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THE COMPOSITE THEOREM OF TERNARY QUADRATIC
INEQUALITIES AND ITS APPLICATIONS

JIAN LIU

ABSTRACT. In this paper, we establish the composite theorem of ternary quadratic in-
equalities by using the Decision Theorem and Hélder inequality. Its applications in triangle
inequalities are discussed, and serval problems and conjectures are put forward.

1. INTRODUCTION AND PRELIMINARIES
For all real numbers x, y, z the following inequality holds
(1.1) 2?4 y? 4 2% > gz + zx + ay,

This is the simplest ternary quadratic inequality.
Another well-known ternary quadratic inequality which generalizes inequality (|1.1)) is the
Wolstenholme inequality

(1.2) 2* +y® + 2* > 2yzcos A + 2w cos B + xy cos C,

where A, B, C' are angles of triangle ABC. Equality holds if and only if z : y : 2 =sin A :
sin B : sin C.

The above inequality first appeared in 1867 in Wolstenholme’s book [1], many triangle
inequalities can be deduced from it and its equivalent form.(see, e.g. [2]-[7]).

The form of general ternary quadratic inequalities is

(1.3) p1a? + poy® + p32® > qyz + ez + gsay,

where p1, pa2, p3, q1, G2, g3 are real coefficients.
Taking into account the condition of which inequality (1.3)) holds for any real numbers
x,1, z, we have the following conclusion

Theorem 1. (The Decision Theorem) The inequality holds for all real numbers x,y, z
if and only if pr > 0,pa > 0,p3 > 0,4paps — ¢i > 0,4pzp1 — g3 > 0,4p1p2 — g3 > 0, and

(1.4) M = 4p1pops — (14203 + D1} + p2g3 + 33) > 0.

Clearly, the above Decision Theorem is very important for ternary quadratic inequalities.
In fact, we have already known that the necessary and sufficient conditions of general positive
semi-definite quadratic form with n variables are given in Linear Algebra, inequality
is only the simple special case of it. Certainly, the Decision Theorem can also be proved by
using elementary methods ([8]), and its applications see [8]-[12]. It will be used to prove the
main result of this paper in the sequel.

Remark 1 We can prove the following conclusion for the equality condition of inequality
©3):

Assume p; > 0,ps > 0,p3 > 0. Then
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(1)if M > 0 and two of 4papsz — ¢ = 0,4psp1 — g5 = 0,4p1p2 — ¢5 = 0 hold, then the other
holds too, and equality in occurs if and only if 2p1z = g3y + ¢22.

(i)if M > 0,4psp1 — ¢3 = 0,4paps — g3 > 0,4p1ps — g5 > 0, then equality in occurs
if and only if y = 0, 2p1z = ¢22.

(iii)if M > 0,4pops — ¢ > 0,4psp1 — ¢ > 0,4p1ps — ¢ > 0, then equality in occurs
if and only if(2p1g1 + g2g3)® = (2p2g2 + @3q1)y = (2p3g3 + 01¢2) 2.

(iv)if M > 0,q1 > 0,2 > 0,q3 > 0,4paps — ¢ > 0,4psp1 — ¢5 > 0,4p1p2 — q5 > 0, then
equality in occurs if and only if M = 0,2 : y : 2 = \/4paps — @} : /4psp1 — @ -
\VAp1p2 — a-

In 1996, the author ([8]) established the Decline Exponent Theorem of the ternary qua-
dratic inequality:

Theorem 2. (The Decline Exponent Theorem) Let py, ps, p3, q1, G2, gsand m be positive real
numbers. If the following inequality holds for all real numbers x,y, z:

(1.5) Pl + piy® + i > qyz 4 g5 zr 4 g5 ay.
Then
(1.6) pha? 4 phy? 4+ pE2? > Fyz + ¢hza + Fay,

where k < m.

If coefficients p1, pa, ps, 1, q2, g3 satisfy paps > qf,psp1 > G5, p1p2 > 43, then using inequal-
ity we know holds for all positive exponent m, and inequality is trivial in
this case.

