2.18]) holds if and only if
(2.22) > a= (2 iz el Zk:; ) > e
i=1 ||Zk:1 ekH k=1

Finally, on utilising (2.21) and (2.22)), we deduce that the condition
(2.14)) is necessary for the equality case in (2.13]). &
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Before we give a corollary of the above theorem, we need to state the
following lemma that has been basically obtained in [3]. For the sake
of completeness, we provide a short proof here as well.

Lemma 1. Let (H;(-,-)) be an inner product space over the real or
complex number field K and x,a € H, r > 0 such that:

(2.23) |z —al] <r<|al.

Then we have the inequality

-

(2.24) [l (Jlal* = r*)* < Re (z,a)

or, equivalently

(2.25) I]* [lall* = [Re (z, a)]* < 7*[l|*.

The case of equality holds in (or in (2.25)) if and only if
(2.26) |z —al =7 and |zl +7*=|a|.

Proof. From the first part of (2.23)), we have

(2.27) lz||” + ||la]|* — r* < 2Re (z,a) .

1
By the second part of (2.23) we have (Ha||2 —r%)? > 0, therefore, by

[2.27), we may state that

(2 (lalf - _2Refz,a)

1 — 1°
(lal* = r2)* (llafl* = r2)?

Utilising the elementary inequality

(2.28) 0<

1
—q+ap=>2ypg, a>0,p>0qg=>0;
0]

1
with equality if and only if & = \/%, we may state (for a = (||a||2 —r?)?,
p=1,q=|z|°) that

N|=

2

x
o - )
(lall* = r2)*
The inequality (2.24)) follows now by (2.28)) and (12.29)).

From the above argument, it is clear that the equality holds in (2.24])
if and only if it holds in (2.28) and (2.29). However, the equality
holds in (2.28) if and only if ||z — a|| = r and in (2.29) if and only if
(llall* =7%)* = |l

The proof is thus completed. 1

(2.29) 2] <

We may now state the following corollary.
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Corollary 1. Let (H;(-,-)) be an inner product space over the real
or complex number field K, e, x; € H\{0}, k € {1,...,m}, i €
{1,...,n} . If p, >0, k€ {1,...,m} with

(2.30) [@; — ex]] < pr < llexl|
for each i€ {l,...,n} and k € {1,...,m}, then

)3

=1

- 1> ks exll
(2.31) Dozl < =L
=1 2 ke 1(HekH — i)’

The case of equality holds in if and only if

. Zk 1 (||€k||
Y om= S o (Z” ”)Z

=1 i=1

Proof. Utilising Lemma [l we have from ([2.30) that

o]l (el = p2)* < Re (xy, ex)
for each k € {1,...,m} andi € {1,...,n}.
Applying Theorem [2] for
re = (llex]* = p1)®, ke{l,....m},
we deduce the desired result. g

Remark 2. If {ex},cqy .,y are orthogonal, then becomes

-----

n

(o, fleal®)®
(2.32) 2
Z Zk 1 (||€k:|| —Pk)

with equality if and only if

N

=1

1

S Z“Z(k”i’“” 2(Z|| ||)Z

1=1

Moreover, if {ek}ke{l my U8 assumed to be orthonormal and

.....

e —exl] < pp. forke{l,...,m}, ie{l,...,n}
where p, € [0,1) for k€ {1,...,m}, then

(2.33) ||| <
; Zk 1 (1 - Pk

>

=1

N\H
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with equality if and only if

sz_Zk 1( pi)

N

(S0e1) 2o
i=1 k=1
The following lemma may be stated as well [3].

Lemma 2. Let (H;(-,-)) be an inner product space over the real or
complex number field K, x,y € H and M > m > 0. If

(2.34) Re My —x,x —my) >0
or, equivalently,

m + M
(2.35) o= "2 < S 0= m.
then

1 M+m

2.36 x Re(z,y) .
(2:36) bl < 3 757 Rt

The equality holds in iof and only if the case of equality holds in
and
(2.37) 2]l = vVmM |[y]|-
Proof. Obviously,

Re (My —z,x —my) = (M +m)Re (z,y) — |«|* = mM [|y|*.
Then ([2.34) is clearly equivalent to

||| +m
2.38 + Re(z,y) .
(2.38) Wi VmM |ly||* < \/m—]\/[ (z,y)
Since, obviously,
(2.30) 2 el iyl < YA 4 vt .

it

with equality iff ||z|| = vVmM |ly||, hence and (2.39) imply
[2-36).

