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A GENERALIZATION OF KY FAN’S INEQUALITY
TSZ HO CHAN AND PENG GAO

ABSTRACT. Let P, ,(x) be the generalized weighted means. Let F(z) be a C! function, y = y(z) an
implicit decreasing function defined by f(z,y) =0and 0 <m < M <m/,n > 2,x; € [m, M],y; €
[m', M']. Then for —1 <r <1,if fo/fy <1

F(Pna(y)) —F(Pn,r(y))| Maz, <e<ar |F'(§)] M

F(Pni1(x) = F(Prr(x) ~ Minm<p<m|F'(n)]  m’
A similar result exists for f./fy, > 1. By specifying f(z,y) and F(x), we get various generalizations

of Ky Fan’s inequality. We also present some results on the comparison of Py (y) — Py -(y) and
P s(x) — Py, (x) for s > r,a € R.

1. INTRODUCTION

Let P, (x) be the generalized weighted means: P, .(x) = (3.1 wiwg)%, where w;,1 <i <n
are positive real numbers with > " ; w; = 1 and x = (21,22, -+ ,x,). Here we denote P, o(x) as
lim, o+ P r(x). Let f(z,y) be a real function, we write f(x,y) =0 for y = (y1,%2,--- ,yn) such
that f(z;,y;) =0,1 <i<n.

In this paper, we always assume x; < 29 < --- < x,, and denote x1 = m,z, = M, y; = M, y,, =
m’. We also write A, = Py, 1(x), Gy = Poo(x), Hy = Po_1(x), A, = Pui(y), Gi, = Puo(y), H,, =
Pn,—l(Y)~

The following inequality, originally due to Ky Fan, was first published in the monograph Inequal-
ities by Beckenbach and Bellman [6, p.5]:

Theorem 1. For f(z,y)=x+y—1, z; € 0,1/2],

(1.1) Ay An
' G — G,
with equality holding if and only if x1 = -+ = x,.

Ky Fan’s inequality has evoked the interest of several mathematicians and many papers appeared
providing new proofs, generalizations and sharpenings of (1.1). We refer the reader to the survey
article[3] and the references therein.

Under the same condition of theorem I, the following additive analogue of (1.1) was proved by
H. Alzer[1]:

Theorem II.
(1.2) Ay =G, < Ay =Gy
with equality holding if and only if x1 = -+ = xp,.

Refinements of (1.2), (1.1) were obtained by H.Alzer([4], [5]) in the following two theorems,
respectively:
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Theorem III. Let z; € (0,3] (i =1,2, -+ ,m;n >2) and m < M,
m_ A -G - M

1-m A, -G, 1-M

Theorem IV. Let z; € [a,b] (1 =1,2,--- ,n;0<a<b<1),

(1.3)

ATL _a \2 A'/n, An _b 2
(1.4) (@)™ <G <G

Recently, A.M. Mercer obtained the following generalized Ky Fan’s inequality[8]:
Theorem V. For f(z,y) =2 +y? — 1,p > 1,n > 2,2; € [0,2=(1/P)],
(1.5) Ppi(x)Pao(y) 2 P (y)Poo(x)
with equality holding if and only if x1 =+ = x.

In this paper, we will present the following theorem which will provide essentially a unified
treatment of Theorem I - V and it also gives new extensions of Ky Fan’s inequality:

Theorem 1.1. Let F(x) be a C function, y = y(x) an implicit decreasing function defined by
flz,y) =0and 0 <m < M <m/,n>2. Then for -1 <r <1, if fo/f, <1

F(Paa(y)) = F(Par(y)), _ Mazgw<e<nr|[F'(§)] M

(1.6) (P ()~ F(Par(x))| ~ Minpenyent F'(m)| 7

i/ >1

(1 7) Minm’SESM’|F/(f)| . ﬂ < |F(Pn,1(y)) - F(Pn,T(Y))|
| Matmeyert )| 30~ F(Byr (%) = F(Por ()

provided the denominators on both sides are nonzero.
In section 3, applications to Ky Fan’s inequality will be given by specifying the functions

f(z,y), F(x).
More generally, we can talk about the comparison of P2 (y) — P72, (y) and P (x) — P, (x) for

real a. The case of A/ —G,* and A2 — G2 was discussed in [5] and we will give some results related
to the general case in section 4.