If the ternary quadratic inequality is nontrivial, the Decline Exponent Theorem
naturally suggest the question: Find the maximum exponent £ such that inequality
holds for all real numbers x,y, z. It is usually very difficult to solve this kind of problems in
many specific cases(see e.g., the problem 1-3 in the section 4 below). The Decline Exponent
Theorem seems remarkable.

The main aim of this paper is to establish the Composite Theorem of ternary quadratic
inequalities, we will see the Decline Exponent Theorem is actually a simple consequence
of the Composite Theorem. Moreover, the Composite Theorem has many applications in
triangle inequalities.

2. THE COMPOSITE THEOREM AND ITS PROOF

The Composite Theorem of ternary quadratic inequalities can be stated the following:

Theorem 3. (The Composite Theorem) Let oy, 81,71, A1, pi1, V1, o, B2, Yo, A2, o, Vo be pos-
itive numbers. If the following inequalities

(2.1) a1z + fry? + 122 > Myz + pzx + vy
and
(2.2) Qo + Poy? + 7222 > Aoyz + pozx + voxy

hold for all real numbers x,y,z. Then holds
(2.3) o' az’a® + By Byt + e 2 2 AR YE g e vy vy,

where k1, ko are positive numbers and ki + ko = 1.
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Proof. Since inequality (2.1]) is valid, according to Theorem 1( the Decision Theorem ) we
have

(2.4) A3 + Bt + vy + A < dog By,
and

(2.5) 4B > A,

etc.

Similarly, from inequality (2.2]) we get

(2.6) 23 + Bopts + Yors + Aapiarn < Ao By,
and

ete.

Note that 0 < k1 < 1,0 < ky < 1, from ([2.5) and ({2.7)) we have
(45171)]Cl > )\%kla (452’72)k2 > )‘ng-
Multiplying these two inequalities and using ky + ko = 1, it follows that
2
(2.8) A(Bm)" ()™ > (AP A52) .
Similarly, we obtain 4(yia1)" (yaa2)™ > (H]FMSQ)Q, A )" (aafBo)™ > (VflVSQ)Q-
By Theorem 1 again, in order to prove inequality ([2.3)), it remains to prove that
aftos? (ATTAS2)? + B30 352 ()% + a2 (4 v52)? + (Mg (Aaptare) ™
< 4o i)™ (a2 far2)*?,
namely
(@A) (a2A3)"™ + (Bip}) ™ (Bapiz)™ + ()™ (1213)"™2 + (M) ™ (Aapiara) ™
(2.9) < 4(a15171)k1(0425272)k2-
In view of (2.4)) and ([2.6]), applying the Hélder inequality we have
(@ A])* (@aAD)™ + (B1p})* (Bapi3)"™ + (1) (2v3)™ + (M) (i)™
< (AT + Bud + v + Aapnn)* (o) + Bapis + 7205 + Aapiare)™
< (4o i)™ (4aaBaye)
= 4tk (%ﬁl%)kl (0425272)k2
= 4(o1 i)™ (afaye) .
Hence, the claimed inequality follows. This completes the proof of the Theorem 3. O

Since inequality ([1.1)) is valid, we can take ay = 5 = 79 = Ay = g = v» = 1 in the
Composite Theorem, then inequality (2.3)) becomes

2.10) it 4 By #4122 Aty b+ vy,
where 0 < k1 < 1. Replacing k; by ¢, we get the following conclusion:
Corollary 1. Let ay, 51,71, A1, p1, V1 be positive numbers, If the inequality
(2.11) a2 + By + 12 > Myz + e + vy

holds for all real numbers x,y,z. Then

(2.12) o’ + By’ + 912" = Nyz + phax + vy,
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where 0 < t < 1.

Remark 2 In fact, we easily know that the above corollary is equivalent to the Decline
Exponent Theorem.
Obviously, from the Composite Theorem we have

Corollary 2. Let aq, 1,71, A1, p1, V1 be positive numbers, If inequality and hold
for all real numbers x,y,z. Then the inequality
(2.13) Varaaz® + 1/ BiBay? + V22" > VAideyz + ezt + /Uity

holds for all real numbers x,y, z.

