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JORDAN’S INEQUALITY: REFINEMENTS, GENERALIZATIONS,
APPLICATIONS AND RELATED PROBLEMS

FENG QI

ABSTRACT. This is an expository article. Some developments on refinements,
generalizations, applications of Jordan’s inequality and related problems, in-
cluding some estimates for three classes of complete elliptic integrals and sev-
eral proofs of Wilker’s inequality, are summarized.

1. REFINEMENTS OF JORDAN’S INEQUALITY

1.1. Jordan’s inequality. The well-known Jordan’s inequality (see [2, 9], [5, p. 143],
[23, p. 269] and [27, p. 33]) reads that

9 .
< S S r <1 (11)
™ x

for 0 < |z| < 5. The equality in (1.1) is valid if and only if z = 7.

Note that the origin of Jordan’s inequality is not found in the references listed
in this paper. So, it is unknown that why inequality (1.1) is due to Jordan and to
which Jordan.

1.2. Kober’s inequality. In [23, pp. 274-275], an inequality due to Kober [20,
p. 22] was given:

2 2
177:z:§cosx§17z—, IE{O,K}. (1.2)
T ™ 2
In [21] and [22, p. 313], it was given that for « € [0, 7],
2
cosx <1-— ﬁx% (1.3)

The left hand side inequalities in (1.1) and (1.2) are equivalent, since they can

be deduced from each other via the transformation x — g — .

1.3. Redheffer’s inequality. In [44, 45], it was proposed that

sinx w2 — x?

x w24z’

In [49], inequality (1.4) was proved as follows. For z > 1,

x4 0. (1.4)

1—2? sin(mz) 1—2?  sinfr(z—1)] z-1

1+22 7z 1+a2 -1 =
1—2? -1  (1—ux)?
_1+x2+ r  x(l+a?) —
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2 F. QI

For 0 < z < 1, since S2m) — [T, (1- i—z), it is enough to prove that (1+22)P, >

1 for n > 2, where P, = szz(l — i—;) Actually, by a simple induction argument
based on the relation P, 1 = [1 — ﬁ] P,, it is deduced that (1+22)P, > 1+ %
for0 <z < 1.

1.4. Caccia’s inequality. In [26], it was proposed that

2 1
inf > =60+ —0(r* — 46> 1.
sinf > 7r6+ 127T9(7T 0%) (1.5)

for 6 € [O, g] In [1], by finding the minimum of the function

1, z =0,
rlsing + g—;, S (0, g],

inequality (1.5) was proved by U. Abel. Meanwhile, inequality (1.5) is improved in

[1] by D. Caccia as
: 2 1 2 2
sin @ > ;9 + EG(W — 46%) (1.6)
for 0 € [0,%]. Inequality (1.6) is slightly stronger than (1.5) and is sharp in the
sense that % cannot be replaced by a larger constant.
1.5. Prestin’s inequality. In [30] and [23, p. 270], the following inequality is
given: For 0 < |z| < 7,
1 1

sinx x

<1—-—. (1.7)

™

1.6. Refinements of Jordan’s and Kober’s inequality by Taylor’s formula.
In [19, pp. 101-102], [22, p. 313] and [23, p. 269], the following inequalities are

mentioned: For z € [0, 3],

1 1, 1

x—éxggsinxgxféx +on , (1.8)
1 2 1 2 1 4
lfix gcosxglfix +ﬂx, (1.9)
n 2k—1 2n+1
1) |sinz — S (=112 ] < Z : 1.10
e X gy s 0o
n 2k 2n+2

—p)mH N b < S . 111
(=1) {COSC” kz:%( Vo] S @ (1.11)

In [25], inequality (1.8) was applied to obtain the lower and upper estimations
oo /2 x(nr—z
of ¢(3) by >_,2, (2¢i1)3 =1l / iinm) do = £((3).

