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A TAYLOR LIKE FORMULA FOR MAPPINGS OF TWO
VARIABLES DEFINED ON A RECTANGLE IN THE PLANE

G. HANNA, S. S. DRAGOMIR, AND P. CERONE

ABSTRACT. Using the Taylor Formula and a Griiss type inequality, with the
integral remainder, we point out a Taylor’s like formula for mappings of two
variables defined on a interval and point out some upper bounds for the re-
mainder.

1. INTRODUCTION
The following theorem is well known in the literature as Taylor’s theorem with
the integral remainder.

Theorem 1. Let I C R be a closed interval, let a € I and let n be a positive
integer. If f : I — R is such that f™ is absolutely continuous, then for each x € T

(1.1) f(2) =Ty (f;a,2) + Rn (f;0,2),
where Ty, (f; a,x) is Taylor’s polynomial, i.e.,
~(z—a)
(12) T (fia,2) =Y % (a)
k=0
note that = f and 0! = 1), and the remainder is given by
hat O = f and 0! = 1 d th inder is given b
1 x
(1.3) Ry (fia,2) = — / (@ — )" fO (2) dt.

A simple proof of this theorem can be done by mathematical induction using the
integration by parts formula.

The following corollary concerning the estimation of the remainder is useful when
we want to approximate concrete functions by the Taylor’s expansions.

Corollary 1.1. With the above assumptions, we have the estimation:

(1.4 R(psa) < Eo [ o) ar
n! a
or
1 (z—a)"7 ’ N v
(15) R0 < o S0 (| o]
nt (g +1)7 \Ja
where p > 1 and % + % =1, or the estimation
(xz— a)n+1 (n+1) ‘
1. ; < n
(1.6) R (f;a,2)] < CES R ST
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forallz > a,acl.

Let f be in the class C@(R") and z, o € D C R” so that the line segment
joining X and zg is contained in D. Let h = x — xg. Then we have the Taylor’s
formula with the Lagrange type remainder:

fla) = f(xO)Jeri(x")hiJr% > fij (o) WB +
i=1 :

i,7=1

1 . , .
T L Joe (o) BB Ry (2),

B1,0.0y0g=1

+
where h' = 2* — 2}, s € (0,1) and

1 _ ,
Ry (z) = a Z firooig (To + sh) W™ .. h',

Zl,.“,iqzl

2. THE RESULTS

The following theorem holds (see [1] or [2, p. 138] for a particular proof).

Theorem 2. Let I, J be two closed intervals and f : I xJ — R be a mapping so that
gitm+1 .- . ditntir .
Wigﬂ) (2207...,71), W);(y]) (]:0,,m)
n+m—+2 o . . .
and gw,ﬁliaymil) exist on the intervals J, I and I x J respectively, where a € I and

itm1 . .
be J are given. Let x € I and y € J and assume that %Ty,{(f{) are continuous

on [b,y] (fori=0,...,n), %w are continuous on [a,x] (forj =0,...,m) and

the following partial derivatives

n+m+2 . . .
gxwliazfm(;l) is continuous on [a,x] X [b,y].

Then we have the inequality:

(2.1)  f(z,y) = ZZ (z - ) (y—b) 9" f(a,b)

== 7 J! Oxt Oyl
+;'§:0 (y j!b>j /: (@ —t)" Wdt
+ﬁ /ax /by (@—=1)"(y—9)" mdw@

where n,m € N.

Proof. For the sake of completeness we give here a short proof. Apply Taylor’s
formula (1.1) for the mapping f(-,y) to get

02 =) T G L Ty () g

7! ox? n! Ozntl
i=0
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Also, by (1.1) applied for the partial derivatives aigi‘f") (i =0,...,n) we can state
that

Df(ay)  ~==b’ Ff(ab)
(2:3) Oxt N ;} OxidyJ
+m/b (y—s) “omay ds.

Similarly, we have

o (t,y) (=) P (a,0)
(2.4) Hxn+1 - ggo 4! ' Oz 19y
1 [Y m OMTME2 £ (1)5)
+m/b (y—9) “omaym ds.

