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SOME INEQUALITIES FOR THE INTEGRAL MEAN OF
HOLDER CONTINUOUS FUNCTIONS DEFINED ON DISKS IN
A PLANE

N.S. BARNETT, F.C. ST. CIRSTEA, AND S.S. DRAGOMIR

ABSTRACT. Some bounds for the derivation of the integral mean of a function
defined on a compact disk from the value at the central point and related
results are presented. A version of Ostrowski’s inequality for functions defined
on the unit disk is also presented.

1. INTRODUCTION
In a recent paper [2], S.S. Dragomir proved the following Hermite-Hadamard
type inequality for convex functions on the compact disk D (C, R).

Theorem 1. If the mapping f : D (C,R) — R is convex on the disk D (C, R)
centered at the poz’nt C and having the radius R > 0, then,

1
1.1 // fzy)dedy < — f)d(v),
1) SR D(C,R) 2R Jo(c,r) ()

where o (C, R) is the circle centered at the point C with radius R.
The above inequalities are sharp.

In fact, the author provided an upper bound for the integral mean,

w7 [ @0

i.e., the 1nequahty see [2], inequality (2. 4))

1
(12) TR? // D(C,R) (ry)drdy <3 3 27TR/(CR) (V)+§f(0).

Applications for different functionals associated with (1.1) were also provided.

For other Hermite-Hadamard type inequalities in several dimensions see [4]-[7]
and the monograph on line [3].

In this paper we drop the assumption of convexity and compare the integral

mean
; / /
f(z,y)dzdy
R? | Jpe,r)

with different quantities including f (C) and 717 fa(c R) f () dl(v), under the as-
sumption of certain Holder type conditions for f.
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2. SOME INEQUALITIES FOR HOLDER TYPE FUNCTIONS

The following result holds.
Theorem 2. Let f: D(C,R) =R (C = (a,b) € R?) be a function satisfying the
Holder type condition:

(2.1) | (a,b) = f(z,9)| < Li|w — a™ + La |y — b]**,
where L1, Ly > 0 and aq,an € (—1,00), (x,y) € D(C,R)\C, then we have,
(2.2) // (z,y) dz dy
- TR? D(CR
2 [e51 T a1+l Qo T as+1
S 4 R . (22)‘L1+R . (22)'L2
VA CEE R R R )

For aq,as > 0, the constant % is sharp.

Proof. Integrating (2.1) on D (C, R), we get

2. Ydxd
0 e st

< ﬁ// 1 @) = f (&) dedy

™ D(C,R)
1
< Ll// |x—a|a1dxdy+L2// ly — b|** dz dy]| .
D(C,R) D(C,R)

Denote

Ay = // |z —a|* drdy and As:= // ly — b|** dz dy.
D(C,R) D(C,R)

If we use the change of coordinates

r=a-+rcosb,
re[0,R], 0¢€]0,2n],

y=>b+rsind,
then
d(x,y)
=r
a(r,0)
and
R 27 R 2m
Ay =/ / e |cos 0| - r drdf = / rartlgr / |cos 6| do.
0o Jo 0 0
Since n ,
/ retldr = i
0 oy + 2
and ) ) B
T = F a1
/ cos¢9|o‘1d9:4-/2((zose)aldﬁzél-\/%~(22)7
: : T T (57
then

_ VT g D(%57)
e T (EE)
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Also,
as+2 z
Ay =4 B / (sin 6)°2 df
az+2 Jy
and since
z T as+1
/2 (sin0)** df = VT 7(04 2+2)
0 2 T (%52
we deduce

_ 2ﬁ a+2.F(azT+l)
TS Y ==y

Now using (2.3) we deduce the desired inequality (2.2).
To prove the sharpness of the constant %, we observe that if we choose (for

1,09 >0)
f:D(C,R) =R, f(z,y)=Li|z—a|™ + Laly — b|**,

then

1
‘f((r)—ﬁm//l)(amf(x,y)dxdy

1
B 7T.R2//D(C’R) |f (a,b) = f (z,y)| dx dy

Ll// |x—a|a1d:cdy—|—L2// ly — b|** dx dy]| .
D(C,R) D(C,R)

The theorem is now completely proved. i

1
TR2

The following corollary for Lipschitzian functions holds.
Corollary 1. If f: D(C, R) — R satisfies the Lipschitzian condition

(24)  |f(a,b) = f(z,y)| < My|z—a|+ Mz |y =], (z,y) € D(C,R),

where My, My > 0, then we have the inequality,

1 4
2.5 C)— — drdy| < —R (M7 + Ms).
= ‘f( ) 7TRz//D(C,R)f(x,y) Fy) S g AR)
The constant in (2.5), 5=, is sharp.

The proof follows by the above theorem with a; = as = 1.
In practical applications, the following corollary may be useful.

