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THE BEST BOUNDS IN KERSHAW’S INEQUALITY AND TWO
COMPLETELY MONOTONIC FUNCTIONS

FENG QI

ABSTRACT. A new proof for monotonicity and convexity of a function deduced
from Kershaw’s inequality involving the Wallis’ function about the Euler’s
gamma function is provided. The complete monotonicity results of two func-
tions involving the divided differences of the psi function ¢ and polygamma
function v’ are established.

1. INTRODUCTION

The D. Kershaw’s inequality [15] states that

1-s
P 17S<M< x—l—k s+1 (1
2 I'(z+s) 2 4

for 0 < s <1 and x > 1, where I' denotes the classical Euler’'s gamma function and

~—

the middle term in (1) is a special case of the Wallis’ function or ratio ?gig g for
z+p>0and z+q>0.
Inequalities for Wallis’s ratio }:Eiig have remarkable applications to obtain es-

timates for ultraspherical polynomials, please refer to [2, 11}, [17, [18], for example.
It is clear that inequality (1) can be rearranged as

% < Egiiﬂ v x < m - % (2)

Let s and t be nonnegative numbers and o = min{s,¢}. Define

1/(t—s)
[WH)} Cu st
zst(x) = |D(x + 5) (3)
e¥(@+s) g s=t

inz € (—a,00).

In [25], it was proved that the function z; 1 o(z) is strictly decreasing in (—3, o).

n+B
on for n eN

Qi
n+A<7;1

Applying this result, the paper [1] showed that o .

with the best possible constants A = % and B = 7, where ), = 1,(%5/2) denotes
the volume of the unit ball in R"™.
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2 F. QI

For more information about the background, applications and recent develop-
ments of inequality (I) or (2), please refer to [4, 13, 20, 22] and the references
therein.

In order to establish the best upper and lower bounds in Kershaw’s inequality
(1) or (2)), among other things, the paper [13] proved the following theorem.

Theorem 1. The function zs(x) is either conver and decreasing for |t —s| < 1
or concave and increasing for |t — s| > 1.

In 2005 the papers [4, 22] gave two alternative proofs for Theorem (1! respec-
tively by using the convolution theorem of Laplace transforms, some asymptotic
formulas and integral representations of the gamma function I', the psi or digamma
function v and the polygamma or multigamma functions ¢(®)(z) for k& € N, and
other analytic techniques. Recently the paper [16] by S. Koumandos applied the
monotonicity results in Theorem (1] to obtain an inequality which generalizes the
sharpened Wallis’ double inequality validated in [5} 6} [7, [8, 9, 10, 21] and the ref-
erences therein.

Recall that a function f is said to be completely monotonic on an interval I if f
has derivatives of all orders on I and

(-1 (@) =0

for z € I and n > 0. For information about the history, applications and recent
developments on the completely monotonic function, please refer to the expository
article [19] and the references therein.

The first aim of this paper is to provide a new and simple proof of Theorem [1
by using a method developed in [12] and other techniques.

The second aim of this paper is to prove the complete monotonicity of two
functions involving the divided differences of the psi function ¢ and polygamma
function ', which are derived from the proof of Theorem 1. These conclusions can
be stated as two theorems below.

Theorem 2. Let s and t be nonnegative numbers and o = min{s,t}. Define

YE+t) —Yl@+s) 2o+s+t+1 sS4t

t—s 2(z + s)(z +1t)’

!
— — —¢
Yi@+s) x+s 2(x+s)?’ §

inx € (—a,00). Then the functions s 4(x) for |t — s| < 1 and —ds4(x) for |t —s| >
1 are completely monotonic in x € (—a, 00).

55715(1‘) =

Theorem 3. Let s and t be nonnegative numbers and o = min{s,t}. Define

Pa+t)—da+s)]? Vit = (@+5s)
Asi(z) = t—s " t—s SEE (5
[ (x+ )2 + 9" (z +s), s=t

inx € (—a,00). Then the functions Ag(z) for |t —s| < 1 and —Ag(z) for
|t —s| > 1 are completely monotonic in x € (—a, 00).

