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A TYPE OF MEAN VALUES OF SEVERAL POSITIVE
NUMBERS WITH TWO PARAMETERS

ZHEN-GANG XIAO, ZHI-HUA ZHANG, AND FENG QI

ABSTRACT. In this article, a type of mean values of several positive numbers
with two parameters are defined by using the generalized Vandermonde deter-
minant, some basic properties of them are given, and several inequalities for
some mean values including the generalized symmetric means are established.

1. INTRODUCTION AND NOTATIONS

Let R = (—00,00), Ry = (0,00), @ = (ag,as,...,a,) € RTT' ¢ be a function
defined in R4, and
1 ao a§ ag_i (ag)
Viag)= |t @ @ o ela)) (1.1)
1 an a ap™t p(an)

1 ap a ag™t apT(Inag)
V() = 1 a a} At a T (nay )k o Viair, k) (12)
.1. . an : a% e .C.L.Z._.l. : a2+r(1nan)k
If letting r = 0 and k = 0 in (L.2), then
V(a;0,0) = Zn:(—l)"+iam(a) = II (&—a) (1.3)
i=0 0<i<j<n

is the determinant of Vandermonde matrix of order n + 1, where

2 n—1
1 ao ag ag .
2 n—
1 a ay a;
— 2 n—1
Vila) =11 ai-1 aj, az—ll (1.4)
2 n—
Loaiv1 ajy Qit1
2 -1
1 a, az, ap
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is the cofactor of the element a? in V(a;0,0). So, we call V(a; ) the generalized
Vandermonde determinant.

Let ag and a; be two positive numbers. It is well known that the logarithmic
mean L(ap,a1) and the identric or exponential mean I(ag,a;) of ap and a; are
respectively defined by

a1 — Qo 4
——— a#a
L(ag,a1) = { Ina; —Inag’ 07 (1.5)
aop, ap = ay
and
1
1 (a0
I(ao,a1) = | e (ago) ;a0 # an, (1.6)
agp, ag = azy.

Let G(ag,a1) = y/aga; and A(ag,a;) = £ denote the geometric mean and the
arithmetic mean of ag and ay, respectively. For ag # a1, the following inequalities
are proved in [4]:

G(ag,a1) < L(ag,a1) < I(ag,a1) < A(ag,a1). (1.7)
In [28, 29], Zh.-H. Zhang and Zh.-G. Xiao studied the identric mean and two
logarithmic means of n + 1 positive numbers ag, a1, ..., a, which are defined as
V(a;0,1 "1
I(a) = exp W—;k], (1.8)
L) = et (19
] .
la) = W (1.10)
where
1 Inag (Imag)? -+ (Inag)® ' aj(lnag)®
Vi(asr, by 2 |1 o (may? o (na)™™t ajlnar)® (1.11)
.1. . hlan . (ln an)2 ........ (hl ;l. )n_l . ar(lnan)k
They proved for @ with a; # a; for all i # j the following inequalities
G(a) < L(a) < I(a) < A(a) (1.12)
and
G(a) <l(a) < I(a) < A(a), (1.13)
where G(a) =[]\, az/("ﬂ) and A(a) = n%‘_l > a; are the geometric mean and
the arithmetic mean of n + 1 positive numbers ag, a1, ..., a, € R, respectively.

For r € R\{—1,0}, the extended logarithmic mean S, (ag, a1) and the generalized
logarithmic mean J,.(ag,a1) of two positive numbers ag and a; are defined (See
[1 21 10}, 13} [15] 24]) respectively by

a11"+1 _ a8+1

1/r
S, (a0,a1) = ((+1)(—)) , a#a, (1.14)

ao, ap = ax
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and ) .
rooaytth —apt 2
: ag 7 ai
Jr(ag,a1) =q r+1 al —apy ’ (1.15)
aop, ap = aq.