Using (2.3) and (2.4), the equation (2.2) becomes

f(z,y)
L = -a) | — by’ 8j+if (a,b) 1 (¥ m OFMHLE (q5)
- Z [Z Dy T ﬁ/b (y—s) Dridym+1 ds

m j+n-+1
A 30 b T (5,D)

= Oxnt10yd
1 [v m OPTME2 £ (1)5)
+ E/b (y—s) Drn iy ds] dt
= fi s -t 9 (ah)
== J! 0x' 0y’
Yy i+m—+1
L 7s)m8 4 f(af)ds
m — oxtoy™+
m T j+n+1
a Ox"t1oyi

=0
1 T Y " m an+m+2f (t, S)
+7n!m! /a /b (z—=t)" (y—9) Dr iy dsdt
and the theorem is completely proved. i

Now using the above theorem, we can point out the following inequality.
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Theorem 3. Assume that the mapping f : I x J — R fulfills the hypotheses from
Theorem 2. Then we have the inequality

"X (z—a) — b)Y 9 £ (a
(2.5) -3 y—by 97/ (o,h)

| )
== 4! dxt Oyl
1 = - ‘ Y m 6i+m+1
- 4(33 3 Cl) / (y - 8) o910 fm(f{ S) ds
m! < 7! b 2ty
L s (y—b) / n O (8,0)
_ —t —~dt
nl ; I A R Fre= v
1 n+1 m+1 gntm+2r .
(1) (m+1)! (z—a) (y—?) ‘ gzn+igym+t ooila,z]x [by]
6n+m,+
if e © Lo [a.0] x 03]
1 n+t m+ L gntm+2
x—a) "1 (y—>0b)""a ) ST m AT ;
n!(nq+1)%7n!(mq+1)% ( ) (y ) OnioymT ps[a,z]x [b,y]

IN

6n+m+

zfaa:wﬂawaﬂ €L [[ z] x b, y]] p>15+ =1

grtm+2y
Dzt 1gym Tl

o @ =) (y = )" |

nlm!

La,2]x [by]

n+m+2
’Lfafn+1aym+1 € Ly [la, z] x [b, y]]

where |||, (4.21x[py) 15 the usual p norm (p € [1,00]) on the region [a,z] x [b,y].

Proof. Using the representation (2.1) and the property of modulus we have

Zn:i z—a)" (y—0b) dHIf(a,b)
j OxtOyJ

]
i=0 j=0 J:

n .1,‘—(11 Y +m-+1 a
1 ( >/b(y_s)a flas)

ml = il Oxioymt1
=

1o (y—b)y [® w OIFRFLE (£ 1)
o [ e g
=0 @

1 T py 8n+7n+2f (t7 S)
< |x7t|n|y75‘m 1 1
nlm! J. Jp Oxntigym+

dsdt =: M (x,y).
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It is easy to see that
M (z,y)

6n+m+2 f

aanrl aym+ 1

nm'// (x —t)" (y—s)" dsdt
oo;la,z] X [b,y]

1 [_(x_t)n+l ] y [_(y_s)n+l y] y H an—‘,—’m—‘r?f
a m+1 b

YRS w——
nlm! n+1 Az Y™ | a2 x b.y]
1 8n+m+2
_ (Z‘ _ a)n+1 (y _ b)7n+1 17.]01
(n+ 1! (m+1)! OxmHLOY™ || a2l x [b.y]

and the first inequality in (2.5) is proved.
Using Holder’s inequality for double integrals, we have

M (z,y)
1 an+m+2f nq ma H
! ’ danF1gym+L || el x o] {/ / (x —t) —5) dsdt]
o () =]
©oabml |9z ey ey | (na 1) (g +1)
1 1 1 8n+m+2
= T 0 (33 _a)”+q (y_ b)m+q ‘ xnt+19 mf+1
n!(ng+1)7 m! (mg+1)9 x Yy pila,z]x[b,y]
and the second inequality in (2.5) is proved.
Finally, we have
1 an+m+2f
M (z,y) sup (@ =8)" (y— )" | 5T
ntm! (o) efa.z)xby) O™ H10Y™ | 0 01x o
1 an+m+2f
S IRV P
nlm! ox +16y +1 13[a,z] X [b,y]

and the theorem is proved. I

The following approximation of the mapping f(z,y) in terms of

ii r—a)' (y — b)Y 99 f (a,b)
! ' OxtQyI

|
=0 j=0 J:

also holds.
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Theorem 4. Assume that the mapping f : I x J — R fulfills the hypothesis from
Theorem 2. Then we have the inequality