Remark 1. The positivity of the functions Ag o(z) = [¢/(2)]> + 4" (z) and doo(z) =
¢'(z) — L — 315 has been proved in [3] and [12} 21] respectively, so Theorem 2 and
Theorem [3 are generalizations of related results in [3, 12, 21] and the references

therein.
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2. PROOFS OF THEOREMS
2.1. Proof of Theorem [1. In this subsection, we will give a new and simple proof
of Theorem (1L
2.1.1. Convexity and concavity in Theorem 1| for s # t. Standard differentiating
and simplifying yields
[2s.¢(x) + 2][Y(x + 1) — P(z + 5)]

) = et -1 )
) = 22 [ PELOZVE T 1o 40y o+ 91
= [zst(z) + 7] Li / (2 +u) du} +— [ ¥'(z+u) du}

where, for simplicity and our own convenience in the following, a notation

1
t—s

~ InT(z+t) —InT(x+1)

(@) = t—s

/Stw(x+u)du

is introduced. The functions

t
Bu(0) = 1 [ 0 du= ML)
and
t / !
W) = [0y du = LDV

are known as the divided differences of the functions ¢ and v’ or the arithmetic
means of the polygamma functions ' and " on the interval between x + s and
r +t.

It is well known that for n € N the polygamma or multigamma functions w(”)(x)
have the following integral expressions

$) (2) = (1) / h

This implies clearly that lim,_,., Ag () = 0. Hence, in order to prove A, () = 0,
it is sufficient to show A, ;(x) — As(z + 1) 2 0, as done in [12].
By using the following formula

t’ﬂ

1_76—1‘,675615 dt. (7)

(1)1 — 1)!

2t

YD+ 1) =V (@) + (8)

for i € N and > 0, which can be established from the well-known difference
equation I'(x + 1) = «zI'(z) by taking logarithm and consecutive differentiation, it
is obtained that

As(2) = Agu(w+1) = [0, ()] = [ (@ + DI + @ y(2) — @ (2 +1)
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@, (0)+ O, (e 1) [0 1 Co
’ ’ / du—/ EEENH
2 s @rw? T, Ty

o[ ] duH@'S,xx)w;,t(mH) (e Bdu]

t—s x + u)? 2 f 1/(z +u)?du
2[ 1 /tw’(x+u)+w’(:r+u+1)du IN /(x+u)3du] (9)
T t-s

2
t—s

. 2 [11/(z +u)?du
|

O Ly |

Since limy_.o0 05,1 (z) = 0 by (7) clearly, in order to show J,.(z) = 0, it suffices
to prove ds4(x) — 05 (z + 1) 2 0, as done in [12].
By using the formula (8)) and standard argument, it is concluded that

t / Y
6s7t(x)_6s,t(l'+1>:tis/ Vietw —dletutd)

2
/w (r+u+1)-— 1//(x+u+2)d
t—s 2 u
f 1/(z+u+1)3du f 1/(z +wu)?du
f 1/(z+u+1)2du f 1/(z +u)?du

1 t 1 t 1
:2<t—s>[/s <x+u>2d“+/s (SE—HH—l)QdU}
@ +u+1)Pdu [11/ (@ +u) du

[/ @ +ut+1)2du [11/(z+u)?du

_ 1 1
_2[(:c+s+1)(x+t+1) + (x+s)(x+t)}
z+1+(s+1t)/2 z+(s+1t)/2
(z+s+1)(@w+t+1) (z+s)(x+t)

1—(s—1)?

2w+ s)(x+s+1)(z+t)(z+t+1)

+

20
if and only if 1 — (s — )2 = O which is equivalent to |s —t| < 1 immediately. This
implies 05, (z) 2 0, Ag (x) — Age(x + 1) 2 0, and then
254 (@)
zos(r)+ o =
if and only if |s —t| < 1. So, the convexity and concavity of the function z¢(x)
follows readily.

As’t(.’f) =

2.1.2. Converzity in Theorem |1 for s =t. It is clear that
Z;,s(x) = w/(ft —+ s)ew(ers) _ 1,
Z;”S(.%”) = [wl(l” + S)}Z + z/}//(m + s)}ew(m"'s).
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The requirement z{  (z) > 0 follows from a fact [3, Lemma 1.1] that Ago(x) =
[0 (2)]? + ¢ () > 0 for z > 0.

2.1.3. Monotonicity in Theorem![]. From an inequality ¢’ (z)exp ¢ (z) < 1 for z > 0
obtained in [3, Lemma 1.1], it is deduced easily that z;  (z) < 0, and then z, ()
is decreasing.

