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ON THE TORRICELLIAN POINT IN INNER PRODUCT SPACES

S.S. DRAGOMIR AND D. COMANESCU

ABSTRACT. The concept of Torricellian point related to a set of n vectors in
normed linear spaces is introduced and the general properties obtained. The
existence and uniqueness of the Torricellian point in inner product spaces are
established.

1. INTRODUCTION

The problem of minimizing the sum of the distances from a variable point to
three fixed points in the plane, posed and solved by Torricelli in the 17th century,
is well known. He found that the point for which the minimum is realised is either
a vertex of the fixed triangle, if the measure of the corresponding angle is greater
than %", or the unique point for which each edge is seen under %’T

In this paper, the concept of Torricellian point for the case of normed linear
spaces and related with a set of n distinct given vectors {a1,...,a,} C X (n > 1)
is introduced and some of its general properties obtained. The existence and unique-
ness of Torricellian point in inner product spaces and characterisations with a ge-
ometrical interpretation are established as well. The obtained results build on the
case of three vectors in inner product spaces that has been considered in [4].

2. PRELIMINARY RESULTS

We start with the following definition:

Definition 1. Let (X;||-||) be a real normed linear space, n > 1 a natural number
and {a1,...,an} C X a set of distinct vectors in X. We say that the point zo € X
is a Torricellian point for the set {a1,...,an} if the following condition holds:

n n
Zon—angZHx—aiH forallz € X,
i=1 i=1

i.e., the element xo minimizes the (nonlinear) functional T : X — [0,00), called
the Torricelli functional, and given by: T (z) := Y i |z — a;i| .

The set of Torricellian points associated with the set {aq, ..., a,} will be denoted
by TX {ala"'aan}'

Remark 1. Naturally, the above concepts can be introduced in the more general
case of metric spaces. The Torricellian point is also known in the literature as
the median point of the finite set F = {a,...,a,}, [1]-[3] and [5]-[7], however we
believe that, taking into account the history of the problem, the name Torricellian
point is perhaps more appropriate.
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For the sake of completeness, we introduce some notations that will be used in
the sequel:
(i) dr(a,b) := {Aa+ (1 — X\) b\ € R} where a,b € X and a # b will be called
the right line determined by the elements a and b;
(ii) [a,b] := {Xa+ (1 = A)bJA € ]0,1]} where a, b are as above, will be the seg-
ment determined by a and b;
(iii) The points of the set M C H are said to be colinear iff there exists a right
line dr (a,b) such that M C dr (a,b).
(iv) The normed space (X, ||-||) will be called strictly convez iff for every x,y € X
with « # y and such that ||z + y|| = ||z|| + ||ly|| , there exists a real number
t such that x = ty.
(v) Splai,...,ay)is the linear subspace generated by the set of vectors {a1,...,a,} .
(vi) Let (X, ||-]]) be a normed linear space and h : D C X — R (D is open in
X). Suppose that g € D. We will say that h is Gdteauz differentiable in
xq iff there exists the limit:

h(xo+ty) — h(zo) Oh

li = —
S t By (o)
for all y € X.
Some of the fundamental properties of the Torricellian mapping T associated
with the set of distinct points {a1,...,a,} are embodied in the following proposi-
tion:

Proposition 1. With the above assumptions,
(i) T is nonlinear;
(ii) T is continuous on X in the norm topology;
(iii) T 4s nonnegative and lim|,| oo T (x) = 00;
(iv) T is convex on X.
Proof. (i) and (ii) are obvious.
(iii) We have:

T (x) = ZHx—azH >Z|II$H—||azH|
> (el = llaill) = nlz) - leaz\l

i=1

3

which shows that T (z) — oo as ||z|| — oo.
(iv) Utilising the triangle inequality we have:

T(aw+py) =) llaw+ By —ail =) lla(—a)+ By —a)]
i=1 i=1

<ay llz—aill+ 8 lly—aill = aT (z) + BT (y)
i=1 i=1

forall a, 8 >0 with a+8=1and z,y € X.

