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ON THE PERTURBED TRAPEZOID FORMULA

N.S. BARNETT AND S.S. DRAGOMIR

ABSTRACT. Some inequalities related to the perturbed trapezoid formula are
given. An application for the expectation of a random variable is also pointed
out.

1. INTRODUCTION

In [3], the authors have pointed out the following trapezoid inequality in terms

of the p—norms of the second derivative.

Theorem 1. Let f : [a,b] — R be a twice differentiable function on (a,b). Then

we have the estimate

b —a
) | [ @t @+ 7 )

e (5 0 if f7 € Loo [a,b];
< 1 17 i 241 . 1
< 3 BB+ Lar D) - o i e Ly fand],
) p>1 o+ ,=1
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1/l = = sup [f7 (1)),
t€la,b]
b
11, :/‘W%wwt
and

|=

b P
LFN, = (/ If"(t)pdt> , p>1

and B is the Beta function, that is,

1
B(r,s):= / A=) dt, rs > 0.
0

Using Griiss’ integral inequality, the following perturbed trapezoid inequality in
terms of the upper and lower bounds of the second derivative, may be stated (see

[3]):
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Theorem 2. Let [ : [a,b] — R be a twice differentiable function on (a,b) and
assume that

(1.2) v:= inf f’(z)>-0c and T:= sup ["(z) < ococ.
z€(a,b) z€(a,b)

Then we have the estimation

(1.3)

vy de — 22 [f (a) + £ ()] +

< 32@ ) (b a)’.

In [2], by the use of a finer argument based on the pre-Griiss inequality, the
authors have improved (1.3) as follows.

Theorem 3. Iff is as in Theorem 2, then

(1.4) “f @)+ F )]+

< m(b )(F 7),

where v and T are given in (1.2).
Remark 1. Atkinson [1] defines the quadrature rule

" @ o ) - f (@)

as a corrected trapezoidal rule and obtains it using an asymptotic error estimate
approach which does not provide an expression for the error bound.

PT (f;a,b) :=

In this paper we point out different bounds for the corrected trapezoidal rule. A
natural application for the expectation of a random variable is also given.

2. THE RESULTS

We have the following representation result.

Lemma 1. Let f : [a,b] — R be a differentiable function so that f' is absolutely
continuous on [a,b]. Then we have the representation:

(2.1) / f(z)d

- il@*w( 2 {70, (@)} do,

(b—a)’
12

S )+ F )]+ [/ a,b]

where

is the divided difference.

Proof. By twice applying the integration by parts formula, we may state (see for
example [1]) that

(2:2) Lﬁﬂ@

b
“F@+ Ol =—3 [ @-a)b-2)f @) d.
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On the other hand, by the simple identity:

b b b
(2.3) bia/ h(x)g(m)dx—bia/ h(a:)dx-bia/ g (@) do
b b
= bia/a h(z) [g(w)—b_la ’ g(y)dy] dz,

we may state that
b b b
/ (x—a)(b—x)f”(x)dw—/ (x—a)(b—x)dx-/ 1" (z)dx

b
- / (x—a) (b— ) [f" () dz — [f'; 0,1]] dz,

which is clearly equivalent to:

b
(2.4) / (x —a)(b—2x) f" (z)dz

= O r @ [0 @ e b

Combining (2.2) with (2.4), we deduce (2.1). 1

Using the above representation, we may state the following result on the error
of the perturbed trapezoid formula:

Theorem 4. With the assumptions of Lemma 1, we have

(b—a)’

(2.5) =

b —a
[ tade- 0 @+ F o)+ ;)

GO 7 — [fa,0] if 1" € Lo [a,b];

< QLB+ Lg+ )T b—a) T = (f5ab]l,, if 7€ Lylab],
p>1, s +.=1
Lo—a) | = (0,8, if "€ Lylab],

where B is the Beta function and

p’

I9loc : = esssuplg ()]

b :
lall, - =</ Ig(w)lsdx> , s> 1

Proof. Using Lemma 1, we have

(2.6) 5 12

b —a —a)®
[ r@ae =50 @+ o+ S
b

1

= 5/@ (z—a)(b—2)|f" () dz - [f';a,b]|dv =: M.
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It is obvious that

b
Mo< - iablle [ @-a)b-o)de
(b—a)’

= S - (el

and the first part of (2.5) is proved.
Using Holder’s integral inequality, we have for p > 1, l + l =1, that

b v
(2.7) Mﬁ;(/ﬂ (:Ca)q(bqux> (/ I (x) = [f'; ab]|pdx> .