These two means and other mean values of two positive numbers are special cases
of the extended mean values

1 _
{«ﬁ—%ﬂ“ﬁ”

q (1)

£ — _
o or pg(p — q)(ao — a1) # 0,

B e ’ for p(ap —a1) #0and ¢ =0
p(lna; —Inagp) plao — a1 =5

Ep,¢:a0,01) = { o {_1 N af 111@11) - aﬁ; lnao} (1.16)
ay; — 4y

for p(ap —a1) # 0 and p = q,
Vagay for ag —a; #0and p=¢q =0,
ag for p=qand ay = aq,

) 1/(¢—p)
{M%%ﬂﬂ] . (P a)a—ar) £ 0,

= { L[h(p;ao,a1) 1.17
Moo -y, 2o,y .
h(p; ag, CL1) ’ ’ ’
where
atl B a6 t O al
h(t;ap,a1) = t 70 _ / u' ! du. (1.18)
Ina; —Ilnag, t=0 ag

There have been a lot of literature about the extended mean values E(p, ¢; ag, a1).
For more information, please refer to [5} [6l [8, @) [1T], 12| T3] 14} 15l 16, 17, 18] 20}
211, 22], 23, 25] and the references therein.

In [26, 27], Zh.-G. Xiao and Zh.-H. Zhang introduced

1/r
n! Via;r,0) r£0. -1 .
1 (k+7r) V(a;0,0)
Sr(a) = ZIV(U/O 1) n 1 (119)
s Yy _ = =0
exp{vwa;&0> Eglk}’ T
n!V(a;r,1) r S .
(=) (=r = D!(n+r)V(a;0,0)] 77
and
r Va,r;0)
-1,...,—
n+r V(a;r—1,0) r#0-L..,-n
V(a,0;0)
nV(a,—1,1)’ r=0,
Jr(a) =" Via:r1) I, (1.20)
n+r Vier—1,1) 7777 ’
—nV(a;0,1) .
V(a;—n —1,0)’ B
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with Sp(a) = I(a) and S_;1(a) = Jo(a) = L(a).

The main purpose of this article is to define a type of mean values of several
positive numbers with two parameters, from which many mean values mentioned
above can be deduced, by utilizing the generalized Vandermonde determinant, to
research their basic properties, and to establish several inequalities.

2. LEMMAS

The following two lemmas are keys for us to research the basic properties of the
mean values F(p, q; a) defined by Definition in next section.

Lemma 2.1. Letn € N, a = (ag,a1,...,a,) € R’J_H and ¢ be a n-times differen-
tiable function in Ry. Then

a;p) =V(a; (n) Y a;z; | dz, .
Viag) = Via0.0) [ ¢ (Z )d (2.1)

where g = 1 — Z?:l x; and dx = dxidxs - -dx, denotes the differential of the
volume in

n
D = {($17$27...,£n) in <1 with x; > 0 fori= 1,27.,.,71} . (2.2)
i=1
Proof. Let @ = (an,a1,...,a,-1) € R} and @ = (ag,a1,...,an—1) € R’. From
(1.3), one finds that
V(a;0,0) H - —ag)V(a;0,0)
L (2.3)

n—a;)V(a;0,0),

|
H::]|

n—1 n—1
Vi(a) = (=1)" [ (a; — ao)Vi(a) + H(an —a))Vi(a), 1<i<mn, (2.5)
n—1
Va(a) = [[(a; — ao)Vo(a) (2.6)
j=1

The expansion of the generalized Vandermonde determinant (1.1]) equals

n

Viaip) =Y ()" p(a)Vi(a). (2.7)

i=0
It is easy to see that

/ (n) <Z”>
//1 o1 /1 Zi;“ (n) <00+Z a; — o)z )dxldxg cdz,. (2.8)
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For n = 1, formula (2.1)) is true, since

(ar — ao) / o/ (a0 + (1 — ao)ar) dy = p(a) — p(ao) = V(as ).

Assume that (2.1)) holds for n — 1 with n > 2. Then

Via;p) = (—1)" Lp(an)Vo(a Z Hnitiy

17:E1 1721.:1 Z;
0 Jo

P (a +Z

n—1

V(ap) = (=1)" "*e(a)Vi(a)
=0

1 pl—mz 1-r 2
0) / / /

(n D <a0 + Z — ao ) dzides---dxy,—1.

