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INEQUALITIES FOR DIRICHLET SERIES WITH POSITIVE
TERMS

P. CERONE AND S.S. DRAGOMIR

ABSTRACT. Some fundamental inequalities for Dirichlet series with positive
terms by utilising certain classical results due to Holder, Cebysev, Pdlya-Szego,
Griiss and others are established.

1. INTRODUCTION

In the following we consider Dirichlet series of the form

o0

(L1) IOED I

with s > 1 and a,, assumed to be nonnegative for n > 1.
In this class of series one can find the celebrated Zeta function defined by

=1
1.2 = — 1
(12) LWL
and the Dirichlet Lambda function given by
> 1
. :: - < e = 1 - -s
(1.3) A6 =3 gy = (17276

for s > 1.
If A (n) is the von Mangoldt function, where

logp, n=p* (pprime, k>1)
(1.4) A(n):=
0, otherwise,
then [2 p. 3]:
((5)  ~An)
15 - - . s> 1.
9 o) 2w

If d (n) is the number of divisors of n, we have [2 p. 35] the following relationships
with the Zeta function:

(1.6) SOED AL

n

Date: 15 November, 2005.
2000 Mathematics Subject Classification. Primary 26D15, 11M38, 11M41.
Key words and phrases. Dirichlet series, Zeta function, Lambda function, Discrete inequalities.

1



2 P. CERONE AND S.S. DRAGOMIR

¢ (s) _~d(n?)
(1.7) (s _; o
'(s5) = (n)
(1.8) (29 —nz::l —
and [2, p. 36]
(1.9) Cl) _y ﬁ(”)’ s> 1,

C(2s) —= n

where w (n) is the number of distinct prime factors of n.
Further, if ¢ (n) denotes Euler’s function defined by

e=n]](1-1).

where the product is over all prime divisors of n, then

((s—1) _<~¢) 5
(1.10) 0 =y o s>2

n=1

o4 (n) = Z d°
d|n

and in particular o (n) = 01 (n) = 3_,,, d, is the sum of the divisors of n, then [2,

For a € R we define

p. 37] these are related to the Zeta function by

C(s)C(s—a)zzaa(n), s>1, s>a+1;

ns
n=1

and

)

¢(8)¢(s=a)C(s=b)C(s—a—b) ~oa(n)oy(n)
((2s—a—0») _; s

n
where s > max{l,a+1,b+1,a+b+1}.

One can prove in various ways that such functions 1 defined in are mono-
tonic non-increasing on (1,00) and logarithmic convex. This means that the func-
tion log f is convex or, alternatively:

(1.11) P (usy +vsa) < [ (s1)]" [1h (s2)]"

for any s1, s > 1 and u,v > 0 with u+v = 1.
Since, by the geometric mean — arithmetic mean inequality we have

[W (s1)]" [¥ (52)]" < wt) (s1) + vt (52)

for s1,89 > 1 and u,v > 1, u+v = 1, we can also state that these classes of function
1 are also convex on (1,00).

The main aim of this paper is to establish a number of fundamental inequalities
for ¢ that can be stated by utilising some classical inequalities for nonnegative real
numbers such as Holder’s inequality, Cebysev’s inequality, Polyd-Szegt’s reverse of
Schwarz’s inequality, Griiss’ inequality and others.
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2. INEQUALITIES FOR DIRICHLET SERIES WITH POSITIVE TERMS

We consider the Dirichlet series given by (1.1]). We assume that the series which
defines v is uniformly convergent for s > 1.
The following result may be stated:

Proposition 1. Let o, > 1 with o' + 7' = 1. If s,p,q € R are such that
s+p+qg>1,s+pa>1ands+qb>1, then

1 1
(2.1) b(s+p+aq) <[ (s+pa)] [ (s+qB)7 .
Proof. We use Holder’s inequality to state that:
patprg=Y i L1
ST q_nzlns nP nd

@l

1
o) al o) Jél
an 1 an, 1
< o= oo =
PO RON
1 1
[e’e) an a [e’e) an B
1 1
= [ (s+pa)]™ ¥ (s+ 40",
which proves the desired inequality (2.1).
Remark 1. We observe that for a = [ = 2, we obtain from the following
inequality
(2.2) W (s+p+a) <y (s+2)% (s +2q),
provided the real numbers s, p, q satisfy the conditions s+p+q,s+2p,s+2q > 1. In
its turn, the inequality , and in fact , s a generalisation of the following
result
(2:3) V(s +1) S e ()Y (s +2),
provided s > 1.
We remark that for ¢» = ¢ one obtains from that

C(S-i—l) ((8-1-2)
24) OB

This inequality is an improvement of a recent result due to Laforgia and Natalini
[B] who proved that

for s > 1.