1.7. Refinements of Jordan’s inequality by a method of auxiliary func-
tions. In [34], with the help of the following two auxiliary functions cosax — 1 +

2z —ax(n? —2?) and cosz — 1+ 2z — Bz (m — 2z) for x € [0, Z] with undetermined
positive constants « and 3, Kober’s inequality (1.2) was refined: For x € [07 g},

2 -2 2 2
1- 2247 5—2(m —2z) <cosz <1 — —x+ —a(r — 21), (1.12)
™ 7r ™ s
2 -2 2 2
1-— ;a: + 7T27r3 l‘(ﬂ'Q — 4x2)§ cosz <1-— ;x + ﬁx(WQ — 4x2). (1.13)
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These two double inequalities are sharp in the sense that the constants “;22, %,

7;;32 and % connot be replaced by larger or smaller ones respectively.

Inequality (1.12) is better than (1.13). Inequality (1.12) may be rewritten as

4— 2(mr — 2
T (7T2 )

4
22 <cosz <1-— —az2 (1.14)

1- =

s e

Inequality (1.14) is stronger than (1.3) on [0, g] Replacing = by § — z in (1.14)
gives
2(mr —2 4
x—Lﬂxz <sinzx < —x —
T ™

%xz, T € [O, g} (1.15)
In [37], by considering auxiliary functions sinxz — %x — ax (772 — 43@2), sinx —
2y — Ba?(m — 2z) and sinz — 2z — fx(m — 22) on [0, 3], inequality (1.6) and the
following inequalities are obtained:

; 2 T 2 2
sinz < ;er = z(m? — 4z%), (1.16)
ing > 2z 4 - 3(7 — 22) (1.17)
sine > —x 4+ —a° (v — 22 .
“r o om ’
2 -2 2 2
o + 7r7T2 z(m—2z) <sinz < s + Pm(w —21), (1.18)

2

where the constants 7;_32, %, 7;_22 and % are the best possible. Inequality (1.18)

can be rewritten as (1.15). Combination of (1.6) and (1.16) leads to
3 d(mr—2) 4

4

Inequality (1.15) and (1.19) are not included on [0, 5] each other. Inequality (1.17)
is weaker than the left hand side inequality in (1.19) and can not compare with the
left hand side inequality of (1.15).

In [32], by constructing suitable auxiliary functions, inequality (1.16) or the right
hand side inequality of (1.19), the double inequality (1.18) or (1.15), inequality
(1.17), the double inequality (1.12) or (1.14), the double inequality (1.13) and their

sharpness are verified again. Employing these inequalities, it is deduced that

4 [T 1 1 T2 6 —
= </ PR e < Tt and - </ ST e < 22T (1.20)
o 3 2>, 4

3 x T

In [39], Jordan’s inequality was interpreted geometrically, inequalities (1.6) and
(1.16) or their variant (1.19) and inequality (1.12) or (1.14) were proved once more
by considering suitable auxiliary functions. From (1.19) and the symmetry and
period of sin z, it is deduced that

4 12 9
— - I —1 <sinxzx
T

4(mr — 2 12(r — 2 11r—24
(m )xs_ (7T2 )m2+ 7T7T

= - r+8—3r (1.21)

dz < +(8—=3m)In2. (1.22)

7 /7T sinx 137 — 32
71./2 xr 6



4 F. QI

1.8. Refinements of Jordan’s inequality by L’Hospital’s rule. In [3, Theo-
rem 1.25], the following monotonic form of L’Hospital’s rule was put forwarded.

Lemma 1. Let f and g be continuous on [a,b] and differentiable in (a,b) such that

g (x) £0in (a,b). If & F(@) g increasing (or decreasing) in (a,b), then the functions

g9'(z)
Eig f;(;;)) and {}Ei éffj)) are also increasing (or decreasing) in (a,b).

n [57], by using Lemma 1, inequalities (1.6), (1.12), (1.13), (1.16) and (1.18)
were recovered once more.

