VICTORIA UNIVERSITY

MELBOURNE AUSTRALIA

Some Applications of De Bruijn's Inequality for Power
Series

This is the Published version of the following publication

Cerone, Pietro and Dragomir, Sever S (2006) Some Applications of De Bruijn's
Inequality for Power Series. Research report collection, 9 (4).
The publisher’s official version can be found at

Note that access to this version may require subscription.

Downloaded from VU Research Repository https://vuir.vu.edu.au/17503/



SOME APPLICATIONS OF DE BRUIJN’S INEQUALITY FOR
POWER SERIES

P. CERONE AND S.S. DRAGOMIR

ABSTRACT. Some inequalities for power series with real coefficients via the
de Bruijn inequality are established. Applications for fundamental complex
functions such as the exp, cos, sin, cosh, sinh and In are also given.

1. INTRODUCTION

If we consider an analytic function f (z) defined by the power series Y7 a,z"

with complex coefficients a,, and apply the well-known Cauchy-Bunyakovsky-Schwarz
(CBS) inequality

2
n n

(L.1) abi| <> lai|*> Iyl
1 j=1 j

j= =1

holding for the complex numbers a;, b;, j € {1,...,n}, then we can deduce that
2 n 2 2n 2
12)  F@P =D a2 < anl Y 2 = —— > |an]
n=0 n=0 n=0 1- ‘Z| n=0

for any z € D (0, R) N D (0,1), where R is the radius of convergence of f.

The above inequality gives some information about the magnitude of the function
f provided that numerical series Y |an|2 is convergent and z is not too close to
the boundary of the open disk D (0,1).

It is then natural to ask the question as to whether we can obtain better bounds
for the magnitude of f if the coefficients are restricted to be real numbers, a case
which is of large interest due to the fact that many usual complex functions can be
represented as power series with real coefficients.

If we restrict ourselves more and assume that the coefficients in the representa-
tion f (z) = ZZOZO anz™ are nonnegative, and the assumption incorporates various
examples of complex functions that will be indicated in the sequel, on utilising the
weighted version of the CBS-inequality, namely

2
2 2
(1.3) > wjaghi| <Y wylag*> wj bl
j=1 j=1 j=1
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2 P. CERONE AND S.S. DRAGOMIR

where w; > 0, while a;,b; € C, j € {1,...,n}, we can state that

o0 2 (o] o]
S anzmw"| <Yl an ol = £ (127) £ (jwl?)
n=0 n=0 n=0

for any z,w € C with zw, |z|*, |w|* € D (0,R).

The problem of improving (1.4) for one of the numbers z or w assumed to be real
is then also natural to be considered and the obtained result would give interesting
examples of inequalities for real and complex numbers.

Motivated by the above questions and utilising a tool that has been available in
the literature since 1960 and known as the de Bruijn inequality, we establish in this
paper some inequalities for functions defined by power series which will improve the
above results. Particular examples that are related to some fundamental complex
functions such as the exp, cos, sin, cosh, sinh and In are presented.

(L4) |f (w)* =

2. GENERAL RESULTS VIA THE DE BRULIN INEQUALITY

In an effort to provide a refinement for the celebrated Cauchy-Bunyakovsky-
Schwarz inequality for complex numbers

2
n n

(2.1) > bl < lag P> bl
j=1

Jj=1 Jj=1

de Bruijn established in 1960, [1] (see also [3, p. 89] or [2, p. 48]) the following
result:

Lemma 1 (de Bruijn, 1960). If b = (by,...,b,) is an n—tuple of real numbers and

z=1(21,...,2n) an n—tuple of complex numbers, then
2
n 1 n n n
k=1 k=1 k=1 k=1

Equality holds in (2.2) if and only if for k € {1,...,n}, by = Re (Azx), where A is
a complex number such that the quantity \* Sory z% 18 a nonnegative real number.

