VICTORIA UNIVERSITY

MELBOURNE AUSTRALIA

On some Variants of Jensen's Inequality

This is the Published version of the following publication

Dragomir, Sever S and Hunt, Emma (2002) On some Variants of Jensen's
Inequality. RGMIA research report collection, 5 (1).
The publisher’s official version can be found at

Note that access to this version may require subscription.

Downloaded from VU Research Repository https://vuir.vu.edu.au/17697/



On some variants of Jensen’s inequality

S. S. DRAGOMIR

School of Communications € Informatics,
Victoria University, Vic. 8001, Australia

EMMA HUNT
Department of Mathematics, University of Adelaide,
SA 5005, Adelaide, Australia
and

Surveillance Systems Division, DSTO,
PO Boz 1500, Edinburgh 5111, Australia

Abstract.

Some variants of Jensen’s discrete inequality are derived. These include
interpolations of the basic relation for subadditive maps and of the gener-
alised triangle inequality.
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1 Introduction

Let X be a real linear space and C' C X a convex set in X, that is, a set
such that

z,y e C and A €0,1] imply Az + (1 —N)y € C.



If f:C — R is convex, f satisfies

[z + (1= Ny) <Af(x)+ (1= A)f(y)

forall z,y € Cand A € [0,1]. If p, >0 (i =1,...,n) with P, := 37 ;p; >0
and y; € C' (i =1,...,n), we have the Jensen inequality

/ (; zn:piyz) < ;Zn:pzf(yz)

n =1 n ;—1

(see [2] or [8, p. 6]). For some recent generalizations, refinements and appli-
cations the reader is referred to [1]-[7], [9] and [8, p. 20].

In this paper we show that several new results flow from simple but
judicious applications of Abel’s identity, which gives the following. Suppose
X is a linear space, z; € X (i = 1,...,n) and s, := Y1, x;. If a; is real
(t=1,...,n), then

n n
Z a;x; = a1s;+ Z a; (s; — 5i-1)
i=1 =2
n—1
= Z (ai — CLZ'+1) S; + QpSy.
=1

Consequences include an interpolation of the basic inequality for subad-
ditive maps and of the generalised triangle inequality.

2 Results

We will start with the following theorem.

Theorem 2.1. Let X be a linear space and f : X — R a convexr mapping,
X1, pn € X and 0 #ay > ay > -+ >a, > 0. Then

f (a;éaixi) <aj' {alf(asl) + ga [f (Jz::lx]) —f (g xj)] } :



Proof. Choose p; :=a;—a;11 (1 <i<n),p,:=apandy; =s; (1 =1,...,n)
in Jensen’s theorem. We derive

7 iz (@i — ain) s izt (@i — aip1) f(s0)
Y (e —aia) | T X (@ — i)
where for notational simplicity we have introduced a,; := 0. The desired
result now follows by Abel’s identity. O

Corollary 2.2. Let g : X — (0,00) be logarithmically concave, that is, let
In g be concave. Under the assumptions of the theorem

g (Ch_l Zilail’z) 2 {[g(xl)]mf[Q [W] al}l/al :

The result follows from the theorem for the convex mapping f = —Ing.
Suppose that the mapping ¢ : X — R is subadditive, that is, for «, 3
nonnegative we have

o(az + By) < ap(z) + Be(y).

By mathematical induction we have for all a; > 0 and y; € X (i = ...,n)

that . .
@ (Z aiyi) <> aip(y).
=1 =1

This inequality may be interpolated as follows.

Corollary 2.3. Let ¢ : X — R be subadditive, y1,...,y, € X and
L > g > >y > 0. Then

@ (2:; ai?ﬁ) < aap(y) + Xn:ai {90 (]; yj) - (g %)]

=2

< > ().
i=1

Proof. As ¢ is subadditive, it is convex. The first desired inequality follows
from Theorem 2.1.



For the second, we observe that for 2 < i <n,

© (Zlyj) (Z yg) < o(y).

Multiplying the ith inequality by o; and summing over ¢ provides the desired
result.

Our second main result is the following.

Theorem 2.4. Let f : X — R be conver and z; € X (i =1,...,n). Suppose
that m;(i = 1,...,n) satisfy

> mj>0 (1<i<n)

and
n

i=1
f Do M < i Z?:i [z —xj01)
s (n+1—1d)m, im(n+1—1dm;

where again we put x,.1 = 0 for notational convenience.

Then

Proof. Let s; = Y%, m; (1 <i <n). Then by Abel’s identity
Zmi% = 51$1+Z Si — Si—1)
i=1
= Z S; (Il — l’i+1) .

Applying Jensen’s inequality provides

f D Si (fz — Tiy1) < D i Sif(xi - $i+1)
- .

—_— n
i=15i D1 Ti

The numerator on the right-hand side may be written as

;f(xj — Tjt1)

M=
E
AR



and we have the desired result. O

Corollary 2.5. Let g : X — (0,00) be logarithmically concave. With the
above assumptions

Yo mux n o[ n miy 1/ S0 (nt1=iym,
=1 g
g( ?—1(n+1—i)mi> = {H [Hg(f%—%l)] } .

i=1 |j=i

The result follows from the theorem with the choice of convex mapping
f=-Ing.
3 Applications

We now derive some particular applications relating to homely choices of
convex function.
1. Let ;>0 (i=1,...,n) with0#a; > as > --- > a, > 0. Then

n 7 ai
T
al ]:1 J
Ly H < i1 )

i=2 j=1%Lj

1/a1

n
Y aim > a
i=1

The result follows from Corollary 2.2 with the mapping ¢ : (0,00) — (0, c0)
given by g(z) = =.

Suppose 1 > x9 > --- > x, > 0 and n; € R with m; > 0. In the same
way we have from Corollary 2.5 that

- . miy 1/ S (- 1—iym,
i=1 Ly

> — .
:‘L:l(n+ 1 — Z)ml = {H [H(x] x]-l—l)] }

i=1 |j=i

2. Letz; >0 (i=1,...,n)and 0 # a3 > as > --- > a, > 0. Then

af < (i a-x-) o zn: it
_— 11 . . .
i=1 8 ( o fL’j) (23221 l'k)

This follows from Theorem 2.1 applied to the convex mapping f(z) = 1/x
on the interval (0, co).




3. Let x; cRand ay > ay > --- > a, > 0. Then

n 2 i—1
(Zai@-) < a {a1x1+2a T; x,+22x]] }
i=1

=2 j=1

This follows from Theorem 2.1 applied for the convex mapping f(z) = 22

(x € R).

4. Consider the mapping f : R — R given by f(z) = In(1 4 ¢*). We have
f'(z) =e"/(1+¢e%) and f"(x) = e®/(1 + €®)?, which shows that f is convex
on R.

Let 0 #£ay >ay>--->a, > 0and zq1,...,2, € R. Then by Theorem
2.1

In [1 + exp (afl Z Gﬂi)]

=1

< apIn[l 4 €] +Zaz [1H{1+6Xp (ZIJ)}

7=1
i—1
—In¢1+exp ij
j=1

1+ exp (Siey x])r}

1+exp( xj>

n

=1In {(1 +e")" ]

=2

whence

n

1+ exp (all > (1;@) <[14e"" ]

i=1 =2

1+ exp (Zé’:l gjj> a;
1 +exp ( ;;11 Q;j) :

5. Let X be a real normed space and oy > g > -+ > a,, > 0. Then for
x; € X (i=1,...,n) we have the refinement

n
< anflm [ +)a
=2
n
< D aillal
=1

i—1

D i

J=1

i
> i
j=1




of the generalised triangle inequality. The result follows from Corollary 2.3.
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