Combination of (2.3) to (2.10) shows that
V(a;0,0) / (Za xz> dx

11—z, — lxi
aoo// /

(") (ao + Z —ap)T ) dzrydzy---dz,

arOO 1— T 1— Z:’;lzml
" an —ao // / oY | an *Z i = n)Ti

(ai)Vi(a)

) d.’l?l da?g dl‘n_l (29)

(n D (ao-i-z '—ao >‘| dzidze---dz,_1

1 pleay -2
— nll'[ . — ag) (a;o,())// /
0o Jo 0

(n—1) (a + Z —ap)x >da:1 ~dwz,—1

1—mz 1- Z?;lzwi
—H n— ;) aOO// /

(2.10)
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(n—1) (ao + Z — ao > dey---dxp-1

= )" 1H i — ag [ —1)" " p(an)Vo(a +Z )" Hp(ai)Vi(a)

n—1 n—1

= [l —a) -1 otapVica)
1:[ = ao)Vo(@) — (—=1)" " p(ao) __ (an —a;)Vo(a)
n—1 n—1
+ Z " io(a;) [ (=)™ [ (a5 — ao)Vi(@) — ] (an — a;)Vi(a)
j=1 j=1

+Z )" o(a)Vi(a) + (=1)"p(ao)Vo(a)

=V(a; )
Thus, by induction, the required formula (2.1)) is proved. O
Lemma 2.2. Let r be an integer and a = (ag,a1,...,a,) € Ri"'l. Then
V(a;0,0) > H a;'c’“ forr >0,
tot+i1t Fin=r =0
B0y 81y - -y in > 0 are zntegers
V(a;r,0) =40 forr=0,-1,...,—(n—1), (2.11)
n .
(—=1)"V(a;0,0) > [T a,™  forr < —n.
Go+i1tFin=—1 k=0
20,215+, 2n €
Proof. Taking V,,(a;r,0) 2 V(a;r,0). It is obvious that, if r = —1,..., —n, then

Va(a;r,0) = V(a;r,0) = 0.
In the case of n € N and r > 0, we will verify Lemma [2.2] by mathematical
induction. It is clear that identity (2.11]) holds trivially for n = 1, since

Va(a;r,0) = a™t —ag"
= (a1 — ag) (a] + altag -+ ap)
= (a1 — aop) Z alalt.

to+i1="r
10,41 >0 are integers

Suppose identity (2.11]) is true for n — 1 and positive integers ¢. That is

Vi_1(a;t,0) = V,,_1(a;0,0) > H aik. (2.12)

ottt Fin_1=t
90,81 5..+yin—1>0 are integerb



A TYPE OF MEAN VALUES OF SEVERAL POSITIVE NUMBERS 7
By (1.2)) and (2.12)), one reveals
n—1 n—2 n+r n—1 1
1 ay—ay ag T ag 2an ag ag laf{*‘
1 a1 —ay ay !t —al%a, aPt" —a lantt
V@51, 0) = |
n—1 n— n-+r n—1_r+1
L ap—1—an Ap_1 = Qp_10n  Gp_1 — Ay 10y
1 0 0 0
ag — an, apg™t —al2a, aft" —aptartt
n—1 n—2 n+r n—1_r+1
_ (—1)"*? ai — an ay” —ay “an ay al” an
n—1 n—2 n+r n—1 1
an—1 — Qn Ap_1 = Qp_10n  Qp_7 — an—la:1+
2 n—1 n—1+t 4
- 1  ag ag ag Ztﬂ.nir ag 1+tann
n— n— 1
_ H(a — a;) 1 ai ax aq Zt+in:r a; ay
- n 1
ol S R RRRTIE ..
2 n—1 n—1+t 4
1 an—-1 Qp_1 Ap_q Zt+in:r p—1 Gy
2 n—1 n—1+4+t
L 1 a a a ag
o 11 ay a? ant gnTitt
_ E : in 1 1
- H (an - a’i) Ay,
bl et [PTERTRPERRY RERERERRRRES RESERERLLTES
1 ap— ap_1 Ap_1 Qn
n—1
= H (an - ai) g a;n n—l(a; t, O)
i=0 tip=r
n—1 n—1
_ ) i in
= H(an —a;) - Voo1(a;0,0) E a;r E H a,
1=0 tt+in=r io+i1+-t+in—1=t, k=0
20,21 ,--+y0n—1->0 are integers
n
=V(a;0,0) E H ar.
io+ii o din=r, k=0
90,81,.--,4n, >0 are integers
By induction, it is showed that (2.11)) holds for n and positive integers r.
From (1.3)), it is deduced easily that
n
-1, _ n+i,_—n —1
V(a=";0,0) = E (—1)"*a;"Vi(a™")
i=0
_ -1 -1
= H (a;" —a;7)
Osi<jsn (2.13)
—n
ST I e
0<i<n 0<i<j<n
_ n(n+1)/2 —-n .
- (71) ( M H a; V(G,0,0),
0<i<n