C(s+1) PR S C(s+2)

Cls) = s C(s+1)

Their arguments make use of an integral representation of the Zeta function and
Turdn-type inequalities.

It should be further noted that, if s = 2n, n € N, then shows that

((2n+1) <+/((2n)C(2n+2),

demonstrating that Zeta at the odd integers is bounded above by the geometric mean
of its immediate even Zeta values.

for s > 1.

The following result also holds:
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Proposition 2. Ifa > 1, b,c¢ € R such that bc > (<) 0 and a+b, a+c, a+b+c > 1,

then:
(2.5) Y(@)platbte)>(S)Y(atb)y(ate).
Proof. Consider the sequence oy, := n’, n > 1, b € R. It is clear that a, is

1

nb’ ne

increasing if b > 0 and decreasing if b < 0. Therefore, the sequences
synchronous if be > 0 and asynchronous when be < 0.

Utilising Cebysev’s inequality for synchronous (asynchronous) sequences, we
have:

are

= Qan, > a, 1 1
¢(a>¢(a+b+0)zgﬁ'gﬁ'ﬁ'ﬁ
(oo} (oo}
a, 1 a, 1
> oo Ino -
—( );na ’I'Lb vt ne nc
=v(a+b)v(atc),

and the inequality (2.5)) is proved. I

Remark 2. Utilising the inequality (for ¢ = b) we can state the following
result

(2.6) ¥? (a+b) <9 (a) ¥ (a+2b),

provided the real numbers a,b are such that a,a + b,a + 2b > 1. We also remark
that the choice b =1 will produce the same inequality .

From a different perspective, we can state the following result as well:

Proposition 3. Assume that m > 2 and ky, ..., ky, > % Then

(27) S vl < TSy v k).

— 2
1<i<j<m

Proof. By the Schwarz inequality:

m
§ 2
m Zj

NE

Zj

Jj=1 J=1

we have
2
(2:8) my o = (Z ] =X
j=1 j=1 i=1 j=1
m
1 1
=2 i 2 > nkitk;

j=1 1<i<j<m

giving

-1 1 1
(2.9) mTankj = Z kit
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If we multiply (2.9) by a, > 0 and sum over n > 1, we get

m 00 00
m—1 2 : an | - }: } : _An
j=1 \n=1 n 1<i<j<m \n=1 n

which gives the desired inequality (2.7]). B

Remark 3. Ifa,b,c > 1 then from applied for m = 3 we deduce the following
result

210 () e () e (S sv@vor v,

In particular, the choice a = x,b = x 4+ 2,c = x + 4 will produce the inequality

(2.11) Y+ 4+ (@+3) <@+ (x+4),

for each x > 1.

If more information about the size of k;, 7 = 1,...,m is known, then the following
reverse of (2.7) may be stated as well:

Proposition 4. Assume that m > 2 and % <v<ki,....,kpn <T <oo. Then

m

§y%> > v(kitk

1<i<j<m

(2.12) (0 <)
m?
8

< = WEH+v¢(27) -2 (y+ )]

Proof. We use the following Griiss type inequality:
2

1 v 1 w— 1
%sz* %sz <7 T= 72,
j=1 j=1

provided v < z; <T for each j € {1,...,m}.
Since v < k; <T for j € {1,...,m}, then
2

m m 2
1 1 1 1 1/1 1
— - = < | -
m Z n2]€j m2 Z nk}j - 4 <n’y nl")
j=1 j=1
1 1 1 2
1\am T T T
for n > 1, which gives
I | 1 [& 1 1
m &= n2  m2 Zn% +2 Z nkitk;
j=1 j=1 1<i<j<m
< 1 1 1 2
=2\ T T
for n > 1.
Multiplying with m? and re-arranging, we get
m—1e=~ 1 1 m? [ 1 1 2
@13 ) wm e X wwﬁsﬂmﬂﬁ7m0
j=1 1<i<j<m
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for any n > 1.
Finally, if we multiply (2.13) by a,, > 0 and sum over n > 1, we get the desired

inequality (2.12)). I

Remark 4. If R > a,b,c > r > 1 then from applied for m = 3 we deduce
the following result