The case of equality is obvious and we omit the details. 1
Finally, we may state the following corollary of Theorem [2]

Corollary 2. Let (H;(-,-)) be an inner product space over the real
or complex number field K, e, »; € H\{0}, k € {1,...,m}, i €
{1,...0n}. If My, > py, >0, k€ {1,...,m} are such that either

(2.40) Re (Myey, — x4, vy — ppex) >0
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or, equivalently,
My +p 1
z;— — || < = (My — i) el
2 2
foreach k € {1,...,m} andi € {1,...,n}, then
- 1> ey €kl
2.41 | < =
) X[l < 1k

Zz;l VI e
The case of equality holds in if and only if
> “7 el ¢
2 el 2 Ze’“'

i=1 =1

€k

n

Z;

Proof. Utilising Lemma [2| by || we deduce
2/ My,
pi + M,
for each k € {1,...,m} andi e {1,...,n}.
Applying Theorem [2| for
2.
iy + M

we deduce the desired result. g

il llex|| < Re (i, ex)

rp = ——— H kH kE{l,...,m},

3. D1Az-METCAL INEQUALITY FOR SEMI-INNER PRODUCTS
In 1961, G. Lumer [9] introduced the following concept.

Definition 1. Let X be a linear space over the real or complex number
field K. The mapping [-,-] : X x X — K is called a semi-inner product
on X, if the following properties are satisfied (see also [3, p. 17]):

(i) [x+y, 2] = [z, 2] + [y, 2] for all z,y,z € X;
((u )\xy]—)\[xy]forallxyEXand)\EK
i1

(1w

E [z, 9] < [2,2] [y,y] for all z,y € X;

)
)
;
) :U)\y]—)\[:v y] for all z,y € X and A € K.

|
[z, ]>0f07°all:r:€X and [z, x] = 0 implies x = 0;
|
[

It is well known that the mapping X > = — [z, x]% € R is a norm

on X and for any y € X, the functional X > x SR [x,x]% e Kisa
continuous linear functional on X endowed with the norm ||-|| generated
by [, ] . Moreover, one has ||¢, || = [|y|| (see for instance [3, p. 17]).
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Let (X, ||-||) be a real or complex normed space. If J : X —9 X* is
the normalised duality mapping defined on X, i.e., we recall that (see
for instance [3| p. 1])

J(2) = {p € X7p () = el llzll, llell = llzll}, =€ X,
then we may state the following representation result (see for instance
B p. 18))
FEach semi-inner product |-,-] : X x X — K that generates the norm
IIl of the normed linear space (X, ||||) over the real or complex number
field K, is of the form

['Tvy] = <J(y) ,Z’> for any 1,y € X>

where J is a selection of the normalised duality mapping and (p,x) =
¢ (z) for p € X* and v € X.

Utilising the concept of semi-inner products, we can state the follow-
ing particular case of the Diaz-Metcalf inequality.

Corollary 3. Let (X, ||-||) be a normed linear space, [-,-] : X x X — K
a semi-inner product generating the norm ||-|| and e € X, |le|| = 1. If
v, € X,1€{1,...,n} and r > 0 such that

(3.1) r||z;|| < Relz;,e] foreach i€{1,... ,n},

then we have the inequality

(3.2) AP
=1 =1

The case of equality holds in if and only if both

n

(33 S ane| =13 il
i=1

i=1

and

n

(3.4) Z x el =

S
Li=1 i i=1
The proof is obvious from the Diaz-Metcalf theorem [2, Theorem 3]
applied for the continuous linear functional F, (z) = [z,€], z € X.
Before we provide a simpler necessary and sufficient condition of
equality in , we need to recall the concept of strictly convex normed

spaces and a classical characterisation of these spaces.