where a=! = (ag ' a7, ... a;t) € RTTL



8 ZH.-G. XIAO, ZH.-H. ZHANG, AND F. QI

In the case of r < —n, we have —(n 4+ r) > 0. From (1.2)) and (2.13)), one finds

I T et
—(n—1 —(n—2 r
Via;r,0)= [[ o' e S
e R AR L AR TR ERERE
- - —(n—1 —(n—2 r—+1
n£1 ) n£1 ) 1 antl
1 aal . aa(nfl) aa[nf(nJrrJrl)]
— —(n—1 —[n—(m+r+1
= (—1)nnh/2 H a1l @ aq (= ay tn )
= ("2 I @ 7'V(ah0,0) ) [ai*
0<i<n do+irtetin=—(n+r+1) k=0

20,81 -5 in >0 are integers

= (=" H ai_l‘/(a;0,0) Z H a;i’“

0<i<n io+ii++in=—(n+r+1) k=0
90,%1,...,0n >0 are integers

n

=(-1)"V(a;0,0) g a,"*.
io+i1+-+in=—r k=0
90,81,..-,4n>1 are integers

The proof of Lemma [2.2)is completed. O

Lemma 2.3 ([19, 21, 23]). Let f be a continuous function and p a positive contin-
uous weight on I. Then the weighted arithmetic mean of function f with weight p
defined by

[pmsar
F(z,y) = [Zptydt 7Y (2.14)
f(l‘), r=y

is increasing (decreasing) on I? if f is increasing (decreasing) on I.

3. DEFINITION AND BASIC PROPERTIES

Now we are in a position to give the definition of mean values of several positive
numbers with two parameters.

Definition 3.1. Let a = (ag,a1,...,a,) € Rﬁ“ with a; # a; for i # j. The
extended mean values FE(p, q;a) of (n + 1)-tuple a with two parameters p € R and
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q € R are defined as

H k‘—l—q V( a;p, ) 1/(p—q)
k=1 k +p V(a qao)

for (p — q) klill[(k +p)(k + q)] £ 0,

1/(p—q)
(17 (g = Dig+n)! V(a;p,0)
s V(a;q,1
T (k+p) (a0 1)
=1
forp£Aq=-1,-2,...,—n,
E(p.g;a) = { [(=1)""(=g = 1)}(g +n)! ,V<a;p,1>]”<”‘4’ (3.1)
(=p = Dlp+n)! V(asq,1)
forp#qand p,g=—-1,-2,...,—n,
exp [Viasp,1) & 1 }
[V(a;p,0) =ik+p
forp:q;éfl,fQ,...,fn,
V(a;p,2) &
exp | ————~
ey o e
L k#—p
forp=q=-1,-2,...,—n.

The mean values E(p, q; a) have the same usual properties as many other means
listed in [3].
Theorem 3.1. The following basic properties hold:
1) E(p,g;a) = E(q, p; a),
2) limy_.o E(p,q;a) =limy_.o E(p, q; a) = max{ag,ai,...,an},
3) limy,_ oo E(p, ;@) =limy—._ o E(p, ¢; @) = min{ag, as,...,a,},
4) lim,—, E(p, ;@) = E(q, ¢;a),
5) min{ag,a1,...,an} < E(p,¢;a) < max{ag,a1,...,an},
6) E(p,q;a) =ag if and only if ag = a1 = -+ = an,
7) Fort >0, E(p,q;ta) =tE(p,q;a),
8) [E(p,¢:a)]P~1 = [E(p,t; )P [E(t,¢; )],
where ta = (tag, tay, ..., tay).
Proof. These follow straightforwardly from Definition [3.1] and Lemma [2.1] by stan-
dard arguments. O

The theorem below gives an alternative expression of the mean values E(p, ¢; a).