1.9. Some other results.

1.9.1. In [33], the double inequality (1.19) was verified once again. Moreover,
among other things, several inequalities and integrals related to £22 are constructed
by using the well known Tchebysheff’s integral inequality, for example,

sint? sint 1 —cost
t 2
T t 2 t ™
do < 2tan( ) + Ztan3( 2 ), ¢ (,f] 1.24
/0<sin:c) x < an(2>+3 an (2>, e (0 5 (1.24)

1.9.2. In [50, 51], by considering the logarithmic concavity of % and the loga-
rithmic convexity of ta% and by using Jensen’s inequality, it was obtained that

il I
i= 1|wb|
Tl ———n
H g |wb|

27:1‘7‘7‘
holdsf0r0<|xi|<g,1§i§nandn€N. F0r0<ﬁ<aand0<|ax|<g,

and

n

> Hﬂ%

i=1

n

(1.25)

2 < sm(.ﬁxﬁ)7T < sin(ax) < sin(fx) “1, (1.26)
s azsin 57 ax px
[tan(ax)| - [tan(Bx)]| o1 |sin(Sz)] N |sin(cx)] - |sin(Sz)] cscﬂl. (1.27)
alz| Bz Bz o |z a|z] 2
1.9.3. Let
S| 1
(W—Q)seCQG—Gtane—, 0 e (—ﬂ77r>,
o) =4 \8 2 2 7T2 2 (1.28)
O, 0 = Zl:g,
/2
LQ/ tcos’tdt, 0e <—7T,7T>,
q(g) — cos? 6 9 272 (129)
T
= :l:f
0, 0 5
Z(@secQGthanﬂ)72tan98ec0, 0e (g,g),
6(0) = ] (1.30)
+1, b=z
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These three functions originate from estimates of eigenvalues of Laplace operator
on compact Riemannian manifolds. Their monotonicity and estimates have been
investigated. For more detailed information, please refer to [16, 36, 41] and the
references therein.

1.9.4. Some results in [4, 7] may be interesting.

2. REFINEMENTS OF JORDAN’S INEQUALITY AND L. YANG’S INEQUALITY

2.1. L. Yang’s inequality. In [55, pp. 116-118], an inequality due to L. Yang
states that inequality

cos?(AA) + cos?(AB) — 2 cos(AA) cos(AB) cos(Ar) > sin?(\rr) (2.1)

is valid for 0 < A <1, A >0 and B > 0 with A+ B < 7, where the equality holds
ifandonlyif A\=00or A+ B =.
Inequality (2.1) has been generalized in [59, 60] and the references therein.

2.2. Debnath-Zhao’s result. In [8], inequalities (1.5) and (1.6) or the left hand
side inequality in (1.19) were recovered. However, it seems that the authors of [8]
did not compare explicitly their recovered results (1.5) and (1.6).

As an application of (1.6), with the help of

sin?(A) < cos?(AA;) + cos?(\A;)
— 2cos(AA;) cos(AA;) cos(Am) £ H;; < 4sin? (;\ﬂ) (2.2)

n [59] and [60, (2.13)], where 0 < A < 1 and A; > 0 with >_" | 4; < 7 for n > 2,
L. Yang’s inequality (2.1) was generalized to

Y42 N2 of A N\ 2 2
<2>)\ (3—X%)"cos <27r>< Z Hij<<2>mr. (2.3)
1<i<j<n

2.3. Ozban’s result. In [28], the author gave a new refined form of Jordan’s in-
equality for 0 <z < §

sinz _ 2 1,5, o 41 —3) m™\°
. Z;+ﬁ(7r —4x)+T r— = (2.4)

with equality if and only if = §. As an application of (2.4) as in [8], the lower
bound in (2.3) was refined as

Z H;;j > (Z) N [r+ (6 —2m)A + (7 — 4))\2]2 cos? (/2\71') (2.5)
1<i<j<n
2.4. Zhu’s results.