Definition 2. A normed linear space (X, |-||) is said to be strictly

convez if for every x,y from X with x # y and ||z|| = ||y|| = 1, we have
Az + (1 =Nyl <1 forall X € (0,1).
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The following characterisation of strictly convex spaces is useful in
what follows (see [1], [§], or [3, p. 21]).

Theorem 3. Let (X, ||-||) be a normed linear space over K and |-,-] a
semi-inner product generating its norm. The following statements are
equivalent:

(2) (X, ||-|l) is strictly convez;
(17) For every x,y € X, x,y # 0 with [x,y] = ||z| ||y, there ezists
a A > 0 such that © = \y.

The following result may be stated.

Corollary 4. Let (X, ||-||) be a strictly convex normed linear space, [-, -]
a semi-inner product generating the norm and e, x; (i € {1,...,n}) as

in Corollary @ Then the case of equality holds in iof and only iof

(3.5) sz =r <Z ||l‘l||) e.

Proof. If (3.5)) holds true, then, obviously

n n n
S = (z uxiu) fell =3l
=1 =1 =1

which is the equality case in .

Conversely, if the equality holds in , then by Corollary |3 we
have that and hold true. Utilising Theorem , we conclude
that there exists a p > 0 such that

(3.6) ixz = ue.
i=1

Inserting this in (3.3)) we get

n
2
pllel =7 Il
i=1

giving
(3.7) p=r3 |l
i=1

Finally, by (3.6)) and (3.7) we deduce (3.5 and the corollary is proved. B
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4. AN ADDITIVE REVERSE FOR THE TRIANGLE INEQUALITY

4.1. The Case of One Functional. In the following we provide an
alternative of the Diaz-Metcalf reverse of the generalised triangle in-
equality [7].

Theorem 4. Let (X, ||-||) be a normed linear space over the real or
complex number field K and F : X — K a linear functional with the
property that |F (z)| < ||z|| for any x € X (i.e., |[F| = 1, we say that
F is of unit norm). If x; € X, k; > 0,4 € {1,...,n} are such that

(4.1) (0 <) ||wil| — Re F () < k; for each i €{1,...,n},

then we have the inequality

n

>

i=1

(4.2) (0<) Z sl =

i=1

The equality holds in of and only if both
(4.3) F (2":%> = zn:xz and F (z”: xz> = 2”: l|lx:]| — zn:kz
i=1 i=1 i=1 i=1 i=1
Proof. If we sum in over ¢ from 1 to n, then we get
i=1 i=1

Taking into account that |F' (x)| < [|z|| for each x € X then we may

state that
i=1 i=1

i—1 i—1

Now, making use of (4.4) and (4.5), we deduce (4.2)).
Obviously, if (4.3)) is valid, then the case of equality in (4.2) holds

true.
Conversely, if the equality holds in (4.2)), then it must hold in all the
inequalities used to prove (4.2)), therefore we have

i=1 i=1 =1

(4.4) > llzill < Re
i=1

(4.5) Re

IA

<
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i=1 i=1
which imply (4.3)). 1
The following corollary may be stated [7].

and

Re

Y

n
>
i=1

Corollary 5. Let (X, ||-||) be a normed linear space, |-,-] : X x X — K
a semi-inner product generating the norm ||-|| and e € X, |le|]| = 1. If
r, € X, k>0, 1€{l,...,n} are such that

(4.6) (0 <) ||zi]| — Re [z, e] < k; for each i€ {1,...,n},

then we have the inequality

(4.7) (0<) Z |a]| —

n n
1=1 =1

The equality holds in iof and only if both

(4.8) [i a:l-,e] = ixz and [i x,-,e] = i ||| — ikl
i=1 i=1 i=1 i=1 i=1

Moreover, if (X, ||-]]) is strictly convez, then the case of equality holds
mn iof and only of

(4.9) Dol =D ks
=1 i=1

and

(4.10) Za: = (Zuzin —Zk) e.