Theorem 3.2. Let n € N, a = (ag,a1,...,a,) € Riﬂ, and p,q € R. Then

n 1/(p—q)
Ip 90(”)( > i aiti) da
, PFG
E(p,q;a) = fDQP (q( Yo aiz) do
IDSO2 (721 Oa’Z 1)dx _
exp ) p=gq
Jpei (p, Yigaiz) da
where D is the simplex defined by (12.2] . dx =dxydasy - - -dx, is the differential of
the volume in D, zg=1— 31" | x;, go(ln)( p,t) =tP and <p(")( ,t) =tPInt.

(3.2)
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Proof. This follows from substituting

i 1
t"tP [ —— forp# —1,...,—n,
(pl(pv t) = k=1 ];n_—tpplnt (33)
f =-1,...,—
P (=p =D+t " "
and
tntp (lnt— ) forp #—1,...,—n,
kzzzl k+p kl;ll k+p
pa(p,t) = "7 Int Int o 1 (3.4)
)" (—p=Dln+p \ 2 5 k4
k#—p
forp=-1,...,—n
into Lemma 211 0
Corollary 3.1. Letn € N and a = (ag, a1,...,a,) € R:L_H. Then
(n) 1/r
S.(a) = B(r.0.a) = 4 o er” (X imgaiwi) da] T w0, g
ks b ) ' (n) n ‘ ) . .
exp {n! [, 3" (0,21 yaix;) da}, =0,

fD Wgn) ( > o aixi) dz

Jr(a’) = E(’I", r— 17 a) = fD (pgn) (T _ 1’ 27»;0 ail‘i) d]}7 (36)
P 1/(p—q)
g = {Zabl (3.7

where D is defined by ., dzx = dxydzs - -dz, denotes the differential of the
volume in D, and xg =1— 37" | ;.

Some mean values are special cases of the mean values E(p,q;a) as Corollary
reveals. From Definition and Lemma we further obtain the following

Theorem 3.3. Letn € N and a = (agp, a1,...,a,) € Ri“. Then
(1) E(1,0;a) = Si(a) = Ji(a) = A(a),
(2) E(0,=(n+1);a) = S_(41)(a) = G(a),
(3) E(=(n+1),—(n+2);a) =J_(n41)(a) = H(a),
(4) E(UOG) So(a) = I(a),
(5) E(0,-1;a) = S_1(a) = Jo(a) = L(a),
where A(a), ( ), H(a), I(a), and L(a) denote respectively the arithmetic, geo-
metric, harmonic, exponential, and logarithmic means of n + 1 positive numbers
apg,A1y...,0Qp.
Proof. The proof is straightforward. O
Some special cases of E(p, ¢; @) have relationships with the generalized symmetric

k
means . (a) of order k introduced in [7] by D. M. DeTemple and J. M. Robertson.

n

Theorem 3.4. Let r be a positive integer and a = (ag,a1,...,a,) € R’j_ﬂ for
n € N. Then

r

E(r,0;a) = Sy(a) = Z(a), (3.8)

n+1



A TYPE OF MEAN VALUES OF SEVERAL POSITIVE NUMBERS 11

+1(a)
n
E(r,r—1a) = Jy(a) = ——, (3.9)
> (a)
n+1
where
; n+k\"" o i
Z(a) = ( n ) Z aait - ay (3.10)
n+1 io+i1+-+in=k
20,8100 0580 2>
denotes the k-th generalized symmetric mean of n+1 positive numbers ag, aq, ..., an.

4. MONOTONICITY AND APPLICATIONS

Theorem 4.1. The mean values E(p, q; a) are increasing strictly with both p € R
and q € R.

