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SOME INEQUALITIES FOR f-DIVERGENCE MEASURES
GENERATED BY 2n—CONVEX FUNCTIONS

S.S. DRAGOMIR AND S. KOUMANDOS

ABSTRACT. A double Jensen type inequality for 2n—convex functions is ob-
tained and applied to establish upper and lower bounds for the f—divergence
measure in Information Theory. Some particular inequalities of interest are
stated as well.

1. INTRODUCTION

Let (Q, A, 1) be a measure space satisfying |A| > 2 and p a o—finite measure
on Q. Let P be the set of all probability measures on the measurable space (€2,.4)
which are absolutely continuous with respect to u. For P,Q € P, let p = % and
q= % denote the Radon-Nikodym derivatives of P and @ with respect to u. Two
probability measures P, € P are said to be orthogonal and we denote this by
QLPif

P({g=0})=Q({p=0}) =1
Let f : [0,00) — (—o0,00] be a convex function that is continuous at 0, i.e.,

In 1963, I. Csiszér [3] introduced the concept of f—divergence as follows.

Definition 1. Let P,Q € P. Then

(11) 5@ = [ pe)f ["(‘”] dp(s).

p(s)
is called the f—divergence of the probability distributions Q@ and P.

We observe that the integrand in (1.1) is undefined when p(s) = 0. We can
overcome this problem by postulating for f as above that

0 or[19] - s [ ()] 5o

10

We recall now some important classes of f—divergences that play a key role in
various problems in Information Theory and Statistics.

A. The class of x—divergences. The f—divergences in this class are generated by
the family of functions f, (u) := |[u —1|", u € [0,00), @ € [1,00). They have the
form:

(1.3) I (Q.P) = / P () () — p (5)|° du (s)

Q
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2 S.S. DRAGOMIR AND S. KOUMANDOS

From this class only the parameter a« = 1 provides a distance in the metric sense,
namely, the total variation distance

V(Q.P) :=/Q|q(8)—p(8)\du(8)-

The most prominent special case in this class is however the Karl Pearson x?—divergence

S) — S 2 2 S
) re@p) = [ BRI [T g0 -

o  p(s) p(s)
B. The Dichotomy class. This class is generated by the family of functions g, :
[0,00) — R where

u—1—1logu for a =0,
Jo (1) := ﬁ[au—i—l—a—ua} for a € R\{0,1},
1—u+ulogu for a=1.

Only the parameter a = %, that is, g1/2 (u) = 2(v/u— 1)2 provides a genuine
distance, namely, the Hellinger distance

ner=|[ (mm)%mf.

Another important divergence in this class is the Kullback-Leibler divergence
obtained for = 1 and given by
q(s)

KL(Q,P) = /Qq(S)log [})(SJ dp (s) -

For other classes of f—divergence such as Matushita’s divergence, Puri-Vincze
divergences or Arimoto-type divergences, see [7], [12] and [11].

Now, for a continuous convex function f : [0,00) — R, consider the *— conjugate
function

£ () = uf (i) it we (0,00)

and

£5(0) :==lim f* (u).

u]0
It is well known that if f is continuous convex on [0,00) then f* is the same. The

following results contain the most basic properties of f—divergences (for their proof,
we refer to Chapter 1 of [11]).

Theorem 1 (Uniqueness and Symmetry Theorem). Let f, fi be continuous convex
functions on [0,00). We have

Ifl (Q’P) = If (Q’P)
for all P,Q € P if and only if there exists a constant ¢ € R such that fi (u) =
f(u)+c(u—1) for any u € [0, 0).

Theorem 2 (Range of Values Theorem). Let f : [0,00) — R be a convex function
on [0,00). For any P,Q € P we have the double inequality

(1.5) fQ) <Ip(Q,P) < f(0)+ f7(0).
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(i) If P = @, then the equality holds in the first part of (1.5). If f is strictly
convex at 1, then the equality holds in the first part of (1.5) if and only if
P=Q;

(ii) If Q@ L P, then the equality holds in the second part of (1.5). If f(0) +
f*(0) < oo, then equality holds in the second part of (1.5) if and only if
OLP

For other recent results concerning inequalities for f—divergences, see [2] and
[4].

