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SOME REFINEMENTS OF HILBERT-PACHPATTE
TYPE INTEGRAL INEQUALITIES

SEVER S. DRAGOMIR AND YOUNG-HO Kim

ABSTRACT. In this paper, we obtain an extension of a multivariable integral inequal-
ity of Hilbert-Pachpatte type. By specializing the upper estimate functions in the
hypothesis and the parameters, we obtain many special cases.

1. INTRODUCTION

Hilbert’s double series theorem [3, p.226] was proved first by Hilbert in his lec-
tures on integral equations. The determination of the constant, the integral ana-
logue, the extension, other proofs of the whole or of parts of the theorems and
generalizations in different directions have been given by several authors (cf. [3,
Chap. 9]). In particular, in [10-14] the present author has established some new
inequalities similar to Hilbert’s double-series inequality and its integral analogue
which we believe will serve as a model for further investigation. Recently, G. D.
Handley, J. J. Koliha and J. E. Pecari¢ [2] established a new class of related integral
inequalities from which results of Pachpatte [12-14] are obtained by specializing the
parameters and the functions ®;. A representative sample is the following.

Theorem 1.1 (Handley, Koliha and Pecéarié¢ [2, Theorem 3.1]). Let u; €
C™i([0,x;)) forie I. If

(si)
|u§ki)(si)\§/ (51 — 7)™ 1Dy (r) drey i € (0,2l i € 1,
0
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then

where
U p—

The purpose of the present paper is to derive an extension of the inequality given
in Theorem 1.1. In addition, we obtain some new inequalities as Hilbert-Pachpatte
type inequalities, these inequalities improve the results obtained by Handley, Koliha

and Pecari¢ [2].

In what follows we denote by R the set of real numbers; R, denotes the interval
[0,00). The symbols N, Z have their usual meaning. The following notation and

k;
I, | ul™ (si) |

H(/@s )71 s ws) |

=1

Dol wis; (@it )/ (giws) +dsn

1/1?1:

1

o+ D7 (B 1177

2. MAIN RESULTS

hypotheses will be used throughout the paper:

I={1,...,n}
m;,t € 1
ki,iel
Tt €1
Pi,qist €1

b,q
a;, b, i €1
wi,t €1

a1 €1
Bii €1
Uiyt €1
Q1€

neN

m; €N

k; €{0,1,...,m; — 1}

x; € R, z; >0

Di, Qi € R.,.,l/pz- + 1/qi =1

1/p=>Y (1p) 1/ =Y (1/a0:)
i=1 i=1

a;,b; ER+,6Li+bi:1

w; € R,w; > O,Zwi =Q,
i=1
a; = (a; + big;)(m; — ki — 1)
Bi = ai(m; — ki — 1)
u; € C™i([0,2;])  for some m, > m;

P, € Cl([O,xl]),(I)Z > m;
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Here the u; are given functions of sufficient smoothness, and the ®; are subject
to choice. The coefficients p;, q; are conjugate Holder exponents to be used in ap-
plications of Holder’s inequality, and the coefficients a;, b; will be used in exponents
to factorize integrands. The coefficients w; will act as weights in applications of the
geometric-arithmetic mean inequality. The coefficients «; and (; arise naturally in
the derivation of the inequalities.

Our main results are given in the following theorems.

Theorem 2.1. Let u; € C™i([0,z;]) forieI. If

(s4)
(2.1) | ul%) (s;) |§/ (s; — 7)™ %1%, (r;) dr;, s; € [0,2],i € 1,
0

then

1 Tn n k;
/ / Q”Hi:1|u§ )(Si” dsy---ds
0 0 Zn (i +1)Qp /(qiws)

i=1Wis;
n 1 n Tq 1/ps
(2.2) <V H:z:i/qi H (/ (x; — si)5i+1<1>¢(si)pi dsZ) ,
i=1 i=1 W0
where
n 1
(2.3) V= (H[(ai + 1)V (8; + 1)1/pz-]) _
i=1

Proof. Factorize the integration on the right side of (2.1) as

(55 — Ti)(ai/qz'ﬁ’bi)(mi_ki*l) x (s; — Ti)(ai/pi)(mi_ki_l)q)i(n)

and apply Holder’s inequality [9, p.106]. Then

(s4)
‘ uSkl)(sl) ’ < (/ (Si _ Ti)(“i"‘bi‘h’)(mi_ki_l) dTi,>
0
(s4) 1/pi
X (/ (si — )@ M= k=D, (7,)Ps dTZ',>
0