Proof. Let g(z) =Y i, a;iz;. If p =g, then

I o8 (p, g(x)) dw}
Ip e (p,g(x)) dz

E(p,p;a) = exp {
and

n >4
[/D o™ (p, g(z)) dw} d*p[lnE(pvp; a)]
= / o5 (p, 9(2)) 05" (0, g()) dar / o (p,g(z)) da
D D

2
~ [ormoPas [ wpa- | [ gernol
>0

by using the Cauchy-Schwartz-Buniakowski integral inequality. This implies that
the mean values E(p, p; a) are strictly increasing with p € R.

If p # q, then
n 1/(p—q)
b [t ]
Jp A\ (. 9(2)) da
and
P [ o8 (0 d
In E(p, g a) = — Jper (0.9@)da g

P=ale [l (0,9()) do
1 P
=—— [ InE(,06;a)ds.
pP—9q q
From Lemma and the fact that F(p,p;a) are strictly increasing with p € R,

it is not difficult to see that the mean values E(p, ¢; a) are increasing strictly with
both p and g. The proof is complete. [
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As applications of the monotonicity of the mean values E(p, ¢; a), the following
inequalities about some mean values are obtained readily.

Corollary 4.1. If p1 < p2 and q1 < gz, then

Epl»fh (a) < Epzyqz (a’) (4'1)
If ¢ 2 0, then
Sq(a) S E(p.¢;a). (4.2)
If g 2z p—1, then
Jp(a) s E(p, g; a). (4.3)
If p< q, then
Jp(a) S J4(a) (4.4)
and
Sp(a) = Sq(a). (4.5)
If p 2 1, then
Sp(a) s Jp(a). (4.6)

Corollary 4.2. Let G(a), L(a), I(a) and A(a) denote the geometric, logarithmic,
exponential and arithmetic means of n + 1 positive numbers respectively. Then

G(a) < L(a) < I(a) < A(a). (4.7
Proof. From in Corollary it follows that
S_(ny1)(@) < S_1(a) < Sp(a) < Si(a).
Thus, inequalities in is obtained immediately from Theorem O

Corollary 4.3. Letr e N, n € N, and a = (ap,a1,...,a,) € Rﬁfl. Then

bl 12 b1 -1
[z@] @S @ w3

n+1 n+1 n+1
and
[r] o[l s
[Z(a)] < lZ(a)] : (4.9)
n+1 n+1
Equalities in (4.8) and (4.9) are valid if and only if ag = a1 =+ = a,.

Proof. By using Corollary we find
Jr(a) S Jr+1(a)a
Sr(a) < S,11(a).

Further considering Theorem proves the required results. (I
Corollary 4.4. Ifr =2 1, then
$.(a) < M, (a), (4.10)
where
1 n 1/r
M, (a) = LHZZO“?} » 770, (4.11)
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Proof. Let g(x) = Y. ja;z;. In the case of r(r — 1) > 0, using the arithmetic-
geometric mean inequality, we obtain

‘Pgn) (7"»9(15)) = |ap + Z(ai — ap)x;

T

|
—
I
(]
=
g
+
(]
&3
8

=1 i=1
n n
< 1—5 xT; ag—i-g xTia;
=1 i=1
n

Il
S}
o
i
(]
Q
£
|
=)
Ss
<

&8

which is equivalent to

S;(a)

|
=
5
S
—~
3
)
—
8
S—
~—
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=M (a).

Therefore, it is deduced that S.(a) < M,(a) for r > 1 and S,(a) > M,(a) for
r <0.

By the same argument as above, if 0 < r < 1, then S,(a) > M, (a) and
So(a) < S_(n+1)(a) = G(a) = Mo(a).