(2.14) 0 < w(a)+w(b)+¢(c)_¢<“;b> _w(b+0> _w<0+a>

2 2
; z{zp(r);w(mw(rzz%)}

The following result may be stated as well:

Proposition 5. Assume that m > 1 and % <v<ki,....,kpn <T <oo. Then

(2.15) Z (kj +7) + 1 (kj +T)] sz:w(ij)—i—mw(’y—f—F).

j=1 j=1

Proof. We have:
1 1 1 1 >0
nY  nki ) \nki b

for each j € {1,...,m} and n > 1. This is clearly equivalent to:
1 1 N 1 1
n"y—‘rk‘j + nl‘+kj — anj + n’erF
for j€{l,...,m}and n > 1.
Summing over j from 1 to m, we get'

m m

1
(2.16) Z nYtk; Z nF+k = Z n2k nw+r

Jj=1

for each n > 1.
Multiplying (2.16) with a, > 0 and summing over n > 1, we deduce the desired

inequality (2.15)). I

The following result may be stated as well:

Proposition 6. Assume thathland%<’y§k1,...,km§F<oo. Then
Y2k —y+ D) +¢ 2k —T+7)
2.17 - = (2k;)
210 (m )Zw z[ !
VY(ki+kj—T+v)+¢ki+k—v+T)
+ > [ 5

1<i<j<m
+ > Wb(kit+ky).
1<i<j<m
Proof. We apply the Polya-Szego inequality:
MY (04

m 2= 44T
provided vy < z; <T',je{l,...,m}.

(2.18) (1<)

)
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Observing that

L1 1
TS S J=Lheam
then by (2.18)) we have
m
1
my n2k;
j=1
) 2
1 1 m
< (35 + ar) 3 L
> T 1 k;
41177 CoT = nki
1 I'—~ ~y—T = 1 1
~ (n Y +n" +2) Z n2k; +2 Z nkitk;
j=1 1<i<j<m
1 m 1 m 1 m 1
2 Z n2k;—T+v + n2k;—+T + 22 n2k;
j=1 j=1 j=1
1 1 1 1
+ 9 Z nkitk;—T+y T nkitkj—y+T +2 Z nkitk; |’
1<i<j<m 1<i<j<m 1<i<j<m
which is clearly equivalent to:
1\ = 1 1| 1 - 1
(2.19) <m— 2) ankj <7 Zm*ZW
j=1 j=1 j=1
1 1 1
5| X et R R AT
1<i<j<m 1<i<j<m

1
D> oE

1<i<j<m
for any n > 1.

Multiplying (2.19) by a,, > 0 and summing over n, we deduce the desired result
(2.17). m

3. REPRESENTATIONS AS DOUBLE SUMS

Consider the sequences

ko k 2
1 (nP &+ mP)
+ —
(3.1) I (p,s) = 3 E E Anm, k>1

where a, > 0,n > 1 and s,p € R.
The following representation holds:

Proposition 7. If s > 1 and p € R such that s —1 > 2p and s — 1 > p, then

(32)  I*(ps)= lim L (ps) = ¢ (s = 2) v () £ [0 (s - p)]* (2 0).
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Proof. We observe that

E ok
1 n2P 4+ 2nPmP 4+ m?2P
+ Z Z
Ik (p’ S) = 5 ( nsms Gnlm

n=1m=1
1 a " "a "oa
n m n m
SR ST IEP I
n=1 m=1 n=1 m=1
M an e~ a
n m
Yy
n=1 m=1
Since, for s > 1, s —1>2p, s — 1> p,
Foa "oa
. n . n
Jim 231 g =¥ (s —2p), lim Z:l = =v(s—p),
— n—
"
d 1l — =
wd Jim 3 S0

then, the limy_, o I,;t (p, s) exists and the relation (3.2)) is proved. N

Remark 5. We observe that for s > 1 and p = —1, we have:

