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REVERSES OF THE TRIANGLE INEQUALITY VIA SELBERG’S
AND BOAS-BELLMAN’S INEQUALITIES

SEVER S. DRAGOMIR

ABSTRACT. Reverses of the triangle inequality for vectors in inner product
spaces via the Selberg and Boas-Bellman generalisations of Bessel’s inequality
are given. Applications for complex numbers are also provided.

1. INTRODUCTION

In 1966, J.B. Diaz and F.T. Metcalf [3] obtained the following reverse of the
triangle inequality on utilising an argument based on the Bessel inequality in a real
or complex inner product space (H, (., .)).

Theorem 1 (Diaz-Metcalf, 1966). Let eq,...,en be orthonormal vectors in H,

ie., e; L ej fori # j and |e]| = 1, 4,5 € {1,...,m}. Suppose the vectors
X1,...,Tn € H\ {0} satisfy
Re (z.
(1.1) o<rk<e|<$ﬂ’|e’“>, je{l,....n}t, ke{l,...,m}.
Lj
Then

n % n n
(1.2 (z) S sl < 3]
k=1 j=1 j=1

where the equality holds if and only if

n n m
(1.3) Zazj = ZHZ‘JH Zrkek.
j=1 j=1 k=1

In an attempt to improve this result for the case of complex inner product spaces,
the author obtained in 2004 the following result [4]:

Theorem 2 (Dragomir, 2004). Let ey,... e, € H be an orthonormal family of
vectors in the complexr inner product space H. If the vectors x1,...,x, € H satisfy
the conditions

(1.4) 0 < g [lzj]| < Re(zj,en), 0= py o]l < Tm(zy,ex)
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2 SEVER S. DRAGOMIR

for each j € {1,...,n} and k € {1,...,m}, then we have the following reverse of
the generalised triangle inequality:

(1.5) lz i+ Pk) Z||%||< Z%
k=1

The equality holds in (1.5) if and only if

(1.6) Yoai= Do llal ) D (e ting)e
j=1 j=1 k=1

As particular cases of interest, we can notice the following results [4]:

Corollary 1. Let ey,...,e, € H be orthonormal vectors in the complexr inner
product space (H; (-,-)) and py,m, € (0,1), k€ {1,....m}. If x1,..., 2, € H are
such that

(1.7)

|75 —erll < pry lzg —dexl <y

foreach j € {l,...,n} and k € {1,...,m}, then we have the inequality

(1.8) [Z@—pi—ni)] ZII%IIS ij

k=1

The case of equality holds in (1.8) if and only if

(1.9) Sa= (Sl | S Wl — R tiyL ni) e
j=1 j=1 k=1

Corollary 2. Letey,..., ey be as in Corollary 1 and My > my > 0, N > ng > 0,
ke{l,....m}. If xq,..., 2, € H are such that either

(1.10) Re (Myer — xj,x; — mpeg) >0, Re(Npep —xj,z; — ngeg) >0
or, equivalently,

My, + my,

1

(1.11) ’wj - 5 Ck < §(Mk —my),
Ni +n 1

‘xj—kQ kek Si(Nk_nk)v

for each j € {1,...,n} and k € {1,...,m}, then we have the inequality

1
(12 z{z + ]} S sl < 374,
k j=1 j=1

1 (Mk+mk) (Nk-l-n )

The case of equality holds in (1.12) if and only if

- . N (Mg, /Ny
STap=2 3 |y Z(MﬁmkHNan e
j=1 j=1

k=1
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In the above results the vectors {eq, ..., e} are assumed to be orthonormal and
the principle tool in proving these results is the well known Bessel’s inequality:

(1.13) > Hwen))? < o), zeH.

If we use the following generalisation of Bessel’s inequality, namely:

(z, yx)| <

(114) Z zj Tz < T
provided x,y1, ..., Ym are vectors in H and y, # 0, k € {1,...,m}, which is known
in the literature as the Selberg inequality, (see [6, p. 394] of [5, p. 134]), then
we can obtain different reverses of the generalised triangle inequality, where the
assumption of orthonormality is taken out.

A similar approach may be considered if the other generalisation of Bessel’s
inequality due to Boas [2] and Bellman [1] is used, namely the inequality

1/2
m

2 2 2
. < m ;
(15) S P < el | max el [ S Tmew?] |

k=1 =r= 1<k#j<m

where z,y1, ...,y are as above.

The main aim of this paper is to establish new reverses of the triangle inequality
for z1,...,x, vectors in an inner product space H in terms of another sequence
Y1i,--.,Ym Of nonzero vectors that can be non-orthonormal. The main tools in
obtaining such results are the Selberg inequality (1.14) and the Boas-Bellman in-
equality (1.15). Applications for complex numbers are also given.