In particular, we have

Corollary 3. Let ay, 81,71, A1, 1, V1 be positive numbers. If the inequality and
hold for all real numbers z,y, z. Then

(2.14) Voarag + /182 + /12 = VA e + e + /vive.

Now, we state the more general Composite Theorem of ternary quadratic form inequality.

Theorem 4. (The General Composite Theorem) Let oy, Bi, Vi, Miy pi, vi(1 = 1,2, ..., n), and
k be positive numbers. If the ternary quadratic form inequalities

(2.15) 2ok + 2 BF + 22E > g2\ 4 zapl 4 ayuf
(1=1,2,...,n) hold for all real numbers. Then the following inequality holds:

@16)  @*[ak 2 [10% + 2Tk 2w [T + =[]+ [T
=1 =1 =1 =1 =1 =1

where k(i =1,2,...) are positive numbers and > k; < k.

Proof. Firstly, using the method to prove Theorem 3 we easily get the following more general
conclusion:

Let k;(i = 1,2,...,n) and k be positive numbers such that » ", k; = 1. If the inequality
(2.17) 220y + Y20 + 22y > yah + zaw + xyy;
(1=1,2,...,n) hold for all real numbers z,y, z. Then inequality (2.16) holds.
In this conclusion, taking the substitutions: a; — af, 3; — BF, v — Y5 N — Mooy —
pF v — vk ki — —(m>0,i=1,2,...,n), we get again the equivalent conclusion:
m

Let k(i = 1,2,...,n) and k be positive numbers such that "  k; = m. If inequality
(21) holds for all real numbers z,y, z. Then the inequality

kk;
m

n Kk n ki n Kk, n n Kk n Kk
(2.18) xQHaF WLfU21_[@'?‘f‘ZQI_[%7 ZyZH/\i +2xH,uim +$9HVim
i=1 i=1 i=1 i=1 i=1 i=1

holds for all real numbers z,y, z.
According to inequality (2.18) and Theorem 2(Decline Exponent Theorem), we have

z’ (aim > +y° H (5¢m> + 22 H <%‘m)
' i=1 i=1
n kk; n kk;
2yzH<)\im) —i—sz(uﬁ)
; =1

m m m
k k k

n kk;
o1 ()
=1
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where 7 < 1. Thus inequality (2.16) follows from the above one. Therefore, when inequalities
(21) hold and )", k; = m < k, we have the inequality ([2.16]). This completes the Theorem
4. OJ

3. APPLICATIONS OF THE COMPOSITE THEOREM

The Composite Theorem of ternary quadratic form inequalities has many applications in
triangle inequalities, but it must be combined with ternary quadratic form inequalities for
triangle inequalities which is proved. We shall give some examples.

In what follows, as usual, let a,b,c be the sides BC,CA, AB of triangle ABC and let
s be its semi-perimeter, w,, w, w. denote the internal angle-bisectors, hg, hy, h. denote the
altitudes, m,, my, m. denote the medians. In addition, suppose P is an arbitrary interior
point of ABC', that its distances from the vertices A, B, C' are Ri, Ry, R3 respectively, that
its distances from the sides BC,C'A, AB are ry, 19,13 respectively.

3.1 Generalizing the well known inequalities

The Composite Theorem tell us, if there is a ternary quadratic form inequality whose type
as and its coeflicients are positive, then we can easily get its generalization. We start
with the following result

A B C
(3.1) x? cos? 3 + 9 cos? Bl + 2% cos? 3 > yzsin? A + zasin® B + xysin® C,
which is proved by the author in [§].
According to the Composite Theorem and inequality (3.1), we obtain the generalization

for the case of n triangles:

Proposition 1. For AA;B;Ci(i = 1,2,...,n) and all real numbers x,y,z the following
inequality holds
) n

A; - - B; - G
cos™ > + y2 g cosFi > + 22 g cosFi 5

T
i=1
(3.2) > yz H sin® A; + zx H sin® B; 4+ zy H sin® ¢,
i=1 i=1 i=1
where kq, ko, ..., k, are positive numbers and Z?:l k; = 2.