2. INEQUALITIES FOR 2n—CONVEX FUNCTIONS

Let (92, A4, 1) be a measure space consisting of a set 2, a o—algebra of parts
denoted by A and a countably additive and positive measure p defined on A with
values in R U {oc0} .

Assume that the function w : Q — [0,00) is p—measurable with the property
that [, w(s)du(s) = 1. We consider the Lebesgue space Ly, (€, ) :== {f : Q@ = R,
[ is p—measurable and [, w (s) |f (s)|dp(s) < oo} .

The following result that provides a double Jensen type inequality may be stated.

Theorenol 3. Let F : 1 C R— R be a 2n—time differentiable function on the
interior Iof the interval I and n > 1. Also, assume that F@n) (t) > 0 for each
t e f, i.e., F is 2n—convex on I. Iff:Q— Iisa u—measurable function on
and such that f, (f — [qw (s) f (s)dp (s))k ,Fof, F® o fisin Ly (Q,u) for each
k=1,....2n—1 and [,w(s) f(s)dp(s) €l then,

2n21 Fk) (fg w(s) f(s)du (8))

(2.1) -

k=1
XAM@p@—LwMﬂawaW@
< [wE PG ) - F ([ wis)f6)dus)
/ (/ )

2n—1 (_1)k;+1
k!

A

k=1
y@ﬂ@p@—ﬁwwfwwuffWU@mmw

Proof. We observe that, by Taylor’s representation theorem with integral remain-
der, we have for each z,a € I that

2n—1

B (z —a)” 1 ‘ n—1 r(2n
(22)  F(z)= ;;o TF(’“) (a)+m/a (z —t)>" " FCY (1) dt.

Since F2™ (t) > 0 for any t € I, then on denoting by

R(z):= / ’ (z —t)>" " FC (1) dt,
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we observe that R (x) > 0 for any x > a. Also, for < a we can write that

R(z) = — / (x—t)>" ' FCY () dt = / (t—2)>" P FCY (1) dt > 0

x

showing that in fact R (x) > 0 for each z,a € I. Therefore, by (2.2) we can state
that

1 k
(2.3) F(z)>F(a)+ Y %FW (a)

for any a:,ae[o.

Now, if we choose in (2.3) = f(s), s € Qand a = [, w (2) f () dp (z), then
we get

20 PU@2r ([ v@i@ne)

S UC R IOV OLIC) AUl R
PR ([

for each s € Q. If we multiply this inequality by w (s) > 0 and integrate on Q over
the positive measure p we deduce the first inequality in (2.1).
By changing the place of 2 with a in (2.3) we also have
2n—1 (-1 k+1 i
(2.5) Z ] (x —a)* F® (2) + F (a) > F (2)
k=1

for each x,a € I.
Now, if in (2.5) we choose z = f(s), s € Q and a = [, w(s) f(s)dp(s), we
obtain
2n—1 (_1)k+1

k
2o Y (1o [e@r@ae) 90

k=1

+([0@i@we) > F0ne

for any s € Q.

Finally, if we multiply (2.6) by w(s) > 0 and integrate on € over the positive
measure p, we deduce the second part of the inequality (2.1) and the theorem is
proved. i

Corollary 1. If F is twice differentiable and convex and f, Fof, F'of € L, (Q, 1),
then

en o< [w@P(E©) ) - F ( [ w6 <s>)
< /Q w(s) f(3) F' (f (5)) du (5)
*/w(5>f(5)du(8)~/w(S)F’(f(S))du(S)~
Q

Q

A similar result has been obtained in [6].
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Remark 1. The discrete case, i.e., where Q = {1,...,m} and p is the discrete
measure, is of interest and can be stated as:

2n—1 _ m
FR) (z -
(2.8) E T(p) : E pi (z; — xp)k
k=1 i=1

<> piF (x;) — F(Zp)

£

DT b e
T'Zpi (w5 — 7p)" FO (@),

=1 i=1

where x; € I, p; > 0 with Sorpi=1and T, =Y " piw; € I, while F: I - R

is as in the statement of Theorem 3. We also notice that if F is differentiable and

convez, then we can deduce from (2.8) the following reverse of the Jensen inequality:

IN
o~

(2.9) 0< Zpif (z:) = f (zp)

< piwif (i) = Tp > pif (w)
i=1 i=1
that was obtained by Dragomir and ITonescu in 1994, see [5].