2.4.1. In [63], inequality (1.6) and (1.16) or inequality (1.19) and their sharpness
were recovered once more by using Lemma 1.
As an application of (1.16), the upper bound in (2.3) was refined as

Y Hy< 4(") [X* LA A)r ) (2.6)

e 2 2
1<i<j<n
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2.4.2. 1In [64], by using Lemma 1, inequality (2.4) and the following two refined
forms of Jordan’s inequality

12-7%, , on2 _ sinxz 2 1,5 9 T—3, 5 212
sine 2 1 ,., o, 12—g72 \?
. S;-l-ﬁ(w —42%) + el K (2.8)

were established. Inequality (2.7) and the right hand side inequality in (2.8) were
also applied to obtain

1<i<j<n

where
Na(A) = (Z) A2 [3 N 121;6”2(1 - A2)2]  cos? (;\77)
Ms()\) = <;)A2 322+ (m—3)(1— 2%,
My(N) = (Z) A2 [3 ~ A2

2.5. Jiang-Hua’s result. In [18], by Lemma 1, a refinement of Jordan’s inequality

_ 2 2
1247T (1_)\)2} '

(774 _ 16:54) < sinx % m™—2

— — (n* — 162") (2.10)

25
for 0 <z < § was presented. Meanwhile, L. Yang’s inequality was refined as

2(= _ 14)2
(N2 e (3r) € X mos ()o@
1<i<j<n

2.6. Qi-Niu-Cao’s result. Recently, the following general refinement of Jordan’s
inequality was presented in [42]: For 0 < z < 7 and n € N, inequality

2 inz _ 2
S an(r? —40?) < =2 <S4 Y B (r? - 40?) (2.12)

holds with the equalities if and only if x = 7, where the constants

k+1 i .
(—1)* 2\ . (k41
_ 2\ kg 2.1
Qg ()R] ; — | ai_ysin{ ——m (2.13)
and
-2- S air®
B, = on , k=n (2.14)
(0778 1 S ]f <n
with
afz{(z‘m—l)af‘fﬂtaz‘l, 0<g§k 2.15)
7 1=
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in (2.12) are the best possible. As an application of inequality (2.12), a refinement
of L. Yang’s inequality [55] is obtained: For 0 < A < 1 and A; > 0 such that
Yor A <wforneN,if meNand n> 2, then

< > Hy < Rp(n)), (2.16)
1<’L<]<’I’L
where
m 2
_ [T 2 2k+1 2\k o A
Ly(n,N\) = (2))\ 2+Zak7r (1-2?) 1 cos (27r>, (2.17)
k=1
m 2
Rn(n,\) = (’;) A2{2 43 B t(1 — m’“] , (2.18)
k=1

and oy and () are defined by (2.13) and (2.14) respectively.
Aa a direct consequence of (2.12), the following general refinements of Kober’s
inequality can be obtained: For 0 <z < 7, k € N and n € N, inequalities

% + Zak(élw)k(w - m)k] < cosz
k=1

T

s

which is deduced by replacing x with z — 7 in (2.12), and

—|—Zﬁk (4z)* W—x)k], (2.19)

n 2k—21 2

k
ZZ 2)ak27r 22 <1-—cosx — r
k=1 :=0 s &

n k ik —23
< ZZ (—4) (?)@vw% § 2242 (2.20)

== 21+ 2

which follows from integrating (2.12) from 0 to z € [0, g], hold with constants ay
and [y defined by (2.13) and (2.14) respectively.

Combining I'(1 + 2)['(1 — 2) = = with (2.12) yields that if 0 < 2 < § and
n € N then

1 2 <
,+Zak — 42?) *r(1+§)r(1—f g; > B(r® —4a®)". (2.21)

k=1
Inequality (2.12) can be rearranged as
sinx 2 - " k
0< -z 2 _ _ _ 42
S - Zak(ﬂ' 4:6 Zﬂk ay) 77 42°)" =0
k=1 k=1
as n — 00, this implies that
: 2 - 2 2

= —I— —4z7). 2.22
sing = —z Z oz (m z?) (2.22)

k=1
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3. GENERALIZATIONS OF JORDAN’S INEQUALITY AND L. YANG’S INEQUALITY

3.1. Zhu’s generalization and application. In [62], by using Lemma 1, the
author obtained the following generalization of Jordan’s inequality: If 0 <z <r <
Z, then