In particular, we have the beautiful inequality for two triangles
A A B B C C
z2 cos il COS =2 + y2 cos® = cos =2 + 2% cos —L cos =2
2 2 2 2 2 2
(3.3) > yzsin Ay sin Ay + zx sin By sin By + xy sin C sin Cs.
As is known to all, the classical Erdos-Mordell inequality
(3.4) Ry + Ry + Ry > 2(r1 + 75 +713)
can be generalized to the ternary quadratic form (see [2]):
(3.5) Ri2® 4+ Ryy? + R32* > 2(riyz + rozx + rsxy).

Applying the Composite Theorem 3 to the inequality (3.5]), we get the following general-
ization of (3.5)):

Proposition 2. Let P;(i = 1,2,...,n) are arbitrary interior points of AABC whose distance
are the distances it R;1, Ria, Ri3(i = 1,2, ...,n) from the vertices A, B,C and r;1, 7, ri3(i =
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1,2,...,n) from the sides BC,CA, AB, respectively. If positive numbers k;(i = 1,2,...,n)
satisfy Y ., k; = 1, then the following inequality holds for any real numbers x,y, z

(3.6) z? ﬁ REi 4y ﬁ R 4 22 ﬁ RE > 22 ﬁ ¥ 2z ﬁ & 2xy ﬁ i
i=1 i=1 i=1 i=1 i=1 i=1

with equality if and only if P;(i = 1,2,...,n) coincide with the circumcenter of triangle ABC
and x :y:z=sinA:sinB :sinC.

For x = y = z = 1, inequality (3.6)) becomes

(3.7) f[Rf{JrﬁngJrﬁR >2Hr +2H7’ +2H
=1 =1 =1

This result has been proved by M.S.Kalmkin (see [2,P315]). In deed, by the Composite
Theorem we can generalize further inequality to the case for n-triangle. By the way,
the author generalized to the case of m-polygon and n-point via the Holder inequality
(see [13]).

Remark 3 The references [2,P318] only pointed out that inequality holds for positive
real numbers z,y, z. In fact, if inequality holds for any positive real numbers x,y, 2
when coefficients pi, po, p3, q1, @2, g3 are all positive, then we easily show that it is valid for
all real numbers x, y, z. Hence, from the proof of the positive case, we know inequality
holds for any real numbers z,y, 2z actually.

In recent paper [14]-[I5], we proved the ternary quadratic Erdds-Mordell type inequality

s—a s—b s—c —a s—b s—a
3.8 2+ 2y 2> 0k z 42—+ yr—— |,
(3.8) ¥ rk J rk - 4 Rk Rk Y RE

where k = 1,2, 3, 4.
By the Composite Theorem 4, we also easily give the generalization of (3.8]). Since in-
equality (3.8) is true, according to Theorem 4 we can take

o = —(S_a)%uﬁi: —(S_b)%a%': —(S_C)%u)\i: Q(S_a)%auiz 2<S_b)%,%: —2(3—0)%’
71 T2 T3 Ry Rio Ri3
where 1 =1,2,...,n. and k =1, 2, 3,4. Note that
k;
(s —a)* 2“(3 — a)ko

k-,
n 1 g n
(s —a)w (s — a)ko
[T/ =2 I
i=1 Hr i=1

=1

n
k-.
IR
=1

where kg = %ZLI k;. Since inequality 1) is valid, it follows from Theorem 4 that
(3.9)
(s —a)ko 2 (s — b)ke N (s —c)k Zkkoyj(s — a)ko N Qkkozf(s — b)ho N Zkkoxg(s — c)’“o7

n n
I+ [Irs 11 R [ 75 [T %5
i=1 i=1 i=1

=1 =1 =1

where ¢ = 1,2,...,n and k = 1,2,3,4. Note that Since Y . , k; = k(k = 1,2,3,4), hence
ko = 1, then we obtain
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Proposition 3. Let R;y, Rio, Ri3, 751,752,753 be as in Proposition 2. Then the following in-
equality holds for any real numbers x,y, z

—a s—b s—c¢ 2kyz(s —a 2k2x(s—b 2kry(s — ¢
e i y2+ s 2> yn( )+ n( )+ g( )7

| A | [I 7 117 1175
i=1 i=1 i=1 i=1 i=1 i=1
where ky, ks, ..., k, be positive numbers and Y. k; = k(k=1,2,3,4).