Proof. The first part of the corollary is obvious by Theorem 4| applied
for the continuous linear functional of unit norm F,, F, (z) = [z,€],
x € X. The second part may be shown on utilising a similar argument
to the one from the proof of Corollary 4l We omit the details. §

Remark 3. If X = H, (H;(-,-)) is an inner product space, then from
Corollary [3 we deduce the additive reverse inequality obtained in The-

orem 7 of [B]. For further similar results in inner product spaces, see
[4] and [5].
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4.2. The Case of m Functionals. The following result generalising
Theorem [ may be stated [7].

Theorem 5. Let (X, ||]|) be a normed linear space over the real or
complex number field K. If Fy,, k € {1,...,m} are bounded linear
functionals defined on X and xz; € X, My, > 0 for i € {1,...,n},
ke {l,...,m} such that

(4.11) |z:]| — Re Fy (z;) < My
foreach i€ {l,...,n}, k€ {l,...,m}, then we have the inequality

T SUTAES L5 3yt ol FE S 5 pive
i=1 M4 i=1 [
The case of equality holds in if both
1 m n 1 m
4.1 — ==
a3 (ya)- L 3n
k=1 i=1 k=1
and

(4.14) %;Fk (2 x) _ 2 sl — %ZZMM.

k=1 j=1

n
>
i=1

Proof. If we sum ({4.11)) over ¢ from 1 to n, then we deduce

> |lwill = Re Fy <Z 91:) <> My
i=1 =1 =1

for each k € {1,...,m}.
Summing these inequalities over k£ from 1 to m, we deduce

@15 3 [l < %iReFk (Zm) +%§mjzm
=1 k=1 =1

k=1 i=1
Utilising the continuity property of the functionals F) and the proper-
ties of the modulus, we have

(4.16) iReFk (ix) < iReFk (i@)‘

Now, by (4.15)) and (4.16)), we deduce (4.12]).
Obviously, if (4.13]) and (4.14) hold true, then the case of equality is
valid in (4.12]).

m

>R

k=1

<

n
D
i=1
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Conversely, if the case of equality holds in (4.12)), then it must hold
in all the inequalities used to prove (4.12). Therefore we have

Z 2] = iZReFk (Z%) + izzMzka
i=1 mia i=1 miD i
iReFk (il’z> =
k=1 i=1

m

SR

k=1

n

X
i=1

and

iIka (ix) = 0.
k=1 i=1

These imply that (4.13) and (4.14]) hold true, and the theorem is com-
pletely proved. 1

Remark 4. If Fy,, k € {1,...,m} are of unit norm, then, from ,

we deduce the inequality
1 m n
- M’L ;
= »

(4.17) Dl < (D
=1 =1 k=1 =1

which is obviously coarser than , but perhaps more useful for
applications.

4.3. The Case of Inner Product Spaces. The case of inner product
spaces, in which we may provide a simpler condition of equality, is of
interest in applications [7].

Theorem 6. Let (X, ||-]|) be an inner product space over the real or
complex number field K, ey, v; € H\ {0}, k€ {1,...,m},i e {1,...,n}.
If My, >0 forie{1,....,n}, {1,...,n} such that

(4.18) ||z:]| — Re (x;, ex) < My
for each i€ {l,...,n}, k€ {l,...,m}, then we have the inequality
(4.19) ; Izl < | — ; k ; —>.>

k=1 i=1
The case of equality holds in iof and only of

(4.20) > il = %ZZMk
=1

k=1 i=1

and

(4.21) le _m (i ll = 5 200 2oie M) Zek-

2 2
i=1 szlzl ek” k=1
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Proof. As in the proof of Theorem [5, we have

(422) Y flnill < Re <% S e Z> PSS My,
=1 k=1 =1

k=1 i=1

and > )" ey # 0.
On utilising the Schwarz inequality in the inner product space (H; (-, -))

for Z?:l 5, kazl e, we have
n m
> e
k=1

(4.23)

>

=1

WV,
=)
@D
T
hE
o
~

By (4.22) and (4.23]) we deduce (4.19).
Taking the norm in (4.21)) and using (4.20]), we have

Zn:” _om (0 il — o 3R 2 Ma)
A =
1225 el ’

i=1

showing that the equality holds in (4.19)).
Conversely, if the case of equality holds in (4.19)), then it must hold
in all the inequalities used to prove (4.19). Therefore we have

(4.24) lz:|| = Re (x;, ex) + M
for each 1 € {1,...,n}, ke {l,...,m},

ol [ 5

m

>

k=1

(4.25)

i=1

and

(4.26) Im <szek> =0.
=1 k=1

From (4.24)), on summing over i and k, we get

(4.27) Re<2xi,26k> :mZHxiH =) M.