2. PROOF OoF THEOREM 1.1

Since the proofs of (1.6) and (1.7) are very similar, we only prove (1.6) for r # 0 here, the case
r = 0 is also similar. We will consider the case F(z) = x first, We define for 1 < i < n — 1 and
0 << xiygr:
Xl = (x7...,x’$i+17...,xn)
Yi = (yv Y Yiv1, )yn)
( X3 = xn(Pn,l(Xi) - P, T(Xi)> - yn(Pn I(Yi) - Pn,r(yi))

g(x;) = %zpn,r(xz‘)l_r T Ynbn, T(Yz>1_r ) yr_l

)
)
and Dj(z) = D(xi), gi(z) = g(x).

We need to show Dj(x1) > 0 and differentiation yields

fx _ Nl=r  r—1
fy( P (yi) Yy )

< (1= Pop(xi) 2" +yn(1 = Pop(ya)' ™y )
= xn"’yn_gi(x)

Q7 'D{(x) = wp(l— Pop(x) ™" 2™ ) 4y

where Q; =37 w;.
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Consider
n s T
Ppr(Xi) _9r Znj  fo  Por(yi)q_o YnY;
/ n,r\Xi)\1-2r J z n,r\Yi)\1—2r J
gix) = —(1—-r) > wl( ) e Ml ) =l
j=i+1 r r fy y y
n s T
< ~(-n) Y wylFeryr T Farlyd e B
=it Y Y
The last inequality holds, since when —1 <r < s, k=14+1,---,n, we have

(Pn,r(xi))l—zr > (Pn,r(}’i))l—zr, Tk o Yk In (ﬁ: "> (QJ:)HT > (§)1+r
T Yy T Y’ Yn Yj Yj Y
when % <r <1, we have

Pnﬂ”(xi) —2r Tn\1—92r Pn,r(}’i) —2r Yn\1—2r
(T)l 2 Z (Z)l 2 ’(7)1 2 S (7)1 2
Yy )
2—2r Tj\r TjiN2—2r ] 2—r T
ond (G (" 2 G (G = (> )
Thus gz( ) > gi(zit1) = giv1(zit1) > giv1(Tita) > -
which implies D}(z) < 0 for all z € (0, x;4+1), so
(2.1) Di(x1) > Di(x2) = Da(x2) > Da(x3) > -+ > Dp—1(2n-1) > Dp—i1(xn) =0

Since D; is strictly decreasing, we conclude from m < M that Dj(z1) > 0.
Next, for arbitrary F', by using the mean value theorem, (1.6) is equivalent to

( )) — F(Pn,r(Y)> _ F/(g) . Pn,l(y) — Pn,r(Y)
1(x)) = F(Por(x))  F'(n) Poi(x) — Ppy(x)

F(P,
F(P,
where m’ < & < M',;m <n < M. Taking absolute value and applying the result for F(z) = x, we
get the desired 1nequa11 y (1.6). This completes the proof. O

© 2 On— l(xn 1) > gn—1<mn) = Tp + Yn,

3. CONSEQUENCES OF THEOREM 1.1

In this section, by choosing different functions f(z,y), F(z), we will give several results of gen-
eralized Ky Fan’s inequality of type (1.6). There are corresponding ones of type (1.7) and we leave
the statements to the reader. To simplify expressions, we define:

Pr(Ll,s(y) - PT(LX,T(Y)

1 Asra:
(31 0= Pa ()~ P2, (%)

with
P, P,
n75(y) )/( n n73(x))

Pn,r(Y) Pn,T‘(X)

Also in order to include the case of equality for various inequalities in our discussion, we define
0/0 =1 from now on.