Remark 4 The author conjectured that inequality (3.8) holds for 0 < k < 4 in [I5], if
this is true, then we know inequality - ) holds for Z k; < 4.

3.2 Deducing new inequalities

If we apply the Composite Theorem or its corollary 3.3 to the two ternary quadratic form

inequalities which are proved, then one often get some new results of triangle inequality.
™

We begin with the Wolstenholme inequality (2). Using the substitutions A — %, B —
n—C

%7 C' — 5%, we obtain from (2)

(3.10)

A B C
(3.11) o2yt 42> 2yzsin§+22xsin§+2$ysin§.

Again, we easy see that the following simple inequality holds:
(3.12) (v+w)a? + (w4 u)y® + (u+v)2* > 2(yzu + zav + TYW),

where u, v, w are positive numbers.
Applying Corollary 3.1 to (3.11)) and (3.12)), we get

Proposition 4. Let u, v, w be positive numbers and x,y, zbe real numbers. Then the following
inequality holds for every NABC':

22V +w —l—y Vw+u+22Vu+v

(3.13) > 2yz\/usm—+2zx\/vsm—+2xy\/wsm—

For x =y =2 =1, we have

/ A / B / C
(3.14) Vv+w+Vwtu+Vu+ov>2 usin§+2 vsin§+2 wsin;,

it seems difficult to prove this inequality directly.

Remark 5 The inequality was posed as a conjecture by the author in [16], it was
recently proved by Yu-Dong Wu in [12].

Replacing AABC with AA’B’'C" in we have

A/ B/ C/
(3.15) 22 cos? > + 9 cos? 5 + 2% cos? 5 > yzsin? A + zzsin® B' 4+ zysin® ',

since again we have the proved inequality (see [17]):
(3.16)
B C C A
22 cos® Bl cos? Bl + 4% cos® o) cos? 3 > yzsin? Bsin® C + zx sin® C'sin® A + zysin® Asin? B.
So, by Corollary 3.3 we get the following interesting inequality for two triangles:

Proposition 5. For any two triangles the following inequality holds:

B c A n c A B’ N A B c’
COS - COS o COS —- + COS - €08 €08 —~ + COS - COS - €08 —

(3.17) > sin Bsin C'sin A’ + sin C'sin A sin B’ + sin A sin B sin C".
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Many years ago, the author established the ternary quadratic form inequality of an acute
triangle (see [18])

(3.18) 2%+ y* 4+ 22 > 4(yz cos B cos C + zx cos C cos A + xy cos A cos B),

this is equivalent to
2 2 2

x Yy z
3.19 >4 .
( ) cos? A + cos? B + cos2(C — (ye + 22 + 2y)

Later, the author given again the generalization of (3.19)) in [19]:
x? N y? N 22 4 sin? A’ L sin2 B’ N sin? C’
A x
cos?A ' cos2B | co2C = \Ysin?A Vein? B Y in? C

(3.20)

in which AABC' is acute triangle.
Applying Corollary 3.3 to (3.19) and (3.20) we get the following three-triangle inequality
immediately:

Proposition 6. Let ABC and AqByCy be two acute triangles and let A’B'C’ be an arbitrary
triangle, then

(3.21)

1 1 1 >4 sin A’ N sin B’ N sin C'
sin A sin B sinC' )~

- -
cosAcosAg  cosBcosBy cosCcosCy —

In [20], we proved that

R R
(3.22) L2 4 022 4 =222 > 2(yza + zxb + zyc).
7”1 7”2 7"3

with equality if and only if x : y : 2 = cosA : cos B : cosC and P coincide with the

orthocenter of AABC.
In addition, we know that (see [6])

R R R
T—1x2+ 2y2—|— 2> 2(yz + zx + 1Y).
1 3

Using the Composite Theorem 3 to (3.22) and (3.23)), it follows that

k 1—k k 1—k k 1—k
o) () o+ () () e () (7)
T T1 T2 T rs rs

> 28 21K (yzak + zabh + yc),

(3.23)

thus we obtain the following exponent generalization of inequality ((3.22)):