On utilising this result, we can establish some inequalities for power series as
follows:

Theorem 1. Let f(z) := Y.~ anz" be an analytic function defined by a power
series with monnegative coefficients a,, n € N and convergent on the open disk
D(0,R) C C, R> 0. If a is a real number and z a complex number such that az,
a2,22,|z|* € D (0, R), then:

(2.3) F (a2 < 57 (@) [ (127) +15 ()]

Proof. First of all, notice that, by de Bruijn’s inequality (2.2) for the choices by, =
Vagck, zr = Jagwg with a;, >0, ¢, € R and wy, € C, k € {0,...,n}, we can state
the weighted inequality:

n
E A CrWi
k=0

n

2
1 & 5
< 5;()%0% [Zak lwg|” +

k=0

(2.4)

n
E akwﬁ
k=0
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Now, on making use of (2.4) for the partial sums of the function f defined above,
we are able to state that:
(2.5) Zakakzk < B Zaka% [Z ax |2** + Zakz% ]
k=0 k=0 k=0 k=0
for any n >0, a € R, z € C with az, a2, |2|*,22 € D(0,R).
Taking the limit as n — oo in (2.5) and noticing that all the involved series are
convergent, we deduce the desired inequality (2.3). 1

The inequality (2.3) is a valuable source of particular inequalities for real numbers
a and complex numbers z as will be outlined in the following.
(1) If in (2.3) we choose the function f(z) = > ° 2", z € D(0,1), then we
can state that

S T 1 1
2.6 < .
(26) ‘1—&2 —2 1-a? L_Z|2+|1—22|1
for any a € (=1,1) and z € D (0,1). In an equivalent form, (2.6) can be
stated as
(2.7) [1 — 2+ |1 - zﬂ 11— az?>2(1-a?) (1 - |z|2) 11— 22|

for any a € (—=1,1) and z € D (0,1).

A direct proof of (2.7) is, in our opinion, difficult and we leave as an open
problem to the reader to find alternative proofs of (2.7) without the use of
the de Bruijn inequality which has been used as a key point in obtaining
the result (2.3).

(2) The choice of another fundamental power series, f (z) = exp (z) = Y
will produce via the inequality (2.3) the following result:

(2.8) lexp (az)]? < %exp (a®) [exp (|z|2) + |exp (22)”

for any a € R and z € C.
The choice z =4 in (2.8) generates the following simple and interesting
result, for which, the authors were not able to find any reference in the

oo 1

1 .n
n=0 nlz ’

literature:
. e?+1
(2.9) lexp (ia)|? < 5o XP (a?),
for any a € R.
(3) Now, if we choose the power series f(z) = In(1—2) = Y o7 12" 2 €
D (0,1) and apply Theorem 1, then we get the following inequality for
logarithms:

(2.10) IIn (1 —az)]* < %ln (1_1(12> [111 <1_lz|2> + In (1 —2%) |]

for any a € (—=1,1) and z € D (0,1).
If in (2.10) we choose z = +ib with b € (—1,1), then we obtain the
simpler result:

. 2 1 1 1 +b2
(2.11) [In (1 +iad)|” < §ln <> In (1—()2

1—a?
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for any a,b € (—1,1).
(4) If we utilise the following function as power series representations with
nonnegative coefficients:

o0
cosh (z Z , z € C;
h — 2n+1 C
sin Z 2n+1 o FEN

3

o0 gt
Z 21) Pans z2€D(0,1);

=0

]. 1+=2 = 2n—1
z " D (0,1);
! (1_Z> > gl 2eD )
n=1
F
NP

S

tanh™ Z , z€ D(0,1)
2n —

gFl(a,ﬂ,'y,z):nz:% n(!l"( O)é) (T)l;_(i)_’_fy))z”, a,B,7v>0,2€ D(0,1);

where I is the Gamma function, then we can state the following inequalities:

(212)  |cosh (az)* < 1cosh (a®) [cosh (\z|2> + |cosh (2?)

5 }, a€R, zeC

(2.13) |sinh (az)|* < = sinh (a®) [Sinh (|z\2) + ‘sinh (z%)

1+ az 1 1+ a? 1+ |27 1+ 22
2.14 1 <=1 | 1
(214 ‘“(1—az)‘—2“(1—a2>[“<1—z|2 M S

ac(—1,1), ze€D(0,1);

}, a€R, zeC

I

(2.15) ’silrf1 (az)‘2 < %sirf1 (ag) [Sirf1 (\z|2) + |sin*1 (22)
ae(-1,1), zeD(0,1);

(2.16) ’tanhfl (az)‘2 < %tanhf1 (a®) [‘canhf1 <|z|2) + |tanh ™" (2?)