Corollary 2. If f: D(C,R) — R has continuous partial derivatives on D (C, R)
and

0 0

Hf :o= sup f (@.y) ’ < 00,
9z || p(c, Ry 00 @weD(C.R)| 0T
0 0

Hf D= sup of (.y) ’ < 00;
Wl pc,r)oo (@weDp@.r | 9y
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then
2.6 // f(x,y)dxdy
(26) ‘ - TR? D(C,R)
4
<l
3m Ox D(C,R),00 9 C,R),00

The constant —W is sharp.

The following theorem also holds.
Theorem 3. Assume that the function f: D (C,R) — R satisfies the condition

(2.7) |f (rcosf + a,rsind +b) — f (Rcos® + a, Rsinf + b)|
< Li(R—7)"|cosf|* + Ly (R — )™ |sin ]

for allr € [0, R], 6 € [0,27], where a; € (—1,00) (i =1,4), then,

1
(2.8) —= //D(CR) y)dedy — 5 CR)f(v)dz(v)
R D7)
< ﬁ (a1+1)(a1+2) F(a2+2) - Ly
R T(e)
+ (as+1) (a5 +2) I (242) 'LQ] '

Proof. If we multiply the condition (2.7) by r > 0, we get,

(2.9) |f (rcosf + a,rsinf +b)r — f (Rcosf + a, Rsinf + b) r|
< Lir(R—7)"|cosO|** + Lor (R — r)** |sin §]™* .

Integrating (2.9) over [0, R] x [0, 27] and using the change of variable
r=rcosb +a,
re€[0,R], 0¢€]0,2n],
y=rsinf + b,

for which we have

O(a,y) _
d(r,0) ’
we obtain
27
(2.10) f(rcosf+a,rsinf + b)rdrdd
R2
-5 f(RcosHJra,RsianLb)d@‘
0

R 27
< Ll/ r(R—r)aldr-/ |cos 0“2 do

0 0

R 27
+Lo / r(R—r)*dr- / |sin §]™* df.
0 0
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Since

27
/ f(rcosG—&—a,rsinH—i—b)rdrd@z// f(z,y) dx dy,
o Jo D(C,R)

2Wf(Rcos€+a,Rsin0+b)d0:/ F () di(7)
0 o(C,R)
27 %
(= [ rao 0 [ 0r+ a0y o),
0

R Ra1+2
r(R—r)"dr= ,
/O ( ) (041 + 1) (041 + 2)

R s Ros+2
r(R—r)"dr = ,
R s e

s

l\')

™

2m 5
/ |cos 0]** df = 4/ [cos 0] df = 2/ Eazi
0
s

)

2m 5
/ |sin 0| df = 4/ [sin 6]** df = Zf )
0 T (252)
then, by (2.10), on dividing by 7R?2, we deduce the desired result (2.8). I

The following corollary for Lipschitzian functions holds.

Corollary 3. Assume that the function f : D(C,R) — R is Lipschitzian on
D (C, R) with the constants K1, Ko > 0, i.e.,

(211)  |f(z,y) = f(w,0)| < Ky |z —u|l + Ky [y — o] for any (z,y) € D(C,R),
then,

(2.12)

1
(z,y)dedy — — f(y)dl (v
TR? //D(CR) 21R Jsc,r) )

(K1 + K2).

IN

3
A more practical result is embodied in the following corollary.

Corollary 4. Assume that f: D (C,R) — R has partial derivatives continuous on
D (C,R), then,

1
2.13 // f(z,y)dedy — — f(y)dl (v
(213) 7 e 37t ey T O
‘af H
Ox D(C,R),00 dy D(C,R),00

It is also quite natural to compare the value of the function in C with the integral
mean taken on the boundary.

Theorem 4. Assume that the function f: D (C,R) — R satisfies the condition:

(2.14) |f (a,b) — f (Rcos@ + a, Rsinf + b)|
< LiR" |cosf|™ + LyR™ |sin 0™ | 6 € [0,27],
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where L1, Ly > 0 and a1, ag, a3, a4 € (—1,00), then we have,

1
. C)— — di
(2.15) ‘f( )= 52F o T VE)
1 o T (%57) o T (*57)
= T TER) TR TEe)|

The constant % is sharp for a1 = as and az = ay.

Proof. Integrating the condition (2.14) and 6 € [0, 27], we have

2w

2rf (a,b) — f(RcosGJra,Rsinf)qu)dQ‘
0

IN

2 2
LiR™ / |cos 0|** d§ + Ly R™® / |sin 6]** d
0 0
(*57)

= LiR™ -2y T (222 +2)

and dividing by 27, we deduce (2.15).
The equality in (2.15) holds for f (z,y) = L1 |z — a|™ + L2 |y — b|** . 11

("“4“)
LaR™ 2/ ot

Corollary 5. If the function f: D (C,R) — R satisfies the Lipschitzian condition
(2.4), then we have the inequality:

1

(2.16) —
2TR o(C,R)

F(0) - F@ae)| < 2+ ).

The constant % s sharp.

Corollary 6. If f : D(C,R) — R has continuous partial derivatives on D (C, R),
then

(27) L L)
2 I
H Ox D(C,R), Ay D(C,R),

The constant % is sharp.