As a generalization of theorem III, we have:
Corollary 3.1. Let f(z,y) =azP +by? —1,0<a<bp>1,0<m < M < (a+b)~/P n>2
Fora <1, let F(x) =Inz,a =0, or F(z) = 2%, otherwise. Then for —1 <r <1

M 2—a
(3.2) Al,r,a < (W)

Agro = (In

Proof: This follows from f,/f, <1, Mazy,y<e¢<pyr|F'(€)|/Minm<n<m|F'(n)] < (M/m/)1=e. a
We remark here in corollary 3.1, the case o = 0 gives Jljz igg < ( ngxg)(%)Q, which partially

generalizes theorem IV. Also for the case a = 0, by only assuming z; € [0, (a + b)~(/P)], we get
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i:ig;g < in TE g for —1 < r < 1 with the equality holding if and only if z1 = --- = x,,. This is a

generahzatlon of theorem V.
As a generalization of theorem II, we have:
1
Corollary 3.2. Let f(z,y) = azP +by? — 1,0 < a < b,p > 1,z; € [0,(a +b) ?]. For a <1, let
F(x)=Inz,a =0 and F(z) = 2%, otherwise. Then for —1 <r <p
(3.3) 0<A1,0<1
with equality holding if and only if z1 = -+ = x,.
Proof: The first inequality is trivial and the second inequality for the case —1 < r < 1 follows
from (3.2) by noticing M/m’ < 1. For 1 <r < p, we will prove the case @ = 1 and the general case
follows from the using of the mean value theorem. We define for 1 <i<n—1land x,_; <ax < M
xi = (21,7, Tn—i, ¥, , )
yYi = (ylu"'7yn—i7y7""y)
E(xi) = Por(xi) = An(xi) = Por(yi) + An(yi)
and El(l‘) = E(Xz)
We need to show Ej(x,) > 0, notice first for 27 <--- <z,

P, (x)P, 1-r
(3.4 Par G0 - 4 Py gt 2 o T ¥) 25
TnYn
and
P P n /s s s
(3‘5) n,r(x) n,r(Y) _ [ng( T3Yi )r + Z wiwj(( ZiY;j )r + LjYq )r)]%
TnYn im1 TnYn 1<i<j<n TnYn TnYn
Since the function z[3(1 — az? )]11’ is increasing for 0 < 2P < -, we have ( I;Z;) <1 for all 7.

Now for fixed ¢ < j, define
h( ) =2z5y; —y"al —a"y;
then h'(z;) < r:rp_lyl px;" —rx; y; < 0 since r < p and % <1< z; Thus h(x;) = 227 TyE —

Y x — ajy; > h(z;) = 0,which 1mphes

(3.6) (:myj) (l‘jyi r < ZiYj oy Z;Yi T:(ﬂ)r+(g)7~§2

TnYn TnYn~ —  TjY; T5Yj L Yi
Back to (3.5), we have:

PrrlOPs) (37,2 3w

r
InYn =1 (O— yn

‘}\)—l

Zw —I—Z2wlw] % =

i<j

In particular this gives(where ;! = > i1 Wk)

O7E) = Fagle) ™ D (a3 )

(3.7) > Pup(x)' 7w =1 Pop(ya) Ty =120

Thus we deduce:

Er(zy) > E1(zp—1) = Eo(xp—1) > > Ep_1(z2) > Ep—1(z1) =0

A close look of the proof tells us the equality holds in (3.3) if and only if 1 = - -+ = x,, and the

proof is completed. O

As a special case of the above corollary, we have A;l — H;L < A, — H,, for generalized weighted
means, a proof of this for the special case wy = -+ = w,, was given in [2].
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We remark here if 0 < b < a, then in general P, (x) — P, ,(x) and P, 1(y) — P, ,(y) are not
comparable. For example, if we let a = 2,b = 1,n = 2,w; = wy, then when 1 = %,%2 = 5
Ay — Gy = Ay, — GY; when z; = %,xz =0, Ay — Gy > A, — G, and when z; = %,xg = %,
AQ—G2<A/2—G/2.