Remark 2. We recall that a function f : (a,b) — R which has derivatives of all
orders is said to be absolutely monotonic if f™ (t) > 0 for all t € (a,b) and n =
0,1,..., and f is called completely monotonic if (—1)" £ (t) > 0 for all t € (a,b)
and n =0,1,2,.... It is therefore obvious that Theorem 3 can be applied for any
absolutely monotonic or completely monotonic function F : I — R and any n > 1.
Howewver, the class of functions F for which Theorem 3 is valid is much larger. One
can choose for instance 2n— differentiable functions g : (a,b) — R with the property
that m := inf,¢(qp) g™ (t) > —o0 and consider the new function F : (a,b) — R,
F(t):=9g(t)— %, which is 2n—differentiable and F*™ (t) = g™ (t) —m >0
for any t € (a,b).

Remark 3. The discrete inequality (2.8) can be utilized to provide various inequal-

ities for means.
For instance, if we choose F' (t) = —logt, then

—1* (k= 1)
F(k)(t):wv k>1,t>0

and then for any x;,p; > 0,4 € {1,...,n} with > i p; =1 and Tp ==Y ;| pi;
n

and G (p;x) := [] 2, we have:
i=1

7 7

(2.10) 2&:1(_§C§:Pi (;}i_l)k <10g[G(3;Z::c)}

for anyn > 1.



6 S.S. DRAGOMIR AND S. KOUMANDOS

We remark that for n = 1, we obtained the simpler inequality:

z _
2.11 0<I P <Z,-h,—1
( ) = log [G(p,x):| = Tp P ’
where h, := Y| 2 is the harmonic mean of z; with the weights p;. This is a

known result, see for instance [5].
For F'(t) =exp(t), t € R, we get from (2.8) the following result as well:
2ol gk m
(2.12) exp (Zp)

1_3517
k=1

< D _piexp (@) = exp (3,)

2n—1 )k+1 m

< Z ( sz T; — Tp) exp (z;) .

k=1

For n = 1, the inequality (2.12) produces the following particular case of interest:

0< Zpi exp (z;) — exp (Tp)

=1
m
Z pix;exp (x;) — - szexp (z;).

i=1

One can state other partlcular inequalities by choosing elementary function for
which F(") (t) > 0 on the given interval. The details are omitted.

3. INEQUALITIES FOR F'—DIVERGENCES

We consider now a function F : [0,00) — R which has the 2n—derivative F(2")
nonnegative on (0,00) . If P, @ are two probability distributions as in the introduc-
tion, we can define the following divergences:

(3.1) re@p= [ oo (1 )kdu(S)

and

q(s)
3.2 IkQ,P::/psg<>d,us,
( ) g ( ) o () k p(s) ()
where the function g is defined by

(3.3) ) =0t—DFF® (@), te0,00), k>1

and is arguably simpler than the function F' which generates it. This indeed hap-
pensif F (t) = —logt since the derivatives F'(*) (t) are in this case rational functions.
The same applies if F (¢ fo 7)dr and the integral cannot be represented by
elementary functions.

The following result provides upper and lower bounds for the f—divergence

1 @P)i= [0 F (45 dne)

in terms of the divergences introduced in equations (3.1) and (3.3) above.