2. THE RESULTS

The following result holds:

Theorem 3. Let (H;(-,-)) be a complex inner product space, T1,...,Tn, Y1,-- -, Ym
be vectors such that there exist the nonnegative real numbers p;,n;, j € {1,...,m}
with

(2.1) Re (i,y;) = pj llwll ly;ll, - Tm(ai,y) = ny Ml sl

for each i€ {1,...,n} and j € {1,...,m}. Then

1
n m 2 2 2 2 n
(03 +n3) llys
|| > [ S0 L L il
22\ & S ) &

Proof. Utilising Selberg’s inequality, we have

(2.2)

n

D

2
z 1‘rl’y]>|

(23) - iy

>
j

‘<Z$i,yj> = <ZR€<%%>> +<Zlm<xi7yj>> ;

. \

Since
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(2.4)

then, by (2.1), we obtain
n 2 n 2 n 2
2
<Z xzyg> > |1yl (Z ||in|> + 07 [l I? (Z llxz'l)
i=1 i=1 i=1
n 2
2
= (Z ||I1:||> (03 + ) llys 1™
i=1

for any j € {1,...,m}. Therefore, by (2.3) we get

3 (02 +172) llysl)®
i (EA I

Z: ’ (Z ) sz NITRTSIR

which is clearly equivalent to (2.2). I

Remark 1. If the space is real or complex and only the first condition of (2.1) is
available, then

25) > z kaj ) 5

1 y_]?yk))l i=1

n
D i
i=1

Remark 2. If {y1,...,ym} are orthonormal and
(2.6) Re(zi,y;) > pjllzill,  Im(zi,y;) > n; |2l
forie{l,...,n} and j € {1,...,m}, then

m

2 n
> (> +m) | Dl
i=1

i=1

2.7)

and the inequality (2.5) is recaptured.

The following corollary may be of interest for applications:

Corollary 3. Lety1,...,ym be nonzero vectors in the complex inner product space
(H;{(-,-)) and pg,qr € (0,1) for k € {1,...,m}. If x1,...,x, € H are such that:
(2.8) lz; =yl < pe <llyell, Nz —dyell < ar <[yl

for each i€ {l,....,n} and j € {1,...,m}, then:

(29) > _<22”y’“” ) > sl

Zb 1 yk ys‘

Proof. From the first inequality in (2.8) we deduce, by taking the square, that
2 2
2511”4 lyell” = i < 2Re (aj,ux)
implying

;|7 2 2Re (zj,yx)
(2.10) ﬁJr lyrll” = p;, 7;2
Vvell” = o vell™ = pi

since 1/ |lyx|* —p2 > 0for j € {1,...,n} and k € {1,...,m}.

IN
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On the other hand, obviously,

[E21]s [ 112
(2.11) 2||z;ll < ===+ V/llwell” = p};
VAl e

forje{l,...,n}and k€ {1,...,m}.
Hence, by (2.10) and (2.11) we have

(2.12) 211 \/ e |* = p? < Re(aj,ye) -

Since Re (z;, iyx) = Im (izj, yx), j € {1,...,n}, k € {1,...,m} then, by the second
inequality in (2.8), we have

(2.13) [ RVAE m (25, Y) ,

forje{l,...,n}and k€ {1,...,m}.
Now if we deﬁne

lyill® = p? \/Ilykll —q}

el el
and apply Theorem 3, we get

Pk ’ 7m}

12

1
2 N2—q2 2\ 2
S m (U + ) el T &
2w | 2 >l
j=1 ' J=1

k=1 s=1 ‘<yk7ys>|

which is exactly (2.9). 11

Remark 3. If {y1,...,Ym} are orthonormal and py,qx € (0,1), then out of (2.9)
we can recapture (1.8) from the introduction.

The following corollary may be stated as well:

Corollary 4. Lety,...,Yym be nonzero vectors in the complex inner product space
(H;{(-,")) and My, > my, >0, Ny >ng >0 forke {1,...,m}. If x1,...,2, € H
are such that:

(2.14) Re (Myyr — 5,5 — myyr) >
Re (Nyiyy — 5, x; — niiye) >

or, equivalently,

My +m 1
(2.15) ‘ T;— %yk <3 (M, — mi) [lyel|  and
N +ng . 1
zj — %Zyk < 5 (N =) [yl

forje{l,...,n} and k € {1,...,m}, then

(2.16) Xn:xj zz-lzm:

j=1 k=1

my My, NNy
2 + 2
(M, +my,) (N +ng)

w2 17

k
VR 71 S B )
z:il<yk,ys>|] 2l
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Proof. From the first inequality in (2.14) we get
1% + My, [lell* < (M, + mi) Re (@5, i) ,
implying
lasl® o My +my
(2.17) A VM my, [lyel)* < Re (x5, yk)
\/ kT I

for each j € {1,...,n} and k € {1,...,m}.
Since, obviously

[E2S
(2.18) 2|25 lykll < \/]7 + v/ My lye1*,

then, by (2.17) and (2.18), we get
2+/ Mim
My, +m
for each j € {1,...,n} and k € {1,...,m}.