Now, using the transformation z = (1 —t)a 4+ tb, t € [0, 1], we get
(@—a)!(b—2)" = (b—a)t"(1-1),
dr = (b—a)dt
and thus
b 1
/ (z—a) (b—2)'de = (b— a)Qq“/ (1 —t)"dt
a 0
= (0b—a)*"' B(g+1,q+1).

Using (2.7) we deduce the second part of (2.5).
Finally, as

M

IN

1
L swp {(z—a)( fx}/lﬂ [, do

2 z€Ja,b]

h— 2
= O i,

the theorem is completely proved. I

The following corollary concerning the Euclidean norm is useful in practice.

Corollary 1. If f : [a,b] — R is such that f” € La[a,b], then we have the inequal-
ity:

a b—a)?®
(2.9 7@+ 70+ P
(b — a)S " /. 2 :
2r ||f ”2 [f7a7b] .
Proof. Choosing in (2.5) p = ¢ = 2, we get
(2.9 [ r@a- "t @ o L e
< 2@@@ﬁ®—f“WV—W%Wb
However,

1
B(333) = %;
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_[f/;aab]||2
b
- [ / (" (2) - [f';a,m)?dz]

b 2 b 2
l/ (" (2)) dm—2/ f”(m)[f’;a,b]dx—i—(b—a)[f’;a,b]]

then, by (2.9) we get (2.8). I

Remark 2.

(2.10)

(2.11)

(2.12)

(2.13)

a)[f';a,b]" + (b

2

2

~a)[f0.0%)

[N

1
2

(1) The Griiss integral inequality for a function g : [a,b] — R with

—co<m < g(x) <M < oo for almost every x € [a,b] states that (see for

example [4, p. 296])

b

T for a.e. x € [a,b], we deduce

0< 77— ||9||2 <

1
b—a

b 2 1 ,
/ag(x)dx> Z(M m)”.

Applying (2.10) for the mapping f" under the assumption that v < f" (z) <

1 7z . 2 : 1
(525 1971 - 1r50.8?) < 5

and then, by (2.8), we deduce

fﬂ—i[f(a)Jrf(b)]Jr
(b—a)3
S v T

which is not as good as the result in (1.5).

Chebychev’s inequality for a differentiable function g :

g € Lo [a,b] states that (see [4, p. 297])

Applying (2.12) for the mapping f" under the assumption that f"' € Lo

b

0<— ||9H2 (

we deduce by (2.8) that

(

b—a)" |1/l

124/10

b

ia/abgmdx)Q

b b—a
[ ta@de =2t f @+ £ 0]+

(=)

< 5 =) |lgll

1
12

(b—

a)3
12

[f';a,b]

[a,b] — R, with

[a7 b]:
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(3) Lupas’s inequality for a differentiable function f with f" € Lo [a,b] states
that (see [4, p. 301])

2
1 1 b b—a 9
(2.14) OS_(IllgHﬁ(b_a/ g(fﬂ)dw> < g5 -

Applying (2.14) for the mapping f" under the assumption that f"' € Lo [a,b],
we deduce, by (2.8), that

(b—a)’

L 1a

(2.15) L@+ F o)+

7
< b=a)® If",
o 27/30

The following lemma of representation also holds.

Lemma 2. Let f : [a,b] — R be a differentiable function such that f' is absolutely
continuous on [a,b]. We have the representation:-
(b—a)’

(216) [re I ORSI0) R

_ 5/@ (x_“;b) " (@) — [f';0,8]) da

where [f';a,b] is the divided difference.

[f';a,b]

Proof. The identity (2.16) may be proven directly.
A simpler proof uses Lemma 1 as follows.