(x —a)' —b)? 9" f (a,b)
2.6 —
(2.6) pard ; il j! oz 0yl
< 1 _ m+1 i: T — a 8z+m+1f‘( ) H
a ( + 1 1=0 xzaym+1 OO,[b,y]
n 1 _ n+1i AL (-, b)
(n+ 1) — 0z Loyl || | raw
7=0 )[ ) ]
1 n+1 gt || OTTRf
" (o -yt (g — byt | LS .
(n + ) (m + 1) 8x"+16ym+1 oo3la,z] X [b,y]

The proof follows by using the formula (2.1) and the details will not be covered.
Similar bounds in terms of the other norms may be pointed out, but we omit the
details.

3. A GRUSS TYPE INEQUALITY FOR DOUBLE INTEGRALS

In this section we will produce, with complete proof, the following lemma repre-
senting a Griiss type inequality for double integrals.

Theorem 5. We assume that
(3.1) |f (z,y) = f(u,0)| < My |z —u|™ + Mo |y —v|*?,
where

My, My > 0,07,a9 € (O, 1]
and
(3.2) 19 (z,) — g (u,0)] < Ny |z —ul” + Ny |y — |,
where

va N2 > 07 617 ﬂQ S (0’ 1]

then we have the following inequality:

b d
(3.3) (b—a)l(d—c)/ / f(@,y) g (z,y) dydz
ROEPICET) _c//fxydydxx( —c// (z,y) dydzx
(b—a)™ ™ 2(b— a)™ (d — )
= [MINI @+ D @A+ A D (B, + D +2) (5, +2)
N 20— a) (d— ) +My Ny il i

(g +1) (a2 +2) (B +1) (B4 +2) (a2 + By +1) (a2 + By +2)
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Proof. Multiplying (3.1) and (3.2), we get

|(f (2,9) = F (u,0)) (9 (2,9) — g (u,0))|
< MNy |z —u|* P 4 MyN, |2 — u|™ |y — o]
+Ms N, ‘y - ’U|a2 ‘ZE - U|51 + M5 No |y - 1}|a2+[32 .

Integrating on [a,b] x [¢,d]” over (z,y) and (u,v), we obtain

(3.4) J{bj[djfbj{duf<m,y>—-f(u,v»<g<x,y>—-g(u,v»|dydxdvdu

b opd b pd
< M1N1/ / / / |z — u|* P dydadodu
b opd b pd
+M1N2/ / / / |z — u™ |y — v|** dydzdvdu
b opd b pd
+M2N1/ / / / ly — v|*? |z — u|”* dydzdvdu
b opd b opd
+M2N2/ / / / ly — v|**2 dydedvdu
a c a c
(35) = (Lhi+L+1I3+14).

Applying Korkine’s identities to the left side of (3.4) gives

; /: / d / b / "7 @29) — £ 0,0 6 (0,1) — g (0,0 dydadod
= //// (2,9) 9 (2,9) — f (2,9) g (u,0)

,0) g (z,y) + f (uw,v) g (u,v)]dydzdvdu

1 b pd b opd
T2 / / / / f (@, y) g (w,y) dydwdodu
1 (b pd pbopd

,i/a/c/a/cf ) g (u,v) dydedvdu
_;/ab/cd/ab/Cdf(u,v)g(x,y)dydxdvdu
CINEN

f (u,v) g (u,v) dydxdvdu
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= o-0@-o [ [revsenae
/ab/cd/ab/cdf(x,y)g(u,v)dydxdvdu

= (b—a)(d—c)[lb/cdf(x,y)g(x,y)dydm
/ab /cdf(x’y) dydx/ab /Cdg(x,y) dydz.