S(Oéi+1)/q1' (s4) 5 1/p4
=0 i — 1) @i (Ti)P dr, :
(i 1 1)1/a </0 (si = 7:)" @;(73)" dr. )

1/q:
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Using the inequality of means [9, p. 15]

n 1/Q, 1 n 1/r
{t)" < (55
i=1 =1

for r > 0, we have

H | ud (s:)
Z ( +1)Q./(q )ﬁ( (s0) )[3 (7:)P Vo
S W i i / —T; Zq)i T; ‘ dTi7) 9
i=1 W0

where

W= (ﬁ(ai " 1)%) B

i=1
In the following estimate we apply Holder’s inequality and, at the end, change the
order of integration:

k;
2, H ut ) |
(a T/ (qiws) L

(mz) (s z) 1/pi
S WH|:/ (/ (Si — Ti)ﬂi(bi(ﬁ)pi dTi,) dSz}
. 0 0

1=1

n 1 (i) (si) 1/ps
< WHI,L o [/ (/ (55 — 73)P 1@y ()P dTZ‘,) dsi]
0 0

=1

1 1/pi
IRV +11/1fnH /%H</ i) )pids") |

This proves the theorem.

Remark. In Theorem 2.1, setting €2,, = 1, we have Theorem 1.1.
Corollary 2.2. Under the assumptions of Theorem 2.1, if r > 0, we have

k;
Q, H ) |
(a T /(qiwi) L

n

_ 1 Tq r\ 1/rp
< pt/mry Hm,}/% (Z P (/ (z; — 55) T Dy (s5;)P dsi) ) :
i=1 i=1 ¢ \J0
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Proof. By the inequality of means, for any A; > 0 and r > 0, we obtain

n

- 1/131 i r e
[ (vy i)
i=1 ¢

=1

The corollary then follows from the preceding theorem.

Lemma 2.3. Let v1 > 0 and vo < —1. Let 0 < w;, > v w; = Qp, and let s; >
0,2=1,...,n be real numbers. Then

n

wiY172 —72
S > — WiS-
[Tsim = (Qn Zi .

=1

-7 Qn

Proof. By the inequality of means, for any v; > 0 and v < —1,

n

1 n Y17280n

HS;'/-MH’YQ > — E :Wz‘sz‘ ]
Q,, —
=1

=1

Using the fact that =1/ is concave and using the Jensen inequality and we have
that

1_ n s Y1722
o L))
1 X . —1/v2\ 71720
()"

The proof of Lemma is complete.
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Theorem 2.4. Under the assumptions of Theorem 2.1, if o < —1, then

n ki
P ul (s) |

1 /xn H
/ . dsy - - - ds,
" oo (e +1)Qn /y2qiw;
© (T ™)

‘S.
n L’

n n i 1/pi
< ang/qi H(/ (w5 — 5:) 7 1D ()P dsi) :
i=1 i=1 \’0
where V' is given by (2.3).
Proof. By the inequality of Lemma 2.3, for any v; > 0 and v < —1,

n

1 & —712n /72
H Stiui’h < (Q_n Zwisi—72>
=1 =1
we get
[T 1 s |
=1
1 < Wi n (s4) 1/pi
S W(Q_ Zwisi 72) H(/ (Si—Ti)ﬁi@i(Ti)pi dTZ’,) 5
" =1 i=1 \/0

where

= (Fee ) = et

i1 Y24iWi

The Theorem then follows from the preceding Theorem 2.1.

Corollary 2.5. Under the assumptions of Theorem 2.4, if r > 0, we have

T T n ki)
1 " 1, | ul™ (i) |
\/0 . \/0 < - )-(ai+1)ﬂn/’YQini dSl e dSn

1 a2
Q. Zi:l wis;

n

n

n . 1 z; rN\ 1/rp
<p/v]] e (Z — (/ (i — 5:) Dy ()P dSi) ) ;
i=1 0

im P
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where V' is given by (2.3).
Proof. By the inequality of means, for any A; > 0 and r > 0, we obtain

HAl/pz < Z lAr)l/T.p
> P i .

=1

The corollary then follows from the preceding Theorem 2.4.
In the following section we discuss some choice of the functions ®;.

3. THE VARIOUS INEQUALITIES

Theorem 3.1. Let u; € C™([0,x;]) be such that ugj)(O) =0 for j € {0,...