27

sint  sinr —rcosr, , 9 sing _sinr r—sinr, 4 9
+ 3 (r -z ) < < + (7‘ - )
T 2r

As an application of (3.1), in virtue of (2.2), L. Yang’s inequality (2.1) was sharp-
ened and generalized as

A" Amsinr n sinr —rcosr [ Arr? B (Am)3 2(:052 A
2) | 2r 2,3 2 8 2"

n\ [Arsinr  r—sinr (A2 ()31
< S < - G
- Hij < 4(2) [ 2r + r3 < 2 8 )] (3:2)

1<i<j<n

x r r3 (3.1)

3.2. Wu-Debnath’s generalizations and applications. In [52], utilizing Lemma 1,
the following sharp generalizations of Jordan’s inequality

3 x 2 3 x? 2
maX{2<P1(9)<1—9> ,8<P2(9)(1—92> }
<sinx_sin9_l sin@_ 0 1_£2
=Ty g 2\ g 92

< winf 32(0) (1 - 9;)2, yer(0)(1- Z)} (33)

for 0 <z < 6 and 0 € (0, 7] was established, where

2 cosf sinf sinf 1 .
v1(0) = 3 + 3 7 and  @a(f) = 7 50 sinf —cosf.  (3.4)

The equalities in (3.3) hold if and only if = 6 and the coefficients of the factors
(1 — %)2 and (1 — g—z)z are the best possible.
If taking # = 7 then inequalities (2.7) and (2.8) can be deduced from (3.3).

Integrating on both sides of (3.3) yields

5sinf — @cosh + 20 23sinf — 80 cosf — H2sin b /0 sin x
max , < dx
6 15 0 X
. (11sin® — 50 cosf — 0%sinf 8sinf — O cosh + 86
< min 5 ) 15 . (3.5)

If taking 0 = 7 in (3.5), then

92 — 72 /2 g 8+4
T </ S PP kel (3.6)
0

60 T 15

which is better than the first one in (1.20).

As another application of (3.3), a generalization of L. Yang’s inequality (2.1)
was obtained: If A; > 0 for 1 < <n and n > 2 such that > . | 4; <6 € [0, 7],
then
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n\ . o
max{N1(0), N2(0)} < N 0

<(n- I)ZCOSQAk —2cosf Z cos Ajcos A;

k=1 1<i<j<n

< 4(2‘) sin2 g < min{M;(0), Ma(0)}, (3.7)

where

()fs-? AT
Ny(6) = (Z) :3—79;+121_67r2<1—92 2r<f_cosz>2, (3.9)

()= D@ e
My(6) = (Z) :3 - z—z (- 3)<1 - i)T(i)Q. (3.11)

If substituting A; by AA; and @ by A in (3.7), then inequalities (2.4) and (2.9)
can be deduced.
In [53], as a generalization of inequality (3.3), the following sharp inequality

1{(1+>\)<sin9 cos9> Qsinﬁ} (1 - xT>2

272 0 0T
< sinz  sinf 1(sin9 —cose) (1 B aj)‘)
- 0 A 0 o>

sinf 1 /sin6 7\ ?
<|1- - = — cos - .
< [1 7 3 < 7 cos 9)] (1 97> (3.12)

was obtained for 0 < z < 0 € (0, g], 72>2and 7 < A < 27 by Lemma 1. The

equalities in (3.12) holds if and only if # = 6. The coefficients of the term (1 — %:)2
are the best possible. If 1 < 7 < % and either A # 0 or A > 27 then inequality
(3.12) is reversed. Specially, when 6 = 7, inequality (3.12) becomes