)2
(3.3) Y(s+2)(s)— [ (s+1)° fhm Zzns+2 S+2anam20.

n=1m=1

The following result may be stated:

Proposition 8. Let o, > 1 with a™' + 7' = 1. If s,p,q,7 € R are such that
s+qg+r>1,s+q+r—1>2p,s+q+r—1>pands+ag>1,s+ag—1> 2p,
stag—1>p, s+0r>1,s+0r—1>2p, s+ 0r—1>p, then

(3.4) I (p,s+q+7) < [I* (p, s+ ag)] = [I* (p,5+ 6r)]

Proof. Using the representation (3.1]), (3.2)) and the Hélder inequality for double
sums, we have:

koK
1 P+ mP
I (p,s+q+r)== lim E E n(n—m)a

IA
| — |
DN =
?TD—‘
55
=
=
s |2
2w
3|3
w | T

o

3

S

3
7 N
i)

_

3
=)
N————
)

R

n=1m=1
k k 5
B
. (n? £+ mp)? 1 A
X |= lim E Ap Qo
k—oo ns - ms n’” - m-’
=1m=1

and the inequality (3.4]) is obtained. R
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Remark 6. In particular, if we define:

(3.5) I(s):=v(s+2)(s)—[(s+ 1) for s>1,
then we have:
(3.6) I(s+q+7) <[I(s+aq)* [I(s+pr)7,

where o, § > 1, é—l—% =1 and s,q,r € R with s+ q+r, s+ aq and s+ Pr > 1.
The following log-convexity property may be stated:

Proposition 9. Let p € R and so := max{1l,p+1,2p+ 1}. Then the function
S I,;t (p, s) is log-convex on the interval (sg,+00) .

Proof. Let s1, 89 € (89, +00). Then for a, 8 > 0, a + § = 1 by Hélder’s inequality
for double sums we have

k k 2
1 (nP £ mP)
+ — E E
Ik (pa asS1 + /682) - 5 nozs1+,352m0451+ﬁ52 AnQm

IN
N~
(1~
(1~
3
bS]
H_
3
=
S
3
S
3
.
Q

for any k£ > 1.
Taking the limit over k — oo, and using the representation (3.2)) we deduce the
desired result. J

Corollary 1. The function I (s) := 1 (s +2) 9 (s) — [t (s + 1)]* is log-convez on
(1,00).

For given s,p € R and k € N, k > 1, we consider the sequence

1<n & 11 1
Ak(svp)::§ZZ(an_am) prov el Rl

n=1m=1
where a,, is also a sequence of real numbers.
The following representation result may be stated:

Proposition 10. Ifa, >0, n e N,n>1andp > 1, s € R such that s+p > 1,
then we have the representation

(3.7) Ay (s,p) = ¢ (p) C(s +p) = C(0) ¥ (s + 1),

where C is the Zeta function, i.e.,

(=3 =, p>1
n=1

npbP
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Proof. Observe that, by Korkine’s identity, i.e., the equality

m m m m 1 m
Zpi Zpiaibi - Zpiai Zpibi =3 Z
i=1 i=1 i=1 i=1 . :

pipj (ai — aj) (bi — bj),

n

=1 j=1
we have:

LB NG | 1 1 1o
Do s T D e
n=1 n=1 =1 =1

I a1 1 1
=522 s o) ()
i=1 j=1
= *Ak (Sap)
for each k > 1 and p, s as above.
Since
b 1 b a
Jm, 2 7y = () and fim D55 =0 0)
- =

then, the limy_, oo Ak (p, s) exists and the identity (3.7]) holds true. I

Corollary 2. If the sequence (an), oy is decreasing (increasing) then

(3.8) C(s+p)¢(p) < (2)C(P)¥ (s +p)
forp>1 and s € R such that s+p > 1.