For the right side of (3.4) the Lemma 1 proved in [4] will be used:

Lemma 1. Let a,b,c,d € R with a < b and ¢ < d. Define

(3.6) Cy(a,b,c,d) : / / |z — y|’dydz, 6 >0,
then
(3.7) (0+1)(0 + 2)Co(a, b, c, d)

= b= —|pb—d’*?+|d—al’T? —|c—al'T2

If ¢ = a and d = a, then from (3.7)

(3.8) Dy(a,b) = Cy(a,b,a,b) = //|x— y|’dydz, 6 >0

(b )0+2
T O+n0+2)

Now, utilizing the result of Lemma 1 and returning to (3.5) we find that:

b opd b pd
(3.9) L :/ / / / |z — u| P dydedvdu
=(d—c) / / 2 — u|* P dadu

= (d — ¢)*Day+p,(a,b)
and using (3.8) gives

2(d—c)* (b—a)* T H2
(a1 + 51 +1) (a1 + 6, +2)°
Further, from (3.3) and using (3.7) gives

(3.10) I = / / / / lz — u|” |y — v|*? dydedvdu
:/ / |z — u|™ dmdu/ / ly — v|*? dydv

= Dﬁ1 (aa b)DG‘Q (Cv d)

I =
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and using (3.8) produces

4(b—a) P2 (d— )2 t?
(B1+1) (81 +2) (g +1) (a2 +2)°
Using a similar procedure we get for Iy and I as defined in (3.7),

4(b—a) T (d— )2

(3.11) I =

(312) L= T B D 12) (B +2)
and
2(b—a)’(d— )Tt
(313 = et By D e +ﬂz ¥ 2)'
Thus, using (3.5), (3.10), (3.11), (3.12) and(3.13) in , we get
b—a)(c—d //f z,Y) g zydydzf//fxydyda:// (z,y) dydzx
2(d—c)*(b—a)mth*? 4(b—a) " (d— )"
s 2 lMlNl At D mt2 MG TG D 12 (5, 1 2)
4(b—a)t?(d—c)* 2(b—a)® (d—c)**HP12
e ) e 12 (B + 1) (B +2) 2N 1B, 4 1) (cn + By + 2)

and dividing both sides by (b — a)® (d — ¢)* completes the proof. I

Corollary 3.1. (see also [3, p. 305]) When ay = ay =1, 8, = By = 1, we have
[f (z,y) = Fw,0)] < Lylz—u[+ Lafy — vl
9 (z,y) —g(w,0)] < Kifr—u[+ Kaly—v],

and then (3.3) becomes

oo | [ et i
b—a) _C//fxydydxx — _C// (. ) dydz

(b—a)’ (b—a)(d—c) (b—a)(d—c) (d—c)?
< 4[L1K1 D +L1K2178 +L2K1T+L2K2 5 )

Corollary 3.2. Let the conditions of Corollary 3.1 hold, then

w—cc;(cl—cr)/ab/cdﬂ(w)dxdy

o | [

L% (b— a)2 L (b—a)(d—c) +L§ (d 120)2] '

< 4
- 12 9
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Proof. In (3.9) let a1 = ap = f; =35, =1 and
fe)=g(,).

4. AN APPLICATION FOR TAYLOR’S EXPANSION
We may now state the following result.
Theorem 6. With the conditions as in Theorem 4 and assuming that

oS (ts) VTR (u,v)
8x"+18ym+1 - 8xn+laym+1

< Lyfe —uf+ Lo |y —of,

we have the inequality

"X (z—a) b)j 9" f (a,b)
(4.1) flay) = > ' j! dxidyi
=0 j=0
1~ (z—a) [Y 0™ f (a,5)
_ﬁ; 5 /b (=9)" —ggymer #
LN (y—b) [* n 0L (8)
mfﬂj!l(m T

@) b ot
(n+ 1) (m+1)! oxndy™

dsdt‘

(x—a)" " (y—p)""