Proposition 7. Let P be an interior point of NABC, then the following inequality holds
for real numbers x,y, z

R R R
(3.24) "L 2 y? + K22 >0 (yzak + zab® + xyck) .
r 1 r 2 r3
where 0 < k <1
In [6]-[11] and [I3]-[20], the author have given a number of quadratic form inequalities

for triangles. If we apply the Composite Theorem and its corollaries to these results, we will
get many new triangle inequalities.
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4. SEVERAL PROBLEMS AND CONJECTURES

In this section, we will state some conjectures in relation to our results.
Firstly, we pose the following conjecture which is the popularization of the Composite
Theorem 3:

Conjecture 1. Let p1,...,DnsQ1s -5 Qn, T1y - -5 Ty S1, - - - 5 S be positive numbers. If the fol-
lowing n-ary quadratic form inequalities:

(4.1) ZP#UZQ > Z%iﬂﬂiﬂ
i=1 i=1

and
(4.2) Z rirs > Z SiTiTiy1
i=1 i=1
hold for all real numbers x1, ...,y (Tnr1 = x1). Then holds
(4.3) D ool = gt s e,
i=1 i=1

where k1, ko are positive numbers and ki + ko = 1.

Remark 6 By apply the Holder inequality we easily prove the case p;1 = --- = p,,r =
--- =1, of the above conjecture.

Using Cauchy inequality, we know the inequality

2 2 2 2
.xQ + .yg + .ZQ Z . 9 (x+y2+2) )
sin A sin®B  sin“C ~ sin® A + sin® B + sin“ C'

holds for any triangle ABC and positive numbers z, ¥, 2. Since (z+vy+2)? > 3(yz+zx +zy)
and sin? A + sin® B + sin? < %, we get the quadratic form inequality:

x? y? 22 4
4.4 > - .
(44) sin2A+sin2B+sin2C’_3(yz+zx+$y)
By the description of remark 4, the above inequality holds for any real numbers z,y, 2
actually. The inequality (4.4) and Theorem 2 lead us to put forward the following

Problem 1. Find the mazximal k such that the ternary quadratic form inequality
2 2 2

k
x Y z 2
4.5 + + > | — 24+ zx+x
(4:5) sin* A sinfB  sin*C T (\/3) (y v)

holds for any triangle ABC' and real numbers x,y, z.

Remark 7 The author have proven the case k = 4 of the above problem by using Theorem
1, and find k., = 4.82 with the computer checking.
Recently, we proved the ternary quadratic inequality for the triangle ABC:"

16
(4.6) z?a + y?bt + 22t > n (yzw, + zaw, + zyw)) .
From this and The Decline Exponent Theorem, we have the unsolve problem:

Problem 2. Find the mazximal k such that the ternary quadratic inequality

9\ *
(4.7) z2a® + 2k + 22k > (—) (yzws + zzwf + xwa)

V3
holds for any ANABC and real numbers x,vy, z.
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Note that w, > h,, etc., it easily follows from (4.6)):

22 oy 2216 fyz oz ay
at T pt A

4 vy 210
(48) R

Again, we come up with the following:

Problem 3. Find the maximal k such that the ternary quadratic inequality
R VR 2 \* Yz  zr Yy
49 ——_>_<___)
o ez (73) (Fer e
holds for any AABC" and real numbers x, vy, z.
For x = y = 2z = 1, the inequality in Proposition 7 becomes
oo

R R
—I—bk—2+ck—322(ak—l—bk+ck).

4.10
( ) (& T2 rs

Here, we give a similar conjecture:

Conjecture 2. Let P be an arbitrary interior point of the triangle ABC', then
R R R

(4.11) mt=L =2 2 > 2 (mf +mj +m}),
1 ) T3

where 0 < k < 4.
Finally, we pose the following conjecture which is similar to inequality (3.22)):

Conjecture 3. Let P be an arbitrary interior of the triangle ABC, then
R R R
(4.12) (Iy + zc)r—la;? + (L + za)r—%ﬁ + (I, + zb)r—?’z? > 4(yzl, + zaly + wyl.),
1 2 3
where g, ly, l. denote the altitudes or medians or internal angle-bisectors of the triangle ABC.
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