],

and
(2.17)  [oFi (o 8,7, 02) )
1
5 : 2F1 ( vﬁ777a2) |:2F1 (Ol757")/, |Z|2) + 2F1 (aaﬂvlysz)}
€(-11), 2€D(0,1), o fB,7>0.

Now, by the help of the power series f(z) = > 2 a,2™ we can naturally con-
struct another power series which will have as coefficients the absolute values of
the coefficient of the original series, namely, fa (z) := Y. |a,| 2™ It is obvious
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that this new power series will have the same radius of convergence as the original
series.

As some natural examples that are useful for applications, we can point out that,
if

o~ (=D 1
- ") D(0,1);

f(2) ,;1 T DI z€ D(0,1);

S (_l)n 2n
g(z)zz z°" = cos z, z € C;

— (2n)!
h(z):i%zznﬂzsmz, z € G

n:O( n+ )

%) n 1
Z(Z)ZZ(_]-) z :1+27 z€D(0,1),
n=0

then the corresponding functions constructed by the use of the absolute values of
the coefficients are obviously
1

fA(z)zlnl_Z, ga (z) = cosh z,
1

:1—2

and they are defined on the same domain as the generating functions.
The following result contains an inequality connecting the function f with its
transform f4.

ha(z) =sinhz and 14 (2)

Theorem 2. Let f(z) := > o7 a,2" be a function defined by a power series with
real coefficients and convergent on the open disk D (0,R) CC, R>0. Ifa € R an
2 € C are such that az,a?, |z|2 ,22€ D(0,R), then:

(2.18) |f (az)* < %fA (a%) [fA (IZIQ) +fa (22)” :

Proof. Firstly, observe that for each n € N, a,, = |a,|sgn (a,) where sgn (x) is the
sign function defined to be 1 if x > 0, —1 if x < 0 and 0 if x = 0.
Utilising the de Bruijn inequality with positive weights we have

2

£ (@2)P =D lan|sgn (an) a™z"
n=0
1 oo (oo} (oo}
2 n 2 n
SES SUNTIN R SUNIEEES wERI
n=0 n=0 n=0

1
S5 (@) [1a (1P) + 152 ()]
for any a € R, z € C with az, a2, |z|2 ,22€ D(0,R). 1

In the following examples we exemplify how the above inequality may be used
to establish some inequalities for real and complex numbers that otherwise would
be very difficult to prove.
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(1) If we take the function

= (2n)!
then
el 22n+1 ) 1 3
fA(z):Zm:smh(z):§(ez—e #) for zeC.
n=0

Applying the inequality (2.18) for this selection will produce the result
1
(2.19) lsin (az)|? < 3 sinh (a?) {sinh (\z|2) + [sinh (2?) ”

for any a € R and z € C.
Now if in (2.19) we choose z = ib, with b € R, then we obtain the
inequality

(2.20) |sin (iab)|2 < sinh (a2) sinh (b2)

for any a,b € R.
(2) The function

has the transform

fa(z) =cosh(z) = % (e*+e*) for z€C.

Utilising the inequality (2.18) for f as above gives
(2.21) |cos (az)|* < %cosh (a®) {cosh (|z|2> + {cosh (z%) |]
for any a € R and z € C. In particular, we have, with z = b,
(2.22) |cos (iab)|* < cosh (a®) cosh (b?)

for each a,b € R.

From a different perspective, we can state the following result which establishes
a connection between two power series, one having positive coefficients.

Theorem 3. Let g(z) = Y . obn2"™ and f(2) = >.,° ,anz™ be two power series
with b, € R and a,, > 0 for n € N. If g is convergent on D (0, Ry), f is convergent
2

on D (0,R2) and the numerical series > .- % s convergent, then we have the

n=0 a,
inequality:

(2.23) 9 (P < 3 (i b) [7(1=F) + 17 3]
n=0 "

for any z € C with z € D (0, Ry) and a,|z|* € D (0, Ry).
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Proof. Utilising the de Bruijn weighted inequality (2.4) we can state that

|

00 2

Z b—”anz”

a
n=0 "

<1ia <b”>2 ia |2|*™ +
=9 n an P n

n=0

S [5(:4) ]

a
n—o m

9 (2)* =

&S]
§ anz2n
n=0

1
2
for z € C with z, 22,|2]> € D (0,R1) N D (0,Ry) . I

Remark 1. The above inequality is useful in comparing different functions for

. . . b2 .
which a bound for the numerical series Y~ o == is known.