The classical case of Ky Fan’s inequality corresponds to the choice of f(z,y) = +y — 1 where
fz/fy = 1. In this case both inequalities (1.6) and (1.7) hold and combinations of previous results
yield:

Corollary 3.3. For f(z,y)=z+y—1,0<m< M < %,n22 then for —1 <r<1l,a<1

(3.8) ( A

m )27(1

m)%a <Appa <(

4. THE COMPARISON OF Pg (y) — P2, (y) AND P (x) — P,.(x)

In this section, fixing f(x,y) = z+y—1,x; € [0,1/2], we give some results relating the comparison
of P (y) — P2, (y) and P (x) — Py ,(x), where s > r,a € R.
Our first result is the following lemma:

Lemma 4.1. Given s > r, if for ag € R, we have Ag, oy < (>)1 with equality holding if and
only if x1 = -+ = xp, then for all @ < (>)ag, Agra < (>)1 with equality holding if and only if
Proof: Let i = s,7,v = X,y, we can assume P, ;(v) # 0. If ap # 0, write P (v) — P, (v) =
(PR (v)) /o0 — (Po.(v))/ @0 = 2200 (Po(v) — Peo(v)) with Py (v) < & < P, 5(v), where when
a = 0, we define (P29(v))%/% =1In P9 (v). By taking the quotient, we get the desired result. If
ag = 0, we write Pﬁ‘,i(v) = e*nPni(V) and proceed similarly. |

For any s > r, the above lemma enables us to define a number sup(a)s, such that Ag, o <1
holds for all a < sup(a)s,. A special case of this, sup(a)i,0 = 1 was determined in [5].

The inequality A, > 1 seems unusual but indeed it can happen, even for the case r = 1.

Indeed we have the following theorem:

Theorem 4.1. Ag1 o> 1fora>s5>2;Ag14<1forl1<s<2,a<s5 A1;q<1fora<r<o,
in all cases the equality holds if and only if xt1 = -+ = x,.

Proof: From lemma 4.1, it suffices to prove the theorem for o = s or r. In this case, for z € [0, %],
consider the function f(z) = 2! — (1—z)! with f”(z) = t(t—1)(2'~2—(1—2)!~2). By considering the
sign f”(x) for various ¢t and using corresponding Jensen’s inequality: ( > w;f(x;) > (L) f(O. wiz;)
, the above assertions follow. O

In theorem 4.1, by restricting x; € [m,M],0 < m < M < 3, we will get results similar to
corollary 3.3 and we will leave the statements for the reader.

We have omitted the case 0 < r < 1 for theorem 4.1 since we have a stronger result as corollary
3.2. We point out an interesting phenomena here that when s = 2, Ag; 4 > (<)1 for a > (<)2.
We also remark here the proof of (1.1) follows by applying Jensen’s inequality to the function
Inz —In(1 — z) for z € [0, 3].

Notice Py, s(x) — Py, (x) > Py, s(y) — Py r(y) does not hold for arbitrary real numbers s > r, for
otherwise we will have P, s(x)/Pyr(x) > Py, s(y)/Pn»(y) which is not true in general according to

a nice result by J. Chen and Z.Wang|[7]:
Theorem VI. For arbitraryn,s > r,z; € (0,1/2], As,0 <1 holds if and only if |r+s| < 3,2"/r >
2% /s when r > 0,72" < s2° when s < 0.

By using lemma 4.1 and the above theorem, we get the following theorem:

Theorem 4.2. sup(a)s, > 0 if |[r 4+ s| < 3,2"/r > 2%/s when r > 0,r2" < s2° when s < 0.
Moreover, sup(a)1, =1 for =1 <r <1 and sup(a)s1 = s for1 < s <2.

1
2
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Proof: The first assertion follows from theorem VI and the definition for sup(a)s,. From corollary
3.2, we know sup(a), > 1 for =1 <r <1 and when o > 1, let 21 =1/2,29 =--- =z, =€, and

flwr,€) = (P (%) — P (x) — (Bia(y) — P (y))
A simple calculation reveals that there exist positive real numbers § and 7 such that we have
flwi,e) <0,if 0 <w; <dand 0<e<nand f(wy,e) >0,if 1 —d <w; <1and 0 <e<n. Similar
conclusion holds for sup(a)s 1 and this completes the proof. O
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