INEQUALITIES FOR f—DIVERGENCE MEASURES 7

Theorem 4. Let F : [0,00) — R be a 2n—differentiable function, n > 1 and such
that F™) (t) >0 on (0,00). Then

2n1

(3.4) > k.(l) L+ (Q,P)<Ip(Q,P)—F(1)

k=1

2n—1 (_1)k+1

<> e @P).

k=1

Proof. We apply Theorem 3 for the choices w(s) = p(s), f(z) = Q(S), s € Qto

p(s)
get:
55) kz POt @) 1) [1) [ oy )] ano
< [»6 ( ) ant) - ([ aauts)
<5 O [ foome] v (5o

and since [, ¢ (s)du(s) =1, hence, with notations (3.1) and (3.3), we observe that
(3.5) is exactly the desired inequality (3.4). I

We observe that for n =1, 1,1 (Q, P) = 0 and

@ P) = [ ) (5= 1) (48 ) ducs

= [ -pn P (p(8)>du<>

therefore the following particular case may be stated:

Corollary 2. Assume that F : [0,00) — R is continuous and twice differentiable
on [0,00). If F is convex on [0,00), then the following inequality can be stated:

(3.6) 0<1Ip(Q,P)—-F(1)<dr(QP),

where

o0 (@)= [ @) o) F (43 ) aute)

is the general 6— divergence measure introduced in the recent paper [4] by the first
author.

For the definition of §—divergence measures and some of its fundamental prop-
erties, see [4].

Remark 4. It is well known that the Gamma function

I (z) z/ t““tetdt, x>0
0

is logarithmic-convex on (0,00). Therefore, one can consider the divergences gen-
erated by the convex function logT, i.e.,

Logr (Q, P) := /QP(S) logT’ (Zg) dp(s).
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If we denote by U (t) = 4 [logT' ()] = %, which is well known in the literature
as the “psi” or “digamma function”, then utilizing Corollary 2, we can conveniently
connect the f—divergence and log " with the §—divergence of ¥ via an inequality.

We have therefore the inequality:

(37) 0 S IlogF (Q,P) S 6\1’ (Qa P)7
for any P, @ € P, where, as above

0w (@P) = [ @) (L) duto),

Q p(s)

If we consider now the zeta function

C(sc)::Z%7 z>1
n=0

then we have that ¢ (- + 1) is log-convex and if we denote by

m(t) = 5 log¢ (¢ + )] = Hr ),

then the following representation is well known

m(t):fii\lt(fl), t>1,

n=1

t >0,

where A (n) is the van Mongoldt function, i.e.,

logp if n=pF (p prime, k> 1),
A(n):=

0 otherwise.

We can label m () to be a “distance function” by following the same approach as
that for gamma.

We can then introduce the f—divergence of log( (- + 1) and state, by utilizing
Corollary 2 that

(38) 0 < Ilogc(-+1) (va) < 6771 (Q7P) )

for any P,Q € P, where d0,, (Q, P) is the d—divergence of m defined above.

Similar results may be considered for other log-convex functions for which the
log-derivatives are function of specific interest and generating d—divergences which
can be easier to calculate/estimate. In the next section we give a different type of
applications of F'—divergence inequalities.

4. APPLICATIONS TO PRODUCT MEASURES
In this section we prove the following

Proposition 1. Let a,, and b, be sequences of real numbers such that |a,| < 1,
|bn] < 1. Then for all positive integers n we have

n 1+tap l—ayp n
14+0p\ 2 1—-bp\ 2
4.1 ( ) ( ) > {1 -
( ) ]£[1 1 + ak 1- Ak = =

Before proving (4.1) let us state an application of it.

(1+ =)

k=1



INEQUALITIES FOR f—DIVERGENCE MEASURES 9

Corollary 3. Suppose that the sequences a,, and b,, are as above. If

- (an — bn)2
4.2 - < 00,
(4.2) n; T <>
then the infinite product
1+a, l—an,
(4.3) ﬁ(1+bn)2 (l—bn)T
' LA\l +ay 1—an ’
converges.
Proof. Tt is clear that
o (1+bk>1+2ak <l_bk)12ak -
1+ ag 1—ay '

Then use condition (4.2) in combination with (4.1) to complete the proof. I

Remark 5. We observe that the conditions
oo

(4.4) Z(an —bp)? <oo and limsup|b,| < 1
n=1

imply (4.2).
We now give a proof of (4.1)

Proof. Let r,(x), n=1,2,... be the Rademacher functions defined on the interval
[0, 1] by the relation 7, (z) = signsin 2"7z. These functions form an orthonormal
set in the Hilbert space L%([0, 1]) and also