The following result concerning some bounds for the quantity

C(s+p)v(p)—CPY(s+p)

in the case when the sequences (ay),,cyy satisfy some Lipschitz type conditions may
be stated as well:

Proposition 11. Assume that for (ay),cy there exists the constants v,I' € R such
that

(3.9) yg I ZOm o p
n—m

for any n,m € N, n # m. Then for p>2 and s € R such that , p+ s> 2

(3.10) 1 —1)C(p+s)—C(p)Cp+s—1)]
<C(s+p)v(p) —C(P) Y (s+p)
<T[Cp-1¢p+s)—¢@Cp+s—1).

Proof. With the assumption we have

(3.11) ;vzk: Zk: (n—m) (WIL - :) npinp

foreach k € N, k > 1.
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Further, utilising Korkine’s identity produces

n=1m=1
k k k k
DRI DI RSP D OF A
= —_— —_— —_— —_— _—n - —
np ns npP np np ns
n=1 n=1 n=1 n=1
k k k k
Z 1 1 1 1
- p—1 Z pts Z np Z p+s—1
n=1 n n=1 n n=1 n n=1 n

for each kK € N, k > 1 and so, for p > 2, s€e R with p+ s,p+s—1> 1, we have
i Iy =Cp—1)C(p+s) —Cp)Cp+s—1).
Taking the limit in (3.11)) we deduce the desired inequality (3.10)). I

The following simple result also holds:

Proposition 12. Leta, >0, neN, n>1 and s > 1.

(1) If ay is increasing and

—%:;5{ Z}

k>1

then

(3.12) V(s) < M-(C(s).

(ii) If ay, is decreasing and

m = inf { Zan}
k>1
then

(3.13) B(s)=m-C(s).
Proof. Utilising Korkine’s identity we have for each k& > 1 that
k k Foq ko k 1 1
3.14 —” — —am) | ———
(i) If a, is increasing, then by (3.14]) we deduce that

"a "1 "
(315) an<< Zan>Z<M L
n=1 n=1 n=1 n=1

l\.’)\»—l

Taking the limit over & — oo in (3.15)) we deduce (3.12]).

(ii) Goes likewise and we omit the details.
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4. INEQUALITIES IN TERMS OF THE FIRST AND SECOND DERIVATIVES

We consider the sequence

(4.1)

o \

k k 2
(Inn —lnm)
E E ———Apaym, S>1,
nsms
n=1m=1
where k € N, k > 1.

The following representation holds:

Proposition 13. Consider the Dirichlet series ¢ (s) := Y~ | % with a, > 0 and
assumed to be uniformly convergent on (1,00). Then

(42) §(s) = Jim i (5) =" (5) 0 (5) — [¢/ (5))7 (2 0).,
for s e (1,00).
Proof. 1t is obvious that

Y (s) = —;% Inn
and

¢ (s) =Y = (nn)’

n=1

for s > 1.

Now, observe that for k& > 1

P 2 2_2Inn-lnm
Sk(s)zézz [(lnn) + (Inm)” — 21 1 1anam

S S
n=1m=1 nom
k a a >~ a ?
:Z—" (lnn)zzn<zn lnn> ,
ns nS S
n=1 n=1 n=1
and since
k a (eS) a
lim Z . (Inn)>=1¢"(s) and lim Z — . Inn =’ (s)
k—o0 1 ns k—o0 1 ns
n= n=

then (4.2)) holds. 1

The following result concerning the convexity property of S (s) may be stated.

Proposition 14. The function S (s) = ¢" (s)4¢ (s) — [¢ (sﬂ2 is log-convex on
(1,00).

The proof follows by making use of the representation (4.1)) and utilising the
Holder inequality for double sums.
The details are omitted.

Theorem 1. We have the inequality:
(4.3) (0<) 9" ()9 (s) = [0/ (5)]" <o (s = D)9 (s+1) = [ ()]

for any s > 2.
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Proof. We use the following inequality between the geometric mean and the loga-
rithmic mean of two positive numbers a, b, a # b,

b—a
lnbflna>\/@7

to state that
Inn—Inm < 1

n—m T /nm

This obviously implies that

for n,m > 1, n # m.

2
(Inn —Inm)® < (n=m)
nm

for each n,m > 1 and then from (4.1

1 k k (’fl _ m)2
(44) Sk; (S) S 5 Z Wanam

for each k € N, k& > 1.