=1 k=1 k=1 1=1
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On the other hand, by the use of the following identity in inner product
spaces,

2 211112 2
_ Ml flofl” = [{u, v)]

2
o]

H“_ (u, v) v

2
o]
the relation (4.25)) holds if and only if
zn: o <Z?:1 Lis kazl er) i
T = m 2 €k,
i=1 ||Zk:1 ek?” k=1
giving, from (4.26)) and (4.27)), that
il'z‘ _ m Yo ol = D0 1 D izt My, - Z er.
» 1= e’

If the inequality holds in (4.19), then obviously (4.20) is valid, and the
theorem is proved. §

, v#0;

Remark 5. If in the above theorem the vectors {ey},_ T are assumed

to be orthogonal, then (4.19 (u becomes:

n 1 m 5
(428) > il < — (Z H6k|\2>
=1 k=1

Moreover, if {ex};_1;; is an orthonormal family, then becomes

Zajz ZZMzka
i=1 k: =

DI

k=1 i=1

(4.29) Z [EA <

which has been obtained in [5].

Before we provide some natural consequences of Theorem [6] we need
some preliminary results concerning reverses of Schwarz’s inequality in
inner product spaces (see for instance |4, p. 27]).

Lemma 3. Let (X, ||-||) be an inner product space over the real or
complex number field K and x,a € H, r > 0. If ||z — a|| < r, then we
have the inequality

1
(4.30) ||| ||la|| — Re (z,a) < —r2,

The case of equality holds in if and only if
(4.31) |z —all =7 and |[z[| = [laf|

\V)
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Proof. The condition ||z — al| <7 is clearly equivalent to

(4.32) || + lla]® < 2Re (x,a) + 7.
Since
(4.33) 2|zl flal| < |jz]* + |lal|,

with equality if and only if ||z|| = ||a||, hence by (4.32) and (4.33) we
deduce (|4.30)).

The case of equality is obvious. §

Utilising the above lemma we may state the following corollary of
Theorem [6] [7]

Corollary 6. Let (H; (")), ey, x; be as in Theorem [0 If ry > 0,
ie{l,....,n}, ke{l,...,m} such that

(4.34) @i —eg|| < rig foreach i€ {l,....,n} and k € {1,...,m},

then we have the inequality

(4.35) >l < Zek sz
=1 =1

The equality holds in zf and only if

EEF DB

k=1 i=1

m n
]' 2
k=1 i=1

and

ix. _m (Z?:l |3]| — ﬁ Yo > rfk) iek
[ 2 .
i=1 ||ZZL:1 ex| 1

The following lemma may provide another sufficient condition for

(4.18) to hold (see also [4, p. 28]).

Lemma 4. Let (H;(-,-)) be an inner product space over the real or
complex number field K and z,y € H, M > m > 0. If either

(4.36) Re (My —x,x —my) >0
or, equivalently,
m+M

(4.37) o= "5 < G0 - ml.
holds, then

1 (M —m) m)’
4. R -
(4.38) el iyl = Re (z,9) < 5 - ==y I
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The case of equality holds in if and only if the equality case is
realised in and
M+m

2
The proof is obvious by Lemmafor a=yandr =1 (M —m) ||y

Finally, the following corollary of Theorem [6l may be stated [7].

Corollary 7. Assume that (H,(-,-)), ek, z; are as in Theorem [6 If
M;x > my, > 0 satisfy the condition

Re (Myey, — x4, x; — ppex) >0
foreach i€ {l,....,n} and k € {1,...,m}, then

zn:||x.||< lie +L§:§:M“€ I
i=1 S m ' Am = M+ ma o

k=1
5. APPLICATIONS FOR COMPLEX NUMBERS

] = lyll -

n

Z;
1

1=

Let C be the field of complex numbers. If 2 = Re z 4+ i Im z, then by
[, : € —[0,00), p € [1,00] we define the p—modulus of z as

max {|Re z|, [Imz|} if p= oo,
2, = 1
(IRez[" + [Im z[")» i p € [1,00),
where |a|, a € R is the usual modulus of the real number a.
For p = 2, we recapture the usual modulus of a complex number,

i.e.,

2y = \/IRe2 + [m2f = |2, zeC,

It is well known that ((C, Hp) , p € [1,00] is a Banach space over the
real number field R.