Thus, if r < 1, then S,(a) > M,(a). The proof is complete. O
REFERENCES
[1] H. Alzer, Uer eine einparametrige familie von mittewerten (On a one-parameter family of

2

3
4
5
6
[7
8

[9

means), Bayer. Akad. Wiss. Math.-Natur. Kl. Sitzungsber. 1987 (1988), 1-9. (German)

| H. Alzer, Uer eine einparametrige familie von Mitlewerten (On a one-parameter family of
mean values), I, Bayer. Akad. Wiss. Math.-Natur. Kl. Sitzungsber. 1988 (1989), 23-29.
(German)

| P. S. Bullen, Handbook of Means and Their Inequalities, Mathematics and its Applications
(Dordrecht) 560, Kluwer Academic Publishers, Dordrecht, 2003.

] B. C. Carlson, Algorithms involving arithmetic and geometric means, Amer. Math. Mothly,
78 (1971), 496-505.

] J.-Ch. Kuang, Chdngyong Budéngshi (Applied Inequalities), 2nd ed., Hunan Education Press,
Changsha, China, 1993. (Chinese)

] J.-Ch. Kuang, Chdngyong Budéngshi (Applied Inequalities), 3rd ed., Shandong Science and
Technology Press, Jinan City, Shandong Province, China, 2004. (Chinese)

] D. W. DeTemple and J. M. Robertson, On generalized symmetric means of two variables,
Univ. Beograd. Publ. Elek. Fak Ser. Mat. Fiz. No. 634—677 (1979), 236-238.

] X. Li and R. N. Mohapatra, Extended means as weighted means, R. Soc. Lond. Proc. Ser. A
Math. Phys. Eng. Sci. 457 (2001), no. 2009, 1273-1275.

| E. Neuman, Stolarsky means of several variables, J. Inequal. Pure Appl. Math. 6 (2005),
no. 2, Art. 30. Available online at http://jipam.vu.edu.au/article.php?sid=499.


http://jipam.vu.edu.au/article.php?sid=499

14

[10]
(11]

(12]

(13]
(14]

[15]

(16]
(17)

(18]

(19]

20]
(21]
(22]
23]
[24]
[25]
[26]
27]

(28]

29]

ZH.-G. XIAO, ZH.-H. ZHANG, AND F. QI

C. E. M. Pearce, J. Pecari¢ and V. Simié, On weighted generalized logarithmic means, Houston
J. Math. 24 (1998), 459-465.

J. Pecari¢, F. Qi, V. Simi¢ and S.-L. Xu, Refinements and extensions of an inequality, I, J.
Math. Anal. Appl. 227 (1998), no. 2, 439-448.

F. Qi, Generalized abstracted mean values, J. Inequal. Pure Appl. Math. 1 (2000), no. 1,
Art. 4. Available online at http://jipam.vu.edu.au/article.php?sid=97. RGMIA Res. Rep.
Coll. 2 (1999), no. 5, Art. 4, 633-642. Available online at http://rgmia.vu.edu.au/v2n5.
htmll.

F. Qi, Generalized weighted mean values with two parameters, R. Soc. Lond. Proc. Ser. A
Math. Phys. Eng. Sci. 454 (1998), no. 1978, 2723-2732.

F. Qi, On a two-parameter family of nonhomogeneous mean values, Tamkang J. Math. 29
(1998), no. 2, 155-163.

F. Qi, The extended mean values: definition, properties, monotonicities, comparison, convezx-
ities, generalizations, and applications, Cubo Mat. Educ. 5 (2003), no. 3, 63-90. RGMIA Res.
Rep. Coll. 5 (2002), no. 1, Art. 5. Available online at http://rgmia.vu.edu.au/vbnl.html|

F. Qi and Q.-M. Luo, A simple proof of monotonicity for extended mean values, J. Math.
Anal. Appl. 224 (1998), 356-359.

F. Qi and Q.-M. Luo, Refinements and extensions of an inequality, Math. Inform. Quart. 9
(1999), no. 1, 23-25.

F. Qi, J.-Q. Mei, D.-F. Xia, and S.-L. Xu, New proofs of weighted power mean inequalities
and monotonicity for generalized weighted mean values, Math. Inequal. Appl. 3 (2000), no. 3,
377-383.