<

— 3n'm' G(”’m)p(a’x7bay> )
where

1 1 ’
G(n,m) = —

(m,m) Cn+1)@m+1)  (n+1)*(m+1)°

and

pla,z,by) = [3L% (x — a)2 + 4L Ly (x —a) (y — b) + 3L3 (y — b) }

Proof. Writing (2.1) as

" (z—a)’ — b)) 9 f (a,b)
(42) [l 3 : e
== ]! ox' 0y’
L~ (@—a) (v w0 (as)
ol — i /b (y—s) Oztoym+1 ds
S i n O (8 D)
“ra j (x—1t) Dz 10y dt

Nl
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where

1 Y n m an+m+2f (t75)

Now, let us consider that
hit,s)=(z—1)"(y—s)"

and
IS (¢, s)
g(t,s) = Dzt igym il

Furthermore, recalling Korkine’s identity, we have

(44) R(f,a,z,b,y)

1 vy
—_ h(t t,s)dsdt
[ [ resats s

1 Ty z oy
= n!m!(m—a)(y—b)/a /b h(t,s)dsdt/ﬂ /b g (t,s)dsdt + Ry (f,a,x,b,y),

where

(45)  Ri(f,a,2,b,y)
1

Sl 7T Y /Q (h(t,5) — h (u,0)) (g (t, 8) — g (u, v)) dtdsdudv,

where
2
(4.6) @ = [[a,a] x [b,]]".
In addition, applying the Cauchy-Schwartz inequality for (4.5), we get

(4.7)  [Ri]
1
2nlm! (z —a) (y — b)

/Q (h(t,s) — h(u,v))(g(t,s) — g (u,v))dtdsdudv

1 2
2nlm! (z — a) (y — b) \//Q (h(t,s) — h(u,v))” dtdsdudv

X\//Q (g9 (t,s) — g (u,v))” dtdsdudv.

By simple computation

(4.8) /Q (h(t,s) — h(u,v))’ dtdsdudv

- ljufw"@—aﬁthfm”@fmmfﬁ@mmv

_ r — a)22 (y _ p)2mt2 1 _ 1
= 2 ) S N G D) a1 P 1|
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Now, we let

(4.9) I = /Q(g(t,s)—g(u,v))thdsdudv

/ (8”+m+2f (t, S) B an+m+2f (u, ’U)

2
Dan+1gym+1 Dzt gym > dtdsdudv,

then
an-‘rm-‘er (t S) 2
(4.10) I = 2|(x—a)( —b/ / <8z"+16‘ym+1) dsdt

Y grtmE2 £ (y,v) ?
(/ / G igym+l dvdu)
Applying Corollary 3.2, we have the following inequality
(11) | < 8 -a)*(y—b)

L?(ﬂf—a)2+LL (r—a)(y—0) , L3(y—b)>
12 12 9 12

Utilising (4.8) and (4.11), and (4.4) and substituting in (4.2), the theorem is
proved. i

REFERENCES

[1] A. SARD, Linear Approximation, Amer. Math. Soc., Providence, R.I., 1963.

[2] A. H. STROUD, Approzimate calculation of multiple integrals, Englewood Cliffs, N.J.:
Prentice-Hall, 1971.

(3] D. S. MITRINOVIC, J. E. PECARIC and A. M. FINK, Classical and New Inequalities in
Analysis, Kluwer Academic Publishers, Dordrecht, 1993.

[4] 1. BUDIMIR, P. CERONE and J. E. PECARIC, Inequalities related to the Chebychev func-
tional involving integrals over different intervals, J. Ineq. Pure and Appl. Math., (accepted).

SCHOOL OF COMMUNICATIONS AND INFORMATICS, VICTORIA UNIVERSITY OF TECHNOLOGY, PO
Box 14428, MELBOURNE CiTY MC, VICTORIA 8001, AUSTRALIA
E-mail address: georgey@matilda.vu.edu.au

E-mail address: sever@matilda.vu.edu.au
URL: http://rgmia.vu.edu.au/SSDragomirWeb.html

E-mail address: pc@matilda.vu.edu.au
URL: http://sci.vu.edu.au/staff/peterc.html