Consider the Banach space (C, |-|;) and F': C — C, F'(z) = az with
a € C, a # 0. Obviously, F' is linear on C. For z # 0, we have

P Jalldl laly/Rez + [mzf?

= = < |al.
21y |21y [Re z[ + [Im 2|
Since, for zyp = 1, we have |F'(2)| = |a| and |2zo|, = 1, hence
|F(2)]
[1£]]; := sup = |al,
=40 2]y

showing that F' is a bounded linear functional on (C, |-|,) and ||F||, =
jal
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We can apply Theorem [1| to state the following reverse of the gener-
alised triangle inequality for complex numbers [6].

Proposition 1. Let a, x; € C, k€ {1,...,m} and j € {1,...,n}. If
there exist the constants ry, > 0, k € {1,...,m} with > ;" r;, > 0 and

.]_

(5.1) ri [|[Rex;| + |Imz;|] < Reay - Rex; —Imay - Imz;
foreach j € {1,...,n} and k € {1,...,m}, then

(5.2) Z[IRexj|+|1mxj|] < |§:k 1a:|

The case of equality holds in if both

Re ( ml ak) Re (; xj) o (,é ak) " (g xj)

(Z Tk) [IRe ;| + [Im ;]

k=1 7j=1

Zak ZRG ;| + ; ] .
k=1 7j=1

The proof follows by Theorem (1| applied for the Banach space (C, |-|,)

and Fy, (z) = arz, k € {1,...,m} on taking into account that:
ot ) 3]
k=1 1 k=1

Now, consider the Banach space (C, |-| ). If F'(z) = dz, then for z # 0
we have

<V2|d|.

FE) (dld 1y Rez + [mzf?
e _

Fle  Fle | max{Rez, =]}

Since, for zy = 1 + 14, we have |F (20)| = v2|d|, |20|,, = 1, hence

F(z
1P) = sup B _ 3y,

270 | |oo

showing that F' is a bounded linear functional on (C, |-| ) and || F|| , =
V21d|.

If we apply Theorem [I then we can state the following reverse of
the generalised triangle inequality for complex numbers [6].
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Proposition 2. Let ay, z; € C, ke {1,...,m} and j € {1,...,n}. If
there exist the constants r, >0, k € {1,...,m} with > ;" 1t > 0 and

rymax {|Rex;|, |[Imz;|} <Reay-Rex; —Imay - Imz;

foreach j € {1,...,n} and k € {1,...,m}, then

(5.3) > max{|Rex;|, |Imz;|}
j=1

Y

< va 1ol IS Re,
Zk:l Tk j=1

The case of equality holds in if both

Re (i ak) Re (i 95]') —Im (Zm: ak) Im (i x])
_ ( rk)ZmaXﬂReazj],!Imxﬂ}

k=1

m n n
Zak maX{ ZRexj Zlmxj
k=1 j=1 j=1

Finally, consider the Banach space ((C, H2p) with p > 1.

Let F': C — C, F (z) = cz. By Holder’s inequality, we have

F(2)] || \/\Rez|2 + [Im 2|

1
[2l3p (]Rez|2p+ ]Imz|2p) 2

n
E Im x;
j=1

V3

Y

< 9272 lef .

Since, for zy = 14i we have |F ()| = 22 ||, | 20| = 2% (p > 1), hence

F
1Pl = sup B _ob-ai o)
b 27#0 |Z|2p

showing that F'is a bounded linear functional on (C, \-|2p> ,p>1and

|Flly, =257 |c].
If we apply Theorem [I, then we can state the following proposition
[6].