The next proposition also holds.
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Proposition 2. Let (X, ||]|) be a strictly convex normed linear space. If{aq,...,a,}
(n>1) is a set of non-colinear vectors in X, then T is strictly conver on X.

Proof. Since T is convex, one has:
(2.1) Tz + (1 —=XNa2) < AT (z1)+ (1 =X T (22)

for all A€ 0,1] and z1,z5 € X.
Now, let A € (0,1) and z1, 22 € X with 21 # x2 and assume that the inequality
(2.1) becomes an equality, i.e.,

DA @ —ai) + (1= X) (w2 — @)l = A Jlen —ail| + (1= 2) D [l — as|
i=1 i=1 i=1

which gives us (by the triangle inequality) that:

(22) A —a) + (1 =A) (22 —a)ll = A (@1 — a)) || + [|[(1 = A) (w2 — ai) |

foralli e {1,...,n}.
Since (X, ||-]|]) is strictly convex, then there exists t; € R such that

/\(l‘l —ai) =1 (1—/\) (.232—@1') for all i€ {1,...,?’7,}.

Suppose that x, # a;, r € {1,2} for all ¢ € {1,...,n}. Then by the above equality
we get:

a;(A—t;(1=X)==dax1+t;(1 =N zy forall ie{l,..,n}.

Now, if t; = ﬁ, then we get x1 = x5 which contradicts the previous assumption,
hence
A t; (1—=XN)
x
A=t (1=A) " A—t(1=N)

a; = — xo forall ie{l,..,n},
which shows that a; € dr (x1,x2) for all i € {1,...,n}, i.e., a contradiction to the
fact that {ai,...,a,} are non-colinear.

If there exists ig € {1,...,n} such that z2 = a;,, then the argument goes likewise
and we omit the details. I

Corollary 1. If (H; (-,-)) is an inner product space and {ay,...,an} (n > 3) are
non-colinear, then T is strictly convex on X.

We also have:

Proposition 3. Let (H;(-,-)) be an inner product space and {a1,...,an} a set of
n distinct vectors in H. Then T is Gdteaux differentiable on H\{a1,...,an} and

T
g—y(x):@,g(w» for all © € H\{a1,...,a,} and y € H,
where
- T — a;
g(z): H\{a1,...,an} — H, 9($)¢:ZM~
i=1 ’
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Proof. Let y € H and t € R. Then for all x € H\ {a1,...,a,} one has:
L Tty T S (et ty — al = e - a)
t—0 t t—0 t

1 i |z +ty — ail® — Jlz — ail”
= e +ty —ail + llz — ai

= lim —
t—0 t

S Hzt (. = ai) + £ |y
1

= lim —
=0t = |lo +ty — aif + |l — ai
n
(y,x — a;)
= —(y,g(x)>,
1:21 |z — ail

which proves the statement. i

3. THE EXISTENCE AND UNIQUENESS OF TORRICELLIAN POINT IN INNER
PrRODUCT SPACES

We start this section with the following decomposition theorem which holds in
inner product spaces (not necessarily Hilbert spaces).

Lemma 1. Let (H;(-,-)) be an inner product space and G a finite-dimensional
subspace in H. Then for all x € H there exists a unique element x1 € G and a
unique element xo € G* (the orthogonal complement of G) such that:

(3.1) T =1z + 22.

We denote this by H = G @ G+.

Proof. Let x € H. If z € G, then = x + 0 with G € G+ and the decomposition
(3.1) holds.

If z € X\G, then by the well known theorem of the best approximation element
from finite-dimensional linear subspaces, there exists x; € G such that d (z,z) =
d(z,G). Put zg :== x — x1. Then for all y € G and A € K one has

22 + Myl = llz — 21 + Myl = ||z — (21 = Ay)l| = || — 2] = [J2]l,

which is clearly equivalent with o L 7, i.e., 2o € G and the representation (3.1)
holds.