Since

for s > 1, hence by (4.4) we deduce the desired inequality (4.3)).

In [4], F. Topsge obtained amongst others, the following inequality for the loga-
rithmic function:

1
(4.5) Inz| < 3

We may state the following result based on (4.5):

1
z——| for z>0.
T

Theorem 2. We have the inequality:
(6) OV ()~ [W O] < g v+ 2wl -2 W],

for any s > 3.
Proof. On making use of (4.5)), we have:

1 2
(lnn—lnm)ng(ﬁ—m> for nnmeN, n#£m;n,m>1
2 \m n
which gives from (4.1):
ko k
1 n* —2n2m?2 + m?
Sk (S) < Z Z Z nst2ms+2 Anlm
n=1m=1
1 b a k a b a ’
n n n
D) Z o2 Z stz (Z ns)
n=1 n=1 n=1

which implies the desired inequality (4.6)).
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Remark 7. From and (@, a computer comparison of the bounds
Bi(s) = w(s—Dw(s+1)— [ (), s>2
and
Bals) =5 [0 (s 429 (-2~ W], 5>3
for s >3 and ¢ = { (Zeta function) shows that
Bs (s) < By (s) for all s > 3.
However, we do not have an analytic proof for this inequality.
The following result may be stated as well:
Theorem 3. We have the inequality:
(A7) 0P+ (s) — (s + D <" (5)%(s) — [ ()

for any s > 1.

2

Proof. We use the following elementary inequality for the logarithmic mean:
b—a <@ + b’
Inb—1Ina = 2

a,b>0 (a#b)

which implies:

Inn —Inm 2
>

> for n,meN, n#m;n,m>1.
n—m n+m

This obviously implies:

A(n—m)?
(Inn — lnm)2 > (717771)2 for any n,m € N, n,m > 1.
(n+m)
Consequently, with the above notation, we have from (4.1)):
k 2

(4.8) )>2 Z Z (n = m;2 nsins QnGm,

k k
_o (n —m)? 1
- Z Z 1 12 ns+2ms+2 Anlm
n=1m=1 ﬁ m)
k k 2
I mm)?
= 5 Z nS+2ms+2 *Onlm
n=1m=1
= Lk (S) s

where we have used the fact that % + % <2forn,m>1.
Observing that

E ok
1 n? — 2nm + m?
(4.9) Ly (s) = 5 Z Z o2tz dnlm
n=1m=1
. 2
an, an, an
Yy (3
n=1 n=1 n=1
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then, on making use of (4.8)) and (4.9) we deduce:
(4.10) Sk (s) > My (s) for k>1and s> 1.

Further, since
2

lim S, (s) = " (s) ¢ (s) — [¢ (s)]

k—oo

and
Jim My (s) = ¢ (s +2) 9 (s) = [ (s + DI
uniformly for s > 1, then by (4.10) we conclude the desired result (4.7]). B

Remark 8. Theorem@ provides a lower bound for " (s) v (s) — [ (s)] ? whereas
Theorems [1] and[3 give upper bounds.

5. OTHER INEQUALITIES FOR THE FIRST DERIVATIVE

In this section we establish some bounds for the quantity

¢(s) ¢ (s)

5.1 Q(s) := — , s>1
> O= 0 "0
provided v is defined by the Dirichlet series

(oo}
ap

5.2 = — 1

(52) =2 s>

and ( is the Zeta function.
We observe that if (a,), oy is nonnegative and monotonic nondecreasing (non-
increasing) then (see [1]):

(5.3) for s> 1.

The following result may be stated as well.

Theorem 4. If (an),, oy is nonnegative and nondecreasing, then we have the reverse
inequality:

) =¥ (s+3)C(s—3)

)Y (s) ’

V(s—3)C(s+
(s) (s) ¢

pEgINTE

3

for any s > 3.

Proof. Consider the sequence:
k a, lnn k 1 k a k Inn

Zn:l nns ) n=1ns Zn:l # i Zn:l ns

C(s)1(s)

Qk (8) =

for k > 1.
We observe that for s > 1 the sequence @, (s) is uniformly convergent and

nlLII;OQn(S):Q(S):C(S)fw(s), s> 1.