In a similar manner, on utilising the second part of (2.14) we get
2\/ nk
N +n
for each j € {1,...,n} and k € {1,...,m}.

Applying Theorem 3 for

2\/M;ka o 2 nka

(2.19) lll“]ll 1]l < Re (2, yx)

(2.20) IIIJII lyell < Tm (zj, yk)

= , , ked{l,....m
Pk My, + my, Nk Ni + nx { }
we deduce the desired result (2.16). I
Remark 4. The case when {y1,...,ym} becomes an orthonormal family of vectors

will provide the known inequality (1.12) of the introduction.

On utilising the other generalisation of Bessel’s inequality we can provide the
following reverse of the triangle inequality as well:

Theorem 4. With the assumptions of Theorem 3 for the vectors X1, ..., Tn, Y1s--->Ym
and the nonnegative real numbers p;,n;, j € {1,...,m}, we have the inequality
1/2

Y (02 4 0?) Nyl Z”: |

9 9 1/2
maxt <icom 1917 + (1o [0 901

(2.21)

Proof. The argument is similar with the one incorporated in the proof of Theorem
3 by utilising the inequality

(gl

that follows from (1.15). 1

1/2

2 2
max flyll” + > Hwiy))l

1
= 1<i#j<m

k=

Remark 5. Similar results with those incorporated in Corolaries 3-4 may be stated
as well. The details are omitted.
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Remark 6. If one utilises the other generalisations of Bessel’s inequalities as pro-
vided, for instance, in the monograph [5], Chapter 4, that one can state other re-
verses of the traingle inequality.

3. APPLICATIONS FOR COMPLEX NUMBERS

The above results may be used in establishing some interesting reverses of the
generalised triangle inequality for complex numbers.

Proposition 1. Letcy,...,c, anddy,...,d, be complex numbers with the property
that there exists the nonnegative real numbers py,ny, k € {1,...,m} with

(3.1) Rec; - Redy +Ime; - Imdy, > py, |c;| |d]

and

(3.2) Redy -Imc; — Rec; - Imdy > ny, || |di|,

forany je{l,...,n} and k € {1,...,m}. Then

S > ey (i +17) ldi] ]
(3.3) ¢l = [ lej] -
2 ST Z

Proof. Tt follows from Theorem 3 applied for the complex inner product space
H = C endowed with the canonical inner product (x,y) := xy. The details are
omitted. 1

Possibly a more useful result which also has a clear geometrical interpretation is
incorporated in the following.

Proposition 2. Assume that the complex numbers c;, d;,j € {1,...,n} and the
nonnegative real numbers pg,qr k € {1,...,m} are such that
(3.4) l¢j — di| < pe <ldil; lej —idi| < gr < |d]

for each j €{1,...,n} and k € {1,...,m}. Then

n m  2|di|*—pi—g;
(35) ch > (Zk 1 |d| )
=1 (325% lds))

The proof is obvious by Corollary 3.
Further, on using Corollary 4 we can state:

Nl

Z\cﬂ

[N

Proposition 3. Ifcy,...,¢, and dy,...,d,, are compler numbers such that there
exists My > my > 0, Ni > ng > 0 with

(3.6) (MyrRed; —Rec;) (Rec; —miRedy)
+ (M Imdy, —Ime;) (Ime; —my Imdg) >0
and

(3.7) (=NiImdg — Re Cj) (Re ¢j + ny Im di)
+ (NyRedy —Imc¢;) (Ime¢; —ni Redy) >0
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foreach je{l,....,n} and k € {1,...,m}, then

(Zk:l [(Mkim’lﬂ i (Nk-ink;;)?} |d’“|) -

(3.8) > el =2 2
=1 (X emr lds))? =1

Remark 7. A sufficient condition for (3.6) to occur is
mg Redk < Recj < Mk Redk

and

miImd, <Imc; < My Imd,
for each j € {1,...,n} and k € {1,...,m} while for (3.7) is

—NiImd, > Rec; > —ng Imdy,

and

NiRedy > Imc; > ni Redy
for each j € {1,...,n} and k € {1,...,m}.

Finally, on utilising Theorem 4 we can state the following reverse of the triangle

inequality for complex numbers as well:

Proposition 4. With the assumptions of Proposition 3 for the complex numbers

Cly--esCps di,...,dm and the nonnegative real numbers py,n., k € {1,...,m}, we
have
1/2
n m 2 2 2 n
>het (P +17) lldil
ch =z ) N 172 Zlcjl'
= maxs <y <m [141% + (X1 pnem [ (dis 4 ) =
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