Now, suppose that there exists another representation x = y; + yo with y; € G
and y; € G+. Then one gets:

G3z17y1:y27$2€GL.

Since G NG+ = {0}, we deduce that x; = y; and 25 = y» and the uniqueness in
decomposition (3.1) is proved. B

Theorem 1. Let (H;(-,-)) be an inner product space. If {ai,...,a,} is a set of
n > 3 non-colinear distinct vectors in H, then Tx {a1,...,a,} has a unique element.

Proof. The existence. Counsider H,, := Splai,...,ay] the finite-dimensional sub-
space generated by {ay,...,an}. Then 2 < dim H,, < n. By the above lemma we

have:
H=H, @ H*.

Now, let z € H\H,,. Then there exists a unique x; € H,, and a unique zs € Hf;
such that x = x1 + x5 and x5 # 0.
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For all a € H,, one has:

& = all = [la1 + 22 — a|| = [Jz2 + (21 — a)]|
1
= (szHz + [lw1 — a|\2) “ > o —af

because ||x2]| > 0. Thus, for a = a;, ¢ € {1,...,n}, we get:

T(x) =) le—all > ller —ail| =T (21),
i=1 i=1

which shows that the vectors which minimize the functional 7T on H are in the
finite-dimensional subspace H,,.

Let 29 € Hy. Since lim ;| T (z) = 00, there exists r > 0 such that T (y) >
T (zo) for all y € H,, with [jy|| > 7.

Denote B, (0,7) = B (0,7) N H,,. Then B, (0,r) is compact in H,, and since T is
continuous on B, (0,7), it follows that there exists an element xzy € B, (0,7) such
that:

T (x0) = zeén{() T)T(:z:) <T(y) forall ye H,.

Now, by the above considerations we can state that x( is a point which minimizes
the functional T on H.

The uniqueness. Suppose that there exist two vectors x1,zo € H with x1 # 9
such that:

T(x1) =T (x2) = Ilglf{T(x)

Consider z; :=txy + (1 —t) z2 with ¢t € (0,1) (i.e., zx # x1,x2). Since T is strictly
convex (see Corollary 1) we have:

T(x) =Tz + (1 —t)ao) <tT(z1)+ (1 —8)T (x2) =T (1)

which contradicts the fact that x; minimizes the functional 7" on H.
The proof of the theorem is thus completed. |

4. SETS WHICH ARE TORRICELLIAN DEGENERATE IN INNER PRODUCT SPACES

We start with the following definition.

Definition 2. Let {a1,...,a,} be a set of n non-colinear distinct vectors. The set
{a1,...,a,} is said to be Torricellian degenerate if Ty {a1,...,a,} € {a1,...,an},
i.e., there exists aj € {a1,...,an} so that Ty {a1,...,an} ={a;}, (j € {1,...,n}).

We have the following lemma which is of interest in itself.
Lemma 2. Let F': X — R be a convex mapping in the normed linear space (X, ||-||)
and xg € X. The following statements are equivalent:
(i) xo minimizes the functional F on X;
(ii) One has the inequality:
F tr) — F F - F
(4.1) i L@ = F o) oy, F@otsw) = Flzo)
04 ¢ 50— s
for all x € X.
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Proof. Consider the mapping ¥, » : R — R given by
Voo (t) :i=F (o +tx), ze€X.

A simple calculation shows that ¥, , is convex on R for all z € X, hence there
exists the limits:

Wig o (1) = Vay 2 (0) Wi (8) = Va2 (0)

tl—i>%l+ t ’ sl—igl— s
and
\1’3907&0 (t) — \1’3907&0 (O) > lim \I/xo T (t) \I/xo,:c (O)
t t—0+ t
> lim Waga (8) = Va2 (0) > Vi (8) = Va2 (0)
T s—0— S - S

for all s < 0 < t, i.e., one has

F (zo +tx) — F (x9) F(xo +tx) — F (x0)