From the convexity and concavity of zs.(x), it is deduced immediately that if
|s —t| > 1 the first derivative z{,(z) is decreasing and, if 0 < [s —t| < 1 the
function 2 ;(z) is increasing. Therefore, in order to obtain monotonicity of z, ; (),
it is sufficient to verify lim, . z; ,(z) = 0.

For > 0, Corollary 1 in |21}, p. 305] gives

1 1 1 1 1 1

e < m a4 1) < e — e 11
202 623 vilz+1) 222 6x3 + 30>’ (11)
which can be rewritten by (8)) as

1 1 1 1 , 1 1 1

LI . LI 12

x+2z2+613 30x° <d}(x)<x+2x2+6x3 (12)

This means

lim 2lib(z+ 1) — ¥z + )] = (t — 5) lim a9/(z +&)

. 1 1
< JLH;J”[Hg TomreaE T 6(x+§)3] —tos
and
Jim zfy(z +1) — ¥z +5)] = (t = 5) lim 29/ (z + )
. 1 1 1 1 _,
= zinéox[x+§ + 2z + £)2 + 6(x + )3 30(:1:—&-5)5} e

where & is between s and ¢. As a result,
lim z[Y(x+1t) — Yz +s)] =t—s. (13)
In [14] J. D. Kecki¢ and P. M. Vasié¢ gave the following double inequality
bb—l ea—b _ F(b) bb—1/2
ao—1 F(CL) a®—1/2
for 0 < a < b. Applying a = z+ s and b = z + ¢ to inequality (14) and rearranging
leads to
(1+¢t/z)e+t—1 1/(s—1)
[(1 + S/x)“’“l}

e b (14)

Iz +t) } H(e=)

s—t
e < |:.'L‘ F(erS)

1 t z+t—1/2 1/(s—t)
[y,

(1 + S/x)a:+s—1/2
For any constant § € R, it is clear that
o [t/ AT im0 (1 t/a)e o O
im |[—— A —
(1 + S/x)ersfﬁ hmm—»oo(l + s/x)mqtsfﬁ

1
r—00 6.

Thus,

. . F(:E+t) 1/(s—t)
1 s—t_ =1. 1
i | e ()
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Rearranging (6) and utilizing (13) and (15)) reveals

i 2 (o) = i [(LEHD) a0 v o]
o _ FZ::)S) V=) im, x[;zxs+t)w(x+5)]
:JLH;O(:ES tlw> 200 t—s ~1
= 0.

The proof of Theorem [1]is complete.

2.2. Proof of Theorem [2. Now we are in a position to prove Theorem 2| which
tells us the complete monotonicity of the sum for the divided difference of psi
function ¥ and a rational fraction.

2.2.1. The case 05 s(x). This is equivalent to the complete monotonicity of the
function 6g,0(z) = ¢'(z) — L — 515, Successive differentiation of the function 6o ()

with respect to z > 0 yields

kRl (—1)F (k1)
rh+1 Qrk+2

5 () = 40 (2) 4 ¢ (16)

for nonnegative integer k. Formula (7) means directly that lim, 5(()]3 (x) = 0.
Hence, to prove (—1)"'5613 (z) > 0 in (0, 00) for nonnegative integer k, it suffices to
show (—1)’“[66’3 (z) — (56’3 (x +1)] > 0 as done in [12].

From (8), it is concluded that

(—1)*[659 (2) — 659 (& + 1)) = (=) p*+D (2) — p*+D (@ 4 1)]
|

il 1 1 (k + nr 1 1
TV gkl T + 1)k k2 (z + 1)k+2
:(k—l—l)!_k' 1 _ 1 _(k+1)! o 1
kT2 2F T (g4 )R 2 TF2 (24 1)FF2

SEII S s Y I o

2 rk+2 (x + 1)k+2 rkt+1 (g; + 1)k+1

1/1’k+2 + 1/($ + 1)k+2 z+1 1 4
2 ) ukt? “

—(k+1)!{

Utilizing the noted Hermite-Hadamard-Jensen’s integral inequality [23] [24] in the
final line of (17) deduces the positivity of (—1)’“[(56% (z) — 56’3 (x +1)]. As a result,
(—l)kéé]fo) () > 0, and then, the function dg ¢(z) is completely monotonic in (0, co).