Corollary 1. Let g(z) = ZZO:O bnz™ be a power series with real coefficients and

convergent on D (0, R) . If the numerical series - b2 is convergent, then

= —22|4+1— 2
(2:24) 9GP <5 (} jbi) P
2 =2 (1= )

for any z € C with z € D (0,R) and 22,|z|> € D (0,1).

n=0

Corollary 2. Let g(z) be as in Corollary 1. If the numerical series - (nlb2)
is convergent, then

oo

(2.25) 9P < 33 (1) [exp el + fexp ()]

n=0
for any z € D(0,R).

Remark 2. If we consider the series expansion

1 1 =1
~-In Z 2", z€ D(0,1)\ {0},
n=0

z 1—2 n+1

1

then, on wutilising the inequality (2.24) for the choice b, := and taking into

n+1
account that
o0 o0
1 1 w2
R —— _— = 2 = —
;:O: 1) ;:1: 3 =6(2) G

we can state the inequality

1- 22| +1— 2
=22 (1~ J2F)

3. SOME INEQUALITIES FOR THE POLYLOGARITHM

2
(2.26) In(1—2)| < % 12| for any z€ D(0,1).

Before we state our results for the polylogarithm that can be obtained on utilising
the de Bruijn inequality, we recall some concepts that will be used in the sequel.
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The polylogarithm Liy, (2) , also known as the de Jonquiéres function is the func-
tion defined by

x>

(3.1) Liy (2) :=

NE
TN

ES
I
—

defined in the complex plane over the unit disk D (0,1).

The special case z = 1 reduces to Lis (z) = ¢ (s), where ¢ is the Riemann zeta
function.

The polylogarithm of nonnegative integer order arises in the sums of the form

— n : 1 = n n—i
];k rkLz_n(r)(lr)nH;<i>k

where <’Z> is an Fulerian number, namely, we recall that
k+1
n\ it 1 . n
<k>._§;)( 1) ( Z, )(k Jt".
j=

Polylogarithms also arise in sums of generalised harmonic numbers H,, , as

oo L.T

Z H, =" = 12 (2) for ze€ D(0,1),
—z

n=1

where, we recall that

_ 241 Li_, (Z):ﬁ’

Lig (2) = % and Lij(z) = —In(1—z), zeD(0,1).
At argument z = —1, the general polylogarithms become Li,, (—1) = —n () , where
71 (x) is the Dirichlet eta function.

It is obvious that Li,, being a power series with nonnegative coeflicients all the
results in the above section hold true. Therefore we have, for instance the inequality:

(3.2) |Liy (a2)]? < %Lin (a?) [Lz‘n (|z|2> + | Lin (z2)|}

for any a € (—1,1) and z € D (0,1), where n is a negative or a positive integer.
In the following we present some results that connect difficult order polyloga-
rithms:

Theorem 4. Leta € (—1,1), z € D (0,1) and p, q, r integers such that the following
series exist. Then

Liyap (0%) [Liraq (12°) + [Dirgaq (22)]]

DN | =

; 2
(3.3) [ Lirtpq (az)]” <
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Proof. Utilising the de Bruijn’s inequality with positive weights we have:
2

. 2 =111y
|Liriptq (az)]” = kzlﬁ'kjpa T~
(S 1 a2\ [ 1 |2 |1 2
s \Xw ) | T
k=1 k=1 k=1
1

= SLirsap (%) [Lirsaq (12°) + [Lirszg (=2)]]
and the inequality is proved. §

In particular, we can state the following inequality which incorporates the zeta
function:

Corollary 3. Let z € D(0,1) and p,q,r integers such that r + 2p > 1. Then
) 1 ) )
(34)  |Liniprg () < 5C0+2) [Lirsag (12°) + | Lins2g (=)
The proof follows by Theorem 4 for a = 1.

Remark 3. On utilising (3.4) and taking into account that some particular values
of ¢ are known, then we can state the following results:

(3.5) |Ligir (2) < 7;; [Ling (127) + | Lizg ()]
and
3.9) Bige ()P < 75 [Ling (12) + [ iy ()]

for any z € D (0,1) and q an integer.
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