Since
2 2 2
(x—a)(b—x):a;—b _(x_a—2|—b>

and

1 [t .. "
5/a (—a)(b—2){[f;a,b] — f (2)} dz

_ ;/ﬂb a2—2|—b2_<x_a—2|—b>2
_ %/ G LaE ,1—f”<x>}dm_;/:(x—“;b)2{[f@a,b]—f"<x>}dx
- 3/ (=~ ‘”b) U @)~ (50,8} o,

then by (2.1) we deduce (2.16). I

{5 a,0] = " ()} dae

The following result also holds.
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Theorem 5. With the assumptions of Lemma 2, we have the inequality

b B - 3
(2.17) / (o) da " o [f (@) + £ ()] + s 12a) /b
. 3
O~ et i 5 € Llad]:
o
< muf”—[f’;a,bmp» if f"€Lplab],
q p>1, 141 1
_ p Ty
I =1l

Proof. Using Lemma 2, we have:-

(2.18)

2 12

2
= %/a (x_a;b) " (x) = [f;a, ]| dz =: N.

It is obvious that

b —Qa *03
[ rwa-t @)+ 7o)+ P (e
b

b 2
No< gl el (o= 250) as
b— )
= Oy e

Using Holder’s integral inequality, we have for p > 1, % + % =1, that

b 2q % b P
(2.19) N < (/ x dx) (/ If" (x) = [f';a,b]" dx) .

However,
b 2q b 2q )%
/ dz:2/ (zaer) dxzi(b @)
a aTer 2 44 (2q + 1)

and then, by (2.19), we deduce the second part of (2.17).

a+b

a+b

T —

Finally, as
a+b*> (b-a)?
sup |z — = ,
z€la,b] 2 4
then
b—a)?
N Dy pa,

proving the last part of (2.17). I

Remark 3. It is obvious that the first inequality in (2.17) is better than the similar
one in (2.5), while the last ones are identical.
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Remark 4. A computer simulation for the function %[B (¢g+ 1,9+ 1)]%, % .

+ shows that the latter is smaller for any q > 1, but we do not have an
(2¢+1) 9
analytic proof of this fact. We conjecture that the second inequality in (2.7) is

better than the second inequality in (2.5) for every p > 1, % + % =1.

For p = ¢ = 2, we get the following particular case for the euclidean norm:
Corollary 2. If f : [a,b] — R is such that " € Ly [a,b], then

(b—a)’

(2.20) = [f (@) + F (0] +

[f';a,b]

(b-a)
< S

Remark 5. We note that (2.20) is a better result that the corresponding one in
(2.8), and thus, we may note the following better results following via Griss type
inequalities.

If f" is such that v < f"" <T for a.e. x € [a,b], then by Griss’ (2.10), we have

1 " /
o 1= st

(b — a)3 ’
(2.21) w0 @)+ £ 0]+ P )
—a)’ (T — )
= 165
If f"" € L [a,b], then by the Chebychev inequality (2.12), we have
(b — a)3 1
(222) “lr @+ 5 o]+ P
—a)" 1"l
16V/15
Finally, if f""" € Ls[a,b], then by the Lupas inequality (2.15), we have:
a (b — a)3 /
(223) @)+ F o)+ L a)

(b—a)? £l
= 815

3. APPLICATIONS FOR EXPECTATION

Let X be a random variable having the p.d.f., f : [a,b] — R and the cumulative
distribution function F : [a,b] — [0,1], i.e

z/xf(t)dt, x € [a,b]

The following result holds.
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Theorem 6. With the above assumptions and if the p.d.f. is absolutely continuous
on [a,b], then we have the inequality:

b (b—a)?
(3.1) B(x) - Lo ) p )
CO )~ [fra bl if f € Loo [a.b]
< Dy (fa b, i f € Lylad],
8(2¢q+1) 4
p>1, % + % =1
L f = [f5a, bl
Proof. Applying Theorem 5 for the c.d.f., F', we may write that
b a F(b b—a)’
(32 [ rwa-TOEEO 0 P2 ) ()

_a)?
Cal ) — [ f5a,0]]| o

(b= T e
m“f = [fia, 0[],

IN

_4\2
C N = [fi a0l -
However, F'(a) =0, F(b) =1 and

b
/ Ft)dt=b— E(X),
and then, by (3.2) we deduce the desired inequality (3.1). I
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