(4.2) > lim
t t—0+ t
> li%l F (zg + sz) — F (x0) > F (zg + sz) — F (x9)
s—0— s s

forall t>0>s and z € X.
“(i) = (ii)”. If we assume that z¢ minimizes the functional F, then F' (z¢ + tz) —
F (z¢) > 0 for all ¢t € R which implies, by (4.2), that the inequality (4.1) holds.
“(ii) = (i)”. If (4.1) holds, then for all ¢ > 0 > s, we have:
F(zothzt) — F () 50> F (zog + sx) — F (x0)
s

which gives :
F(xg+uy) > F(xg) forall ueRandyeX.
Choosing u =1 and y = v — ¢ (v is arbitrary in X), we get
F(v) > F(z9), foreachveX
i.e., £g minimizes the functional F. |
Theorem 2. Let (H;{(,-)) be an inner product space over the real number field and

{a1,...,a,} a set of n non-colinear distinct vectors. The following statements are
equivalent:

(i) TH{alv"'van} = {aj}v JE {17""71};
(ii) One has the inequality:

n
aifaj

— la; — aj|
i#j

(4.3) <1.

Proof. We have:

n
(@)~ T(a)) =z —asll + 3" (e — ]l — flay — al)
=
n 2
[ —a;l|” +2(x — a;,a; — ai)
Iz =il + Y e Ty — el

i=1
i#]
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Let y € X and t € R. Then we have:

n

2yl + 2t (y, a; — a;)

T (a; +ty) — T (a;) = [t| |y + > H 2
=1
i#£]

ty + a; — ail| + llaj — aql]”

A simple calculation shows that:

. T (a;+ty) —T(ay) —
1 J 1) _
Jim - Iyl yz ” aJII
t#J

T(a;+sy) — T (ay) -
lim 2 — iyl - (.
- s ZH oy

i#j
“(i) = (ii)”. If a; minimizes the convex functional T', then by the implication “(i)
= (ii)” of the above lemma, we have:

y||—<y72|| _a||>>0> ||y||_<y,z| _agll>

for all y € X which yields that

(4.4) <y,ZH % > < |yl forall ye X.
i#£j

aj|

Put w = > - and f, : X — R, fu(y) = (y,u). Then by (4.4) one has
i%)

< Nlai—ajll

| fu (w)] < ||u|| which gives that || f.|| < 1.

On the other hand, it is clear that || f,|| = |Ju| and the inequality (4.3) is thus
proved.
“(ii) = (1)”. Suppose that ||u| < 1, then by Schwarz’s inequality, we have

[y, w) < [lull[ly] for all ye X,
which is clearly equivalent with (4.4), i.e

tim L@ +ty) =T (a ) > 0> lim T (a; + sy) — T (a;)
t—0+ t 5—0— S

and by the implication “(ii) = (i)” we conclude that a; minimizes the functional
T,ie., Ty {ai,...,an} ={a;}. 1

5. CHARACTERISATION OF TORRICELLIAN POINTS FOR NON-DEGENERATE SETS

In this section we point out a characterisation result for the Torricellian point
associated with a non-degenerate set of n distinct non-colinear vectors in an inner
product space.

We can state and prove the following theorem:

Theorem 3. Let (H;(-,-)) be an inner product space and {ay,...,an} C H a non-
degenerate set of n > 3 non-colinear distinct vectors. If xg € H, the following
statements are equivalent:

(i) zo € Ty {a1,...,an}
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(ii) g is a solution of the equation:

(5.1) Z”x_‘“ =0, zeH;

z —a|
(iii) xo is a solution of the system:
D1 cosgy (z) =0,
(5.2) K x € H;
> i1 o8y, (2) =0

where
( —a;,x — ay)

COS%j(x): ivje{]-v-"»n}a

o — aill [l — a;]’
and in all cases xq is unique.