Utilising Korkine’s identity, we also have:
_ 1 . Z’I:L:l Zﬁz:l (a”ﬂ B am) <1H7’L - hlm) nsins
- E k

2 anl # ’ Zn:l (:TZ

(5.5) Qrk (s)

fork>1,s>1.
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Utilising the fact that (a,,) is monotonic nondecreasing, the elementary inequal-
ity:
Inn —1lnm 1
<

n—m — Jnm’

n,m>1, n#m,

k k 1
1 . > n=1 2om=1 (@n — am) (n —m) I "
k k
2 PN ED DS -
k . k 1 k k
anl a:_g . Zn:l ns-*-% - Zn:l nga':% . anl n;j_%

k k n
Dot n T Dot
=Vi(s), s>1

(5.6) Qk (s) <

Since

Y(s—3)C(s+3)—v(s+3)C(s—3)
C(s)¥(s)

for s > 2, then by we deduce the desired result (5.4). N

khm Vi (8) =

The following upper bound for @ (s), s > 1, can be established as well:

Theorem 5. With the assumptions of Theorem [}, we have
() () 1 [els—DCs+D—d(s+1)¢(s—1)

< .

C(s)  W(s) =2 C(s) ¥ (s)

(5.7) (0<)

for any s > 2.
Proof. From inequality (4.9)) we have:

Inn—Inm < n+m

<5 , forany n,m>1 n#m,
n—m nm

which from implies that

L Zi:l an:l (an = am) (n —m) A0

4 Yomet m Lo

1 . 22:1 (:{Ls'ff ’ Zﬁ:l # B Zﬁ:l # ) 22:1 nLiI
2 Zﬁzl nL ’ 22:1 fTé

= Wg(s), s>1.

(5.8)  Qr(s) <

Since
| 1 (D¢ s+ (s 1)
Jim Wi (s) = 5 ()0 (s)

for s > 1, the inequality (5.8) produces the desired result (5.7)). I

Finally, the following refinement of the inequality (5.3) may be stated as well:

Theorem 6. With the assumptions of Theorem [}, we have the inequality:

C(s+1) d(s+1) _(s) ()
(5:9) ORI {O IOk

for s > 1.



INEQUALITIES FOR DIRICHLET SERIES VIA LOGARITHMIC CONVEXITY

Proof. Utilising the inequality:

Inn—Inm 2
<

, fornymeN, n#m, n,m>1,

n—m “n+m
we have
k k 2 1
1 Zn:l Zm:l (a" - a’m) (n - m) Thm  nems
(5100 Qu(9) =5 R O
anl ns Zn:l ns
> 1 22:1 Zfﬂ:l (an —am)(n—m)- W
= k E a,
2 anl nL ’ anl ns
= Zy (s)
since for n,m > 1,
2 2 1
= > _
n+m nm(l—k%)_nm

Observing that:

_ Yone T Yones T Yones P Yhoi wFT
Yomet Lo

22:1 o 22:1 # - 22:1 ST Zﬁ:l ey
Yot L1 2

for k> 1, and

i Ze () CEFDV(E) — 0 (1

fooo FAY T b (5)C (5)
_ G+ w(s+1)
¢(s) b(s)

then by ([5.10) we deduce the desired result (5.9)). B

Remark 9. The inequalities , and (@) are obviously equivalent to:

(5.11) (0=<)¢ ()9 (s) =9 (s)C (s)

el D) o el o

(12) O ()Y ()~ (5)C(5)
<SWE-DCTD v+ 1)], 5>

and

(513) wsx< >w@ ww+n<>

respectively.

17
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Now, consider 9 (s) := > >, 125”, s > 1. We observe that this Dirichlet series

satisfies the assumptions of Theorem [4 Also ¢ (s) = —((s), s > 1. Therefore, by
(5.11), (5.12)) and (5.13]) we have the inequalities:

(5.14) (0 <)¢C" ()¢ (s) = [¢' ()]

co(o oD e (2ol

(5.15) (0<)¢C" ()¢ (s) = [¢' ()]
<[ GHDC -~ -DC(s+D], 5>2
and
(5.16) 0<)C (s+1)¢(s) = C(s+1)¢ (s)
<" (5)Cs) = [¢ ()], s>2
respectively.
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