F. Qi, J. Sdndor, S. S. Dragomir, and A. Sofo, Notes on the Schur-convezity of the extended
mean values, Taiwanese J. Math. 9 (2005), no. 3, 411-420. RGMIA Res. Rep. Coll. 5 (2002),
no. 1, Art. 3, 19-27. Available online at http://rgmia.vu.edu.au/vbnl.html,

F. Qi and S.-L. Xu, Refinements and extensions of an inequality, I, J. Math. Anal. Appl.
211 (1997), no. 2, 616-620.

F. Qi, S.-L. Xu, and L. Debnath, A new proof of monotonicity for extended mean values,
Internat. J. Math. Math. Sci. 22 (1999), no. 2, 415-420.

F. Qi and Sh.-Q. Zhang, Note on monotonicity of generalized weighted mean values, R. Soc.
Lond. Proc. Ser. A Math. Phys. Eng. Sci. 455 (1999), no. 1989, 3259-3260.

H.-N. Shi, Sh.-H. Wu, and F. Qi, An alternative note on the Schur-convexity of the extended
mean values, Math. Inequal. Appl. 9 (2006), accepted.

K. B. Stolarsky, Generalizations of the logarithmic mean, Math. Mag. 48 (1975), 87-92.

A. Witkowski, Weighted extended mean values, Colloq. Math. 100 (2004), no. 1, 111-117.
RGMIA Res. Rep. Coll. 7 (2004), no. 1, Art. 6. Available online at http:/rgmia.vu.edu.au/
v/nl.htmll

Zh.-G. Xiao and Zh.-H. Zhang, The Henleman mean of n positive numbers, J. Yueyang
Normal Uinv. 14 (2001), no. 2, 1-5. (Chinese).

Zh.-G. Xiao and Zh.-H. Zhang, The Stolarsky mean of n positive numbers, J. Yueyang Normal
Uinv. 14 (2001), no. 4, 5-8. (Chinese).

Zh.-G. Xiao and Zh.-H. Zhang, The inequalities G < L < I < A in n variables, J. Inequal.
Pure Appl. Math. 4 (2003), no. 2, Art. 39. Available online at http://jipam.vu.edu.au/
article.php?sid=277.

Zh.-H. Zhang, Three classes of new means in n+1 variables and their applications, J. Hunan
Ed. Inst. 15 (1997), no. 5, 130-136. (Chinese)


http://jipam.vu.edu.au/article.php?sid=97
http://rgmia.vu.edu.au/v2n5.html
http://rgmia.vu.edu.au/v2n5.html
http://rgmia.vu.edu.au/v5n1.html
http://rgmia.vu.edu.au/v5n1.html
http:/rgmia.vu.edu.au/v7n1.html
http:/rgmia.vu.edu.au/v7n1.html
http://jipam.vu.edu.au/article.php?sid=277
http://jipam.vu.edu.au/article.php?sid=277

A TYPE OF MEAN VALUES OF SEVERAL POSITIVE NUMBERS 15

(Zh.-G. Xiao) HUNAN INSTITUTE OF SCIENCE AND TECHNOLOGY, YUEYANG CITY, HUNAN
PROVINCE, 414000, CHINA
E-mail address: xiaozg@163.com

(Zh.-H. Zhang) ZIXING EDUCATIONAL RESEARCH SECTION, CHENZHOU CITY, HUNAN PROVINCE,
423400, CHINA
E-mail address: zxzh12340163. com

(F. Qi) RESEARCH INSTITUTE OF MATHEMATICAL INEQUALITY THEORY, HENAN POLYTECHNIC
UNIVERSITY, J1A0zZUO CITY, HENAN PROVINCE, 454010, CHINA

E-mail address: |qifeng@hpu.edu.cn, fengqi618@member.ams.org|, qifeng618@hotmail.com,
qifeng618@msn.com

URL: http://rgmia.vu.edu.au/qi.html


mailto: Zh.-G. Xiao <xiaozg@163.com>
mailto: Zh.-H. Zhang <zxzh1234@163.com>
mailto: F. Qi <qifeng@hpu.edu.cn>
mailto: F. Qi <fengqi618@member.ams.org>
mailto: F. Qi <qifeng618@hotmail.com>
mailto: F. Qi <qifeng618@msn.com>
http://rgmia.vu.edu.au/qi.html