Proof. “(i) = (ii)”. If x¢ minimizes the functional T, then by the implication “(i)
= (ii)” of Lemma 2, we deduce:

T T T T
(5.3) im (@0 +tx) = T'(wo) >0> lim (o + 52) — T (wo)
t—0+ t 5—0— S

Since the mapping T is Gateaux differentiable, hence by Proposition 3 we have:
IT (z)

Ox
By the relation (5.3) we get aT(IO) =0 for all x € X, i.e., g (z0) = 0, which shows

that ¢ is a solution of the equatlon (5.1).
“(ii) = (iii)”. Suppose that ¢ is a solution of (5.1), then

Lo — a;
Z E =0

O_GZH

= (z, 9 (z0)) for all z € X.

which yields that:

<Z£O_a}% xo—a]j >=O forall je{l,...,n}

0 — ail|” llzo — ajl]

i.e.,

— Q3, Lo — > .
E =0 for all j€{l,...,n},
||$o — ail lzo — a;]

which means that xo is a solution of the system (5.2).
“(iii) = (ii)”. If x¢ is a solution of the system (5.2), then

Lo — a4 Lo — aj .
=0 for all j €{1,...,n},
<Z 20— il fleo = a]||>

ie.,

<g(a:0) xoa> 0 for all j e {1,..,n}.

[z — aj|
Summing over j from 1 to n, we get

0= (g(20),9(z0)) = g (z0)|
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which means that z is a solution of the equation (5.1), then

oT
# = (z,9(20)) =0,
which, by Lemma 2, shows that x¢ minimizes the functional T’ i.e., o € Ty {a1,...,an} .

The uniqueness of the solution for the equations (5.1) and (5.2) is obvious by
the uniqueness of the Torricellian point associated with a set of n > 3 non-colinearl
distinct vectors in H, and the proof is complete. |

6. THE CASE OF THREE VECTORS IN INNER PRODUCT SPACES

It is natural to consider the case of n = 3 vectors in inner product spaces and
show that the classical result due to Torricelli can be naturally recaptured from the
more general results stated above.

If {a1, a2, a3} are colinear and

a; = Na+ (1= \b) with i ={1,2,3}, Ay <Xa<)A3 and a,be H

then one can easily show that 7y {a1,a2,a3} = {as}.
The case of Torricellian degenerated vectors is embodied in the following propo-
sition (see also [4]):

Proposition 4. Let (H;(-,-)) be an inner product space and {ai,as,a3} a set of
three non-colinear vectors in H. The following statements are equivalent:

(i) Tu {a1,a2,a3} = {as};
(ii) The angle 6 between a; — as and ay — ag is greater that %’r

Proof. By Theorem 2 one has that ay € Ty {a1, as, a3} if and only if

which is equivalent with

llay — aq|® 2< a1 —az Gz — as las — az ]|
\

a1 — az||” [|as — az| las — as]?

ar — as as — as H

a1 — az| ||as — ag|

lar — az])?

ie.,
cosf = (1 — az, a5 — ap) < *17
a1 — azl| [laz — az|

which shows that 6 € [2F, 7). I

[\

The case of non-degenerate sets is embodied in the following proposition (see
also [4]):

Proposition 5. Let (H;(-,-)) be an inner product space and {ai,as,as} a set
of three non-colinear non-degenerate vectors in H. The following statements are
equivalent:

(i) TH {al,ag,ag} = {1‘0}
(ii) We have 015 = 033 = 631 = %’r, where 0;; is the angle between a; — o,

a; — o, (17]) € {(1ﬂ2) ’ (273) ) (371)}
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Proof. By Theorem 3, we have that Ty {a1,a2,a3} = {xo} iff z¢ is the unique
solution of the system:

cos By (x) + cos by (z) + cos b3 () =0
cosfay (x) + cosbag (z) + cosbas () =0

cos B3y (x) + cos sz (z) + cosbss () =0
_ {z—aj,z—aj)
where cos ¢, ; (x) = m
This system is equivalent with

cos 12 (z) + cos b3 (z) = —1
cos 012 (z) + cos a3 (z) = —1

cos B3y (x) + cosbag () = —1

which gives us cos 15 = cosfla3 = cosfs3; = f% and the proposition is proved. i
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