Proposition 3. Let a, x; € C, k€ {1,...,m} and j € {1,...,n}. If
there exist the constants r, > 0, k € {1,...,m} with > ;" r;, > 0 and

1
Tk [|Rexj|2p + |Im:vj|2p} » <Reay-Rex; —Imay - Imz;
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foreach j €{1,...,n} and k € {1,...,m}, then

(5.4) 3 [IRea [ + [m ]

j=1

2p 2p

) R
m

2p
S 227 2p +
k=1Tk

Z Re T
j=1
The case of equality holds in if both:
Re (Z ak) Re (Z a:j> —Im (Z ak> Im (Z a:j>
k=1 j=1 k=1 j=1
m n 1
— (Z rk> [|Rexj|2p + |Imxj|2p] o
j=1

k=1

n
g Im z;
j=1

1
m 2 2p | 2p

>
1

k=

P
_'_

1_1
=227 2

n n
E Re z; E Im z;
=1 j=1

Remark 6. If in the above proposition we choose p = 1, then we have
the following reverse of the generalised triangle inequality for complex
numbers

>yl < il l5
e D DRy !

J=1

provided zj,ag, j € {1,...,n}, k € {1,...,m} satisfy the assumption
re |zj| < Reay - Rex; —Imay - Imz;

foreach j € {1,....n}, k€ {1,...,m}. Here |-| is the usual modulus
of a complex number and r, > 0, k € {1,...,m} are given.

We can apply Theorem 5| to state the following reverse of the gener-
alised triangle inequality for complex numbers [7].

Proposition 4. Let ay, z; € C, ke {1,...,m} and j € {1,...,n}. If

there exist the constants Mj, > 0, k€ {1,...,m}, j € {1,...,n} such
that

(5.5) Rex;| + |Imz;| < Reay - Rex; —Imay - Ima; + My,
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foreach j €{1,...,n} and k € {1,...,m}, then

(5.6) D _[IRew;| + [Imay]
j=1

>

k=1

n 1 m n
+—> D My

k=1 j=1

< +

1
m

Rex;
1

n
E Im .Z'j
Jj=1

The proof follows by Theorem [5|applied for the Banach space (C, |-|,)
and Fy (2) = agz, k € {1,...,m} on taking into account that:

>

k=1

j=

m

SR

k=1

1

If we apply Theorem [5| for the Banach space (C, |-|__), then we can
state the following reverse of the generalised triangle inequality for
complex numbers [7].

Proposition 5. Let ay, z; € C, ke {1,...,m} and j € {1,...,n}. If
there exist the constants Mj, > 0, k€ {1,...,m}, j€{1,...,n} such
that

max {|Rex;|, [Imz;|} <Reay-Rex; —Imay - Imx; + M,
for each j € {1,....,n} and k € {1,...,m}, then

n

(5.7) ) max{Reay|, [Ima;|}

j=1
max {

/2 >
A Rez;
m =

m

>

k=1

<

)

n
5 Im z;
j=1

1 m n
botso s
k=1 j=1
Finally, consider the Banach space ((C, H2p) with p > 1.
If we apply Theorem [5] then we can state the following proposition
[7.

Proposition 6. Let ai, x;, M, be as in Proposition @ If

1
[[Re x| + [Imx;|*]* < Reay - Rex; — Imay, - Ima; + My,
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foreach j €{1,...,n} and k € {1,...,m}, then

n

(5:8) 3 [IRea;[* + [fma; )

i=1
2%_21 m n 2p n 2p | 2p 1 m n
P
< a Rex + Imz + — M
< = | [[2Rews| |3 Imaz —> D My
k=1 g=1 J=1 k=1 j=1
where p > 1.

Remark 7. If in the above proposition we choose p = 1, then we have
the following reverse of the generalised triangle inequality for complex
numbers

m n

2|%|§ Ezak Z;%' +E22Mjk
j= j=

k=1 k=1 j=1
provided xj,ai, j € {1,...,n}, k € {1,...,m} satisfy the assumption
|z;| <Reay-Rex; —Imay - Imz; + Mjy

foreach j € {1,....n}, k€ {1,...,m}. Here |-| is the usual modulus
of a complex number and My, > 0,5 € {1,...,n}, ke {1,...,m} are
given.
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