1}, i€ I. Then

f, Hz (s |
/ / sl (aie) dsy---dsn

By < mnxi/QiH( / s ™) (s
i=1 i=1 0

1/p:
pi dsz) 9

(3.2) 1= (ﬁ <(mz‘ — ki = D)l + 1)V (53 + 1)1/pi>> _1'

=1

Proof. By [12, Eq. (7)],

1 . mi— m
(m-—k;._l)!/o (s = 7)™ 75 " () dri.

Inequality (3.1) is proved when we set

ngi)(si) =

in Theorem 2.1.

y My —
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Corollary 3.2. Under the assumptions of Theorem 3.1, if r > 0, we have

Q, H ut™) (s;) |
/ / 5o (air) ds---dsn
< pl/rey, le/qz (Z l(/ (@i — )P 0™ ()
Di

where Vi is given by (3.2).

rN 1/rp
)

Theorem 3.3. Under the assumptions of Theorem 3.1, if 72 < —1, then

(ks)
z 1 | Uu; (s) |
/ / (ai+1)Qn /v2qiws dsy---dsy,

L wis; ? )
1/Pi

(3.3) gvll‘[x,}/%‘ﬂ( / (2 — 85)% | ul™) (s,) |Pi dsz-) ,
0

=1 =1

where Vi is given by (3.2).
Proof. Inequality (3.3) is proved when we set

| ul™ (s:) |

i) = G =l = 1)1

in Theorem 2.4.

Corollary 3.4. Under the assumptions of Theorem 3.3, if r > 0, we have

" (K4)
Iz [us(s4) |
/ / —72)_(0‘1'4‘1)971/72%% ds1 dsn,

Q, Zui=1%is
1 1 Tq ) r 1/rp
<p" H@" " (Z P ( / (s — 505 [l (s;) |7 d) ) |

We discuss a number of special case of Theorem 3.1. Similar examples apply
also to Corollary 3.2, Theorem 3.3 and Corollary 3.4.
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Example 3.1. If a; = 0 and b; = 1 for ¢ € I, then Theorem 3.1 becomes
QT ™ (s0) |
/ / S(@mi—aiki =i+ 1) 2/ (qiw:) dsy---dsn

=1 WiS;
1/pi
pi dsz) )

<V, HM H( JRCEIS

=1

where

Vo = (ﬁ(( — ki — D! (qim; — qiki—qi—i—l)l/%’))l.

=1

Example 3.2. If a; =0,b; =1, ¢ =n, p; =n/(n—1), m; = m and k; = k for

1 € I, then
2 HZ L (s) |
/ / (nm nk—n+1)Q, /(mw;) dsy - "dSn
X1+ Ty

= (m—k— 1)!)n(nm —nk—n+1)
(n=1)/n
x H( / ) L™ (i) /00 d) .

For ¢ = p=mn =2 and w; = 1/n this is [12, Theorem 1]. Setting ¢ =p =2, k =0,
n =1 and w; = 1/n, we recover the result of [14].

Example 3.3. If a; =0 and b; = 1 for ¢ € I, then Theorem 3.1 becomes

O ILy | (50) |
/ / (k)52 gz 951777 Ao

z 1(“)1

< Vs Ha;l/ql H(/O (s — )™ F

=1

ud™ (s,)

1/pi
pi dsz) ’

where
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Example 3.4. If a; = 1,0, =0, ¢ =n, p;, = n/(n—1), m; = m and k; = k for
i € I. Then (3.1) becomes

2, Hz_lwu“”( ) |
/ / 5PN (o) dsy -+~ dsn

" (n—1)/n
WA In H(/ _Si)m—k ’ ugm)(sl) ‘n/(n—l) dSZ) )

= (="

Example 3.5. Let p1,ps € Ry. If weset n =2, wy = 1/p1, wo = 1/pa, m; = 1
and k; = 0 for ¢ = 1,2 in Theorem 3.1, then by our assumptions ¢; = (p; — 1)/p1,
g2 = (p2 — 1)/p2, and we obtain

T Qo ui(sy) || ua(se) | dst ds
0 0 Qa(p1—1) Qa(p2—1) 1522
D251 + P15,

x(pl—l)/plx(pzfl)/pz z1 1/p1
<= : (/ (z1 —s1) | uj(s1) P! dSl)
0

P1p2

o 1/]32
X (/ (x2 — 82) | ub(s2) P2 dsz) )
0

If we set w; + w2 = 1 in Example 3.5, then we have [13, Theorem 2|. (The values
of a; and b; are irrelevant.)
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