4)\"’4_71—2 T r _’_2 Sin:L‘ 2 2 A AN
Ar2p2r+l (77 _25”) < - _;_)\FA-H(W _29”)

for0 <z <5, 7>2and 7 <\ <27, IflSTSgandeitherA#Oor)\ZQT
then inequality (3.13) is reversed.
If taking (7, A) = (2,2) and (7, A) = (1, 2), then inequalities (2.4), (2.7) and (2.8)

are deduced.
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If A\ >2and 4; > 0 with > | A; < 0 € [0,7] for n > 2, then the following
generalization of L. Yang’s inequality was obtained in [53] by using inequality (3.12):

max{K;i(\,0), Ka(A\,0)} < (n—1) ZCOS2 Ay, — 2cosf Z cos A; cos A;

k=1 1<i<j<n

< min{Ql(Ave)aQ2(A70)}7 (314)

where
Ki(\0) = (Z){:)\—i-l—ii—i-)m_;H(l—i)TiicosZ}Q, (3.15)
K>(\, 0) = (;‘){ :A—Fl—i—l—W(l—;)Tiicosg}z, (3.16)
Q1M 0) = (Z){:A+1$+W<1i)2}ii}2, (3.17)
ao= () {[rer- BB Y

Note that inequalities (2.5), (2.9) and (3.7) can be deduced from (3.14).

4. WILKER’S INEQUALITY AND ITS PROOFS

In [48], J. B. Wilker proposed that there exists a largest constant ¢ such that

. 2
t .
<smx) + 22T S 94 ¥ tana (4.1)
x x

for0 <z < 3.
In [46], it was proved that

8 sinz\? tanz 2\*
2+ —zitanz > ( > + > 2+ <> 23 tan . (4.2)
45 T T T

The constants % and (%)4 in the inequality (4.2) are the best possible.

In [11, 12, 14, 24, 58], many proofs of Wilker’s inequality (4.2) were given.

In [29], a new proof of inequality (4.2) were provided by using Lemma 1 and
compared with [14].

The weaker form of inequality (4.2)

(sinm>2+tanx>2' (4.3)

T T

was also proved in [6, 24, 47, 61].

In [17, 54] two lower bounds of (%)2 + 1222 _ 2 were presented, but these lower

bounds are weaker than (%)4 r3tanz in (4.2).
It is noted that one of the two open problems posed in [54] may be interesting.
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5. APPLICATIONS OF A METHOD OF AUXILIARY FUNCTIONS

11

The aim of this section is to summarize some applications of a method of auxiliary
functions, used in [31, 32, 34, 37, 39], including estimation of some complete elliptic

integrals and construction of inequality for the exponential function e®.

The complete elliptic integrals are classed into three kinds, they are defined for

0 < k < 1 as and denoted by

/2
:/ V11— k2sin®#6 d6,

/ 1—k251n

I(k,h) = / 40
0 (1+hsin?60)v/1— k2sin®6

5.1. In [43], it was posed that

7T</ d <7r\@
= T .
6 0o V4—z2—a3 3

(5.1)

(5.2)

n [10], inequality (5.4) was verified by using 4 — 22 > 4 — 22 — 2% > 4 — 222,

In [38], by considering monotonicity and convexity of

1 1-—
\fx‘l—i—ax 31 —2)

4— 122 — 23 §+ 2

n (0, 1) for undetermined constant a > 0, inequality

1 1 V2-1, [11V2 3
\/ﬁzi‘f' 9 x+(—2)(1—3§)x

(5.5)

(5.6)

for x € [0, 1] was established, and then the lower bound in (5.4) was improved to

1 272
/ S S P
0 Va4 — x2 — g3 10 160

It was also remarked in [38] that if discussing the auxiliary functions

1 —V2 2

\/4—m2—x3_§+ 2 + 60— o)t
and
! \f 2t +0(1 — 2%

Va4 —ax?—23 _§+

n (0,1), then inequalities
1 1
- - >z

Vi —a2 -3 7 2 2

and

(5.7)

(5.8)

(5.11)
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holds, and then, by integrating on both sides, the lower bound in (5.4) was improved
to

1 1 1 19v2
= dr>-4+ = 5.12
/o\/4—x2—x3 T 1T o6 (5.12)
and
! 1 1 19v2
—d R Sl 5.13
/0 V4 —x2 — a3 x>5+ 80 ( )

Numerical computation shows that the lower bound in (5.7) is better than those in
(5.12) and (5.13).
In [56], by direct proving inequality (5.6) and