1
/ ro(x)de =0, n=12,....
0

The functions r, (z) are also independent random variables in the probability mea-
sure space ([0, 1], B, A), where X is the Lebesgue measure on the o-algebra B
of Borel subsets of [0, 1]. Let a,, and b, be sequences of real numbers such that
lan| < 1, |bn| < 1. For every n € N the relations

(4.5) dP = [[(1 +arri)dr, dQ =[] +bers)dr |
k=1 k=1
define probability measures on ([0, 1], B, A), which are absolutely continuous with
respect to A.
For F(t) = —logt we will calculate the F-divergence of the probability distribu-
tions P and @ defined in (4.5), viz.

(4.6) Ir(Q,P) _/0 T10 + acr(@) log(Hk=1(1+bkrk(ﬂf))dx
1

Pt [T (1 + ap ()

= —/ log ( E:I(l + O Tk(m)) dP.
0 [Tie: (1 + ag i (z)
We observe that
1

1 9 1+ b
(4.7) log(1 + be 7 (w)) = 5 log(1 — ) + ; log (1 - bk> (@) .
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It is easy to see that

1
/ re(z)dP =ar, k=1,2,...
0

Then by (4.7) we obtain

1 b
(4.8) / Zlog 1+ by ri(z Zlog 1—03)+ Zak log ~— 0k
0

k=1
Hence, by (4.6) we find that

_Ip(Q,P) = Zl 2+ Zak m
and finally
N I B e
(4.9) IF(Q:P):_Ingl:[l(l—s-ak) <l—ak)
Now we set
pa) = [10+ o). atw) = JT0+berita

k=1
and calculate the d-divergence measure of P and Q. We have

1 T Uz
(410)  0p/(Q,P) = */ (Q(I)P(I))%dx—H/o Z;((x))

]. + ap T’k (1 — ka‘k({E)
= —1+ H 1 5 dx

2

dx

0 k=1

- —1+H(1+ a’“_b’“) )

Combining (4.9) with (4.10) and using the inequality (3.6) we conclude the proof
of (4.1). 11

5. REMARKS

(1) Suppose that by, = 0 for all k¥ € N. Then inequality (4.1) is equivalent to
(5.1) H )> 142 logH 14 ap) o (1 —ag)to .
k=1
Inequality (5.1) has the following interpretation:
Let 1 be the Borel probability measure on [0, 1] defined by

(5.2) dp = lim H 1+ apri(z)) de,

n—oo

k=1

where the limit is in the weakx sense. This measure is abbolutely continuous with
respect to the Lebesgue measure if and only if >_°° < o0. Compare the paper
[8].

nln



INEQUALITIES FOR f—DIVERGENCE MEASURES 11
Suppose now that M is a Borel subset of the support of p such that u(M) > 0.

It follows from the results of [9] (see also [1]) that for the Hausdorff dimension of
M, dim M, one has

(5.3) dim M =1 — limsup

k=1
It follows from this and (5.1) that in the case where > >~ | a2 < oo for every Borel
subset M of the support of p with u(M) > 0, we have dim M = 1. Of course, this
happens because in this case p is absolutely continuous with respect to Lebesgue
measure A and thus A\(M) > 0.
(2) Let the probability measure p be defined by (5.2) and v be a product measure
of the same type, that is

(5.4) dv = lim ﬁ 1+ by ri(x))de

n—oo

In the case where (ay,), (by,) € ¢2 we can calculate the F-divergence measure of the
probability distributions u, v for F(t) = —logt. Indeed, a small adaptation of the
proof of Proposition 1 yields
()
1-— ag

1+ by
(5.5) Ir(v, logH <1+ak)
Since the sequences (ay), (bn) € f2, both p and v is absolutely continuous with
respect to the Lebesgue measure A\ and the condition (4.2) is satisfied therefore by
Corollary 3, the infinite product above converges.
Finally, we note that we can obtain results analogous to (4.1), (5.1) and (5.5)
using the more general product measures considered in [9] and [10].

1+ak
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