3. AN OSTROWSKI TYPE INEQUALITY ON THE DISK

Using the notation

= (@), (ay), 2"
(31) F, ;T = "71)”.77
i 2 B, ),

where

(a)g:=1, (a),:=a(a+1)---(a+n—-1), n>1, neN
we have Euler’s representation formula
a,b I'(c

1
= 7/ (1—yt) "1 —t) " at,
¢ ) Jo

(3:2) 2F1 [ L) (c—b
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where |y| < 1, Rec > Reb > 0 (see for example [1]).
The following technical lemma holds.

Lemma 1. For xz € [-1,1] and a > —1, consider the integral

(3.3) I(a,z):= /_1 |z —ul* V1 —u? du.

We then have the representation,

V27 I‘(a—i—l) ot -3,3 z+1

2 T(a+3) {(x wy QFl[a+§’ 2
13-

(3.4) I(a,z) = +(1—a)ts 2F1{ 1’3 . J’l i we(=1,1)
2
3
at? 1,1
2 B(2 a—l—2> ze{-1,1}

Proof. Let x € (—1,1). First, observe that

I(a,2) = /ﬂf (m—u)a(l—u)% (u—i—l)%du

Applying the change of variable,
u=(1-XA)(-1)+ Az, Ae€l0,1]

in the first integral, we obtain,

L (a,z) = /x (x—u)a(l—u)%(u—i—l)% du

—1

(x+1)“+3/01(1—A)aA% 2= (1+2) A% dA

Va3 (e 1 1)+ /1 (1A T3ty <1 - <x;1> A>(%) .

0

Using (3.2) for a = —3,
Rec > Reb > 0 and then

b=32,c=a+3 y= %1 we observe that [y| < 1,

()T (a+1) [_; x+1]
Pla+g) et
giving
V2 T(a+1) atd —13 x+1
. = — ——= 1)" "2 oF 2’

If we consider the change of variable

=[1-=XNz+A Xe[0,1]
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in the second integral, we obtain:
1 1 1
L (a,z) = / (u—2)*(1—u)% (14+u)?du
’ 3 1 1 1
_ (1_95)“*5/ A= N4 z+A(1—2)]Fdr
0
+2 1 1 1
= 0=t [0t - 0 - e au

- Vﬂl—@ﬁg/dﬂ—ufuéP—(lgx)déwi

0

va-t [ uY”g31ﬁﬁ_l(l"(1;x>“>(é)d”

0

|
i
|

Using (3.2) for a = %1, b = %, c=a+ g, y = 1’71, we observe that |y| < 1,
Rec > Reb > 0 and thus

()T (a+1) p| 5. 1-@
F(a+3) *'lat+ts’ 2
giving
V2 T(a+1) L3 —13 1-2
I =— - (1—2)""2 ,F 272 .
2(04,1’) 9 F(Oé‘i‘g)( ZL’) 2 1|:Oé+§’ 2 :|

For x = —1 or = 1 the identity (3.4) is obvious and we omit the details. I

We may now state the following Ostrowski type inequality for functions of two
independent variables defined on the compact unity disk.

Theorem 5. Assume that the function f : D (0,1) C R?> — R where D (0,1) =
{(z,y) € R*|a? 4+ y* < 1} satisfy the condition

(36) |f(xvy) - f(u,v)| <Ly |1‘ - u|0l1 + Lo |y - ’U‘OQ ’ (041,012 > _1)

for any (z,y), (u,v) € D(0,1), (u,v) # (z,y). We have the inequality,

(3.7) P@m—i[&mﬁWwMWvSiMHmwﬂlﬂmmm

for any (z,y) € D (0,1), where the functions I (-,-) are defined by (3.3).
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Proof. By (3.6) we have, for (z,y) € D (0,1),

1
f(x,y)—ﬂ//D(Ol)f(u,v)dudv

f (u,v)| dudv

IN
\
S
=

q

)

<

< 7// [Ly ]z —u|™ + La ly — v|**] dudv
T

2
= = [L11 (a1, 2) + LoI (a2, )]
and the inequality (3.7) is proved. I

Corollary 7. Assume that the function f : D (0,1) C R? — R satisfy the Lips-
chitzian condition,

(3.8) [f(z,y) = fu,v)] < My |z —ul + My |y — vl
for any (z,y), (u,v) € D(0,1), then we have the inequality,

1
flzy) — W//D(o,l)f(u’ v) du dv

2
m

(3.9)

IN

1
[Ml (:v arcsinx + 3 1—a2(2+ zz))

1
+ M, (yarcsiny + g\/l —y2(2+ y2)>] .

for any (z,y) € D(0,1).
Remark 1. Finally, we observe that if f has bounded partial derivatives on D(0,1),
then the inequality (3.9) becomes

1
fz,y) — 7T//D(OJ)]”(u,v) du dv
2
< 2|%

for any (z,y) € D (0,1).

(3.10)

1
<x arcsinx + -1 —22 (24 xz))
D(0,1),00 3

1
<yarcsiny+ g\/l —y? (2+y2))] .

Hay D(0,1),00
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