1 1 V2-1, 5-4V2 , <8\/§—9 )
_— <~ 7+ z*l—a)| ———+z ), (5.14
Vi—a2 3 2 2 8 - 8v2 — 10 (5.14)
inequality (5.7) and an improved upper bound in (5.4)
1
1 79 V2
—d —_— 4 — 5.15
/o Vi T2t (5.15)
were obtained.
In [35], by considering an auxiliary function
1 1 1-v2 , ) ( 8v2 —9 )
—_— -+ ———2"t+ax’(l —z)| ———+ = 5.16
Vi—zZ—23 2 2 ( ) 8v2 — 10 (5.16)

on [0, 1], the sharpness of inequality (5.14) and the following sharp inequality

1 >1+\/§_12_1137(4\/5—5)(1_96)(8\/5_9

2 T —
Vi—a? -3 2 2 64(64 — 39v/2) 8v2 — 10

were presented, and then inequality (5.15) was obtained by integrating on both
sides of (5.14).

+x) (5.17)

5.2. In [13], by discussing

V1+k2cos2t —\/1+ k2 + %(\/Hk? - 1)t2+9(g —t)t (5.18)

or

V14 k2cos2t — /1 + k2 +%(\/1+k2 1)t+ﬂ(gt>t (5.19)

on [0, g}, inequality
8 s
_° 2 _ T_
S (Vi+k 1)t<2 t) <
V14 k2cos?t — {\/1+k2 - %(\/urk? l)tﬂ <0 (5.20)

for t € [0, g] was obtained, where k% = Z—Z — 1 and a,b > 0. Integrating (5.20)
yields

=

/2
5 2a+0) < / VaZsin®t + b2 cos? t dt < %(a—l—%). (5.21)
0
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When b > 7a, the right hand side of inequality (5.21) is stronger than a well known
result

%(a +0) < /077/2 Va2sin?t + b2 cos? t dt < % 2(a? +b?) (5.22)
which can be obtained by some properties of definite integral.
5.3. In [15, 31], by considering the auxiliary function
e’ — Sp(x) — ™™t +0(b — )" (5.23)

for 0 <z < b€ (0,00), where a_; = e’ and o, = %(an,l — n,) the following

inequalities of the reminder R, (z) =e* — >, _, %]: for n > 0 and z € [0, 00) were
established:

n+2—-(m+1z n+14+e* e* 41
L ¢ Sh@ s Tt s ety (6:2)
(n+2)! & k 41

R EEE———— < i — —_— " <k< 2
(n_k+2)|Rn($)_$ RrL k(x)+ (n_k+2)'33 5 O_k’_?’l (5 5)
and, forn >k > 1,
kxntle® nl—(n—k+2)(n+1)!
k
R,_ < — n(2). 5.2
v Bni(@) S oG TR ) n—hroy  lw@ (520

5.4. By the way, some other estimates for complete elliptic integrals obtained by
using Tchebycheff’s integral inequality in [40] are mentioned below.

7 arcsin k ﬂln(—}f’;)
—5 < F(k) < — (5.27)
16 — 4k% — 3k*
Ek) < ————— =" F(k); 2
h k2
F(k) < (1 + 5)Jl(k,h), “l<h<0 o h> 5o >0 (5.29)
2
™
I(k,h) -E(k)> ———, —-2<2h<k? 5.30
(k,h) - E(k) T (5.30)
16 — 28k2 + 9k* 2
Bk > — =" T p 22 31

For 0 < 2h < k2, inequality (5.29) is reversed. For h > % > 0, inequality (5.30)
is reversed. As concrete examples the following estimates of the complete elliptic
integrals can be deduced:

4\[ / 1 B sz m)ilﬂdx wln(l\/g \[)’ (5.32)
/w/z( Cosx> lnS2 1n2), (5.33)
0

/2 sinx cosz\ mln2
/ (1 - ) dz = / (1 + ) dz > . (5.34)
0 2 /2 2 2

These results are better than those in [22, p. 607].
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