2.2.2. The case 654(x) for s #t. The function J, () can be rewritten as

r+u)du 1 1 1 1 1
0s,t(x) = fwt_su u2{<1 t—s)x+t+<1+t—s>x+s}’ (18)

then, for nonnegative integer k,
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1/J(k+1) (z+u)du
T t—s

) (_12)kk;! Kl - tls) (x +1t)k+1 * (H tls) (x+1s)’““} (19)

Since limg_, o (5&?@) = 0 from (7), as done in [12], to show (—1)’“5§? (x) 20, it is
sufficient to verify

(=101 (@) = 8 (2 + 1)] = (=1)* 04 (2) — Gaa(w+ )P Z 0.
Formula (10) tells us that

1—(s—t)?

Os(x) —0sp(x+1) = 20+ s)(z+s+D)(x+t)(x+t+1)

(20)

in x € (—a, 00). Since % is completely monotonic in (0, 00) and a product of finite

completely monotonic functions is also completely monotonic, then the function

55,75(30) — 557,3(11,‘ + 1)
1— (s 1)

is completely monotonic in (—a, 00), that is,

[Bsa(@) = bou(x+ )® 8 (@) =00 @+ 1)
1—(s—1t)2 N 1—(s—1t)?
in z € (—a, 00). Hence, (—1)"“[5&?(&6) - 5£{?(m +1)] 2 0 and then (—1)"”‘55),?(;6) 20
in (—a,00) for [s —t| = 1.
The proof of Theorem 2/ is complete.

(-1*

2.3. Proof of Theorem 3. Finally, by using the same method as in the proof of
Theorem 2, we are about to prove the completely monotonic property of the sum
for two divided differences of the psi and polygamma functions.

2.3.1. The case Ag s(x). This case is equivalent to the complete monotonicity of
the function Ago(z) = [¢/(z)]* + ¢ ().
By standard computation, it follows that

Afp(e —22( )W”( Jo = (@) + 4 (@),

for nonnegative integer k, where (O) = 1 is assumed. Formula (7) means clearly

0
that lim,_ o Agfg (x) = 0 for nonnegative integer k. Hence, in order to show

(—1)* A(()]fo)(as) > 0 for nonnegative integer k, by a method used in [12], it is sufficient

to prove that (—1)’“[Agf3(x) — A(()]fg(x +1)] = (—=D)*[Ago(z) — Ago(z + 1)]* >0
for nonnegative integer k.
From (8)), it is obtained that

Aoo(x) — Ago(z+1) = % Y (z) — 1_1]

The function ?22 is completely monotonic in (0,00) clearly. The complete mono-

tonicity of the function ¢’(z) — L — -1 in (0, 00) has been proved in Theorem 2.
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Since a product of finite completely monotonic functions is also completely mono-
tonic, then the function Ag o(x) — Ago(z+1) is complete monotonic in (0, 00), that
is,

(=D [Bn0(@) = Apo(e + DI = (~DHAGY () ~ AGY(x +1)] > 0
for nonnegative integer k in (0,00). Hence, (fl)kAgfg () > 0 and the function
Ago(x) is completely monotonic in (0, 00).
2.3.2. The case Ay (x) for s #t. In order to show (—1)’“Agft)(a:) < 0 for nonnega-
tive integer k, by a method used in [12], it is sufficient to show that

(~DMAR @) = AL @+ D) = (1 Au(@) = Auy(z + DIV S0

in (—a, 00) for nonnegative integer k. Formula (9) gives

AS,t(x)—AS,t(l‘+1)=25S7t($){ ! /:( ! du} (21)

t—s T+ u)?

It is clear that the function i f: (14_1”)2 du is completely monotonic in (—c, 00).

Combined with the fact that (,1)16(;&2 () 2 0in (—a,00) for |s —t| < 1 obtained
Theorem 12| it is deduced that

(DA u(x) = Agu(z + )P = (~1)*AR (@) - ARz + 1)) s 0

)

in (—a,00) for |s—t| < 1. This implies that (—1)’“Agft)(x) < 0 in (—a,00) if
|s — t| < 1 for nonnegative integer k.
The proof of